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To my parents 


Preface 


The harmonic series and logarithmic integrals, which are strongly interrelated, are 
not typically covered in standard textbooks. Evaluating them can be challenging 
for new learners, as it requires specific approaches and a good understanding of 
special functions such as the gamma function, polygamma function, beta function, 
polylogarithm function, and other special functions and constants. Additionally, 
it requires a great deal of experience and patience, as it often involves intricate 
techniques and time-consuming calculations. 


The purpose of this book is to introduce the harmonic series in a way that is accessible 
to readers with a solid foundation in calculus, from high school students to researchers. 


In this edition, I have derived closed forms for the majority of the limits involved 
in certain results, simplified many sum expressions, improved several proofs and 
solutions, and added my new discoveries of integrals and harmonic series (see (3.81), 
(3.82), (4.38), and (4.39)). 


This book is the result of over seven years of work on the harmonic series. As I taught 
myself about this topic, I struggled to find proofs for many of the identities required 
for evaluating the harmonic series. With the experience I gained over the years, I 
managed to prove these identities in detail using only basic definitions and well- 
known techniques, without relying on contour integration or the residue theorem, 
which require a deep understanding of complex analysis. 


I would like to note that while I borrowed some proofs from various sources, mainly 
from the Mathematics Stack Exchange site, I modified them and added further details 
to suit my own approach. Additionally, most of the book is written in equations, so 
readers will find minimal verbiage in the text. 


The book is organized into four chapters. In chapter 1, essential series transformations 
and special functions are presented and their relationships are explained. This chapter 
also provides the definition and properties of each function and derives many special 
values needed for the calculations in chapters 3 and 4. 


Chapter 2 contains derivations of a variety of useful identities, including generat- 
ing functions involving the harmonic number and series expansion of powers of 
arcsin(x). Other identities are derived using the binomial coefficient, the beta func- 
tion, the Cauchy product, Abel’s summation, and Fourier series. 


vi Preface 


Chapter 3 presents all the integral results required to calculate the harmonic series in 
Chapter 4, including some new results. These were derived using algebraic identities, 
integral manipulations, and the beta function. 

Chapter 4 shows how to calculate many types of harmonic series, including non- 
alternating series, alternating series, series with powers of 2 in the denominator, 
series with powers of 2n + 1 in the denominator, series with rational argument, series 
with skew harmonic number, and series with central binomial coefficient. Several 
solutions are presented using two different methods. 

At the end of the book, I have included a table of Mathematica commands for 
approximating or evaluating limits, derivatives, integrals, and series. This table 
enables the reader to verify any result of interest found in the book. 

For more advanced and challenging problems related to the harmonic series, please 
visit my Mathematics Stack Exchange page at https: //math.stackexchange.c 
om/users/432085/ali-shadhar. I decided not to include these problems in the 
book for the sake of simplicity. 

Finally, I would like to express my gratitude to my friend Cornel Ioan Valean for 
motivating me to explore the realm of the harmonic series through his amazing 
problems and solutions, many of which are included in his book, (Almost) Impossible 
Integrals, Sums, and Series. 1 am also grateful for his valuable tips on writing this 
book. I would like to thank Elio Arturo and my brother Hasan Shadhar for their 
assistance in using LaTeX. Additionally, I extend my thanks to my friends Khalaf 
Ruhemi, Shivam Sharma, Wolfgang Hintze, and Hasan Hussein for their support and 
encouragement throughout the writing process. Lastly, I dedicate this book to my 
parents, who have always supported me. 


Phoenix, Arizona, USA Ali Shadhar Olaikhan 
March 2023 
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Chapter 1 


Series Transformations and 
Special Functions 


1.1 Index Shift Identity 


The following identity holds: 


nte 


Sa- DE ee. (1) 


k=m+c 


Proof. The index k in )>;'_,,, a, ranges from m to n: 
m<k<n. 
Replace & with 7 — c, 
m<j-ecn. 


On solving this compound inequality, we get 
mte<jgcnte. 


This indicates that if we replace the index k with 7 — c, the index 7 will range from 


m+cton+c: 
nte 


Lu- S- Aj—e. 


j=m+e 


Replace 7 with k to finish the proof. 
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Example 1: Let a, = fan and m = 0 then shift the index by —1, 
“. Hy _ . Ap 
k=0 Bd k=1 


Example 2: Let a, = H;,x*—' and m = 3 then shift the index by +2, 


n n—2 
oS Hyx*- + = S- Hyyoa**", 
k=3 k=1 
1.2 Reversing the Order of the Sum Terms 


The following identity holds: 


YS ae = D0 anne: (1.2) 
k=m k=m 


Proof. Applying the previous proof, we have 
m<k<n. 
Replace & with n — 7 +m, 


m<ntm—-jen 


or 
m<jgcn. 


This shows that if we replace the index k with n — 7 +m, the index j will range from 


m to n as well: 
n 


n 
S ay = S an—j+m- 


k=m j=m 
The proof completes on replacing 7 with k. 
This type of transformation reverses the order of the sum terms. To see that, let 
m = 1andn= 4. The LHS sum gives 


4 


s dk = a, + a2 + 43+ a4, 
k=1 


1.3. Splitting a Sum Into Odd and Even Terms 


which is equivalent to the RHS sum: 


4 
y a5—-k = 44 +43 + 42+ 41, 


k=1 


but in reversed order. 
Example 1: Put a, = ~ and m = 1, 


1.3 Splitting a Sum Into Odd and Even Terms 


Let )>>°_, Gn be an absolutely convergent series. Then we have 


ee) ee) ee) 
s an = S Q2n+1 ar S a2n- 
le n=O) i 


Proof. 


So an = a1 +42 +43 +°°- 


n=1 


= (a, +a3 +45 +--+) +(a2+a4+ag+---) 


[oe) lee) 
= y Q2n+41 + y Q2n- 
n=0 n=1 


Example 1: Put a, = 5, 


(1.3) 


(1.4) 


Example 2: Put a, = Hy 


n 


lo e) 
ae 
n3 
n=1 


Anti Aon 
=) Qn+)> » (Qn)* 
n=0 n=1 


1.4 Converting the Summand a2, to a, 


Let >>>, Gn be an absolutely convergent series. Then we have 


Proof. Starting with the RHS, 


co co 
So an + So (=1)"a" = a) + ag +43 +++ + (ay +42 — 43 + 


= 2a2 + 2a4 + 2ag+--- 
= 2(a2 +a4+a¢4+-:-) 


oo 1 oo oo , 
Doan = 3 dtm +5 dD | 1) an 


Example 1: Let a,, = — in (1.5), 


. bss en" 


a aay => ey. = (n+1)* 


n=1 n= is 


Example 2: Let a, = Canis i in (1.6), 


= Alon+1 1 _ An 41 1 _ n An 41 
ys a 9 > gt 5 »( 1) 3° 
“ao (22 +3) pap ara) 8 (n + 3) 
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(1.5) 


) 


(1.6) 


1.5. Converting the Summand a2n+41 to an 5 


The following sum is related: 


» Ay, cos(n7) ies (-1)"an. (1.7) 


n=1 
To prove it, start with LHS: 
S- Gn Cos(n7) = a, cos(7) + a2 cos(27) + a3 cos(3m) + 
n=1 


= —-a, +d2—- a3 4+°°: 


= 50 (-1)"an. 
n=1 


1.5 Converting the Summand a2,,+1 to a, 


Let wy Gr, be an absolutely convergent series. Then we have 


ee = : wa. : S> (=1)"an. (1.8) 
n=0 n=1 


i 


Proof. 
co co 
So an — So (=1)"a”" = ay + a2 +03 +++ — (—a1 + a2 — a3 ++ ++) 
n=1 n=1 


= 2a; + 2a3 + 2a5+--- 
= 2(a, + a3 +a5 +---) 


co 
=2 y Q2n+41- 
n=0 


Let’s shift the index of the LHS sum in (1.8) by —1, 


S > @2n—1 = ; San ; S7 (-1)"a". (1.9) 
n=1 n=l n=1 


Example 1: Set a, = “¢ in (1.8), 


lee} 


Agnti 1 H, 1 Hn 
2 nts 22 i a ers 
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Example 2: Set a, = + in (1.9), 


_ 1 —1Sl ta (-)" 
2 Ge 1)* 2 Ds al a n4 


1.6 Converting the Summand (—1)"a2,, to i”a, 


Let Sey Gy, be an absolutely convergent series. Then we have 


[oe lee) 
(1) aia — 7) 7a, (1.10) 
n=1 n=1 
Proof. 
co 
S- i dn, = tay + (a9 + Pag + i444 + Pas + Sag +--: 
n=1 


= 14, — G2 — 103 +44 +7d5 —Agt+::: 


= i(a1 — a3 +a5 —---) + (—ag +a4—a6+--:) 
=i) > (-1)" anti + 55 (1) aan. (1.11) 
n=0 n=1 


The proof follows on comparing the real parts of both sides. 


Example 1: Put a, = z, 


oo 2n co n 
x x 
(-1)"—, =) i”. 
Example 2: Put a, = Hts 
foe) Co H 
-] n 2n4+1 = KR qm n+1 ; 
oe one 


A different form for the sum (1.10) is 


Cl) ine is cos (“"). (1.12) 


n=1 n=1 


co 


1.7. Converting the Summand (—1)"a2n41 toi” an 7 


To show that, start with the RHS: 


a nt T 37 
= An, COS (>) = a1 Cos (5) + ag cos(7) + a3 cos (=) 
n=l 


5 
+a4 cos(27) + as cos ($) + ag cos(37) + 


=0-ag+0+a4+0-—agt+-:: 


= 57 (-1)"azn. 


1.7 Converting the Summand (—1)"a2,,41 to i”ay 


Let oer Gr, be an absolutely convergent series. Then we have 
DS (—1)"@ena1 = ue (1.13) 


Proof. Compare the imaginary parts of both sides of (1.11). 
Example 1: Let a, = =, 


~ n Aan41 on ~ n A, 
d- ) (Qn + 2)2 =I 24 (n +1)? 


We also have 


$ Gy, Sin (=) =a, sin (5) + a2 sin(7) + ag sin aa 
a n 2 — G1 2 2 3 2 
: ; 57 . 
+a, sin(27) + as sin ($) + ag sin(37) + 


=a, +0-—a3+0+a5+0---- 


= 55 (-1)"aan41- (1.14) 
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1.8 The Logarithmic Form of the Product Formula 


The following identity holds: 
SS ina, | feas. (1.15) 


Proof. 
S- In(a,) = In(am) + In(am4i1) +--+ + In(a,) 
= In(@m X Am4i X +++ X Ar) 
=In II An- 
Example 1: Let a, = n, 


Ses) Sh [nent ese RG 


n=1 


Example 2: Let a, = e”, 


1.9 Rearrangement Theorem for Double Series 


The following identity holds: 


S = ambn = s3 Sa aybas (1.16) 


oe n=1m=n 


Proof. 


co 6m 1 2 3 
S> So ambn = 41S) bn +42 S> bn +43 S> bn +++ 


m=l1n=1 n=1 n=1 n=1 
a3(by + bz + b3) +--+ 
= b)(a1 + a9 +--+) + bo(ag + a3 +--+) +03(a3 +a44+---) +--: 


= 
an 
aos. 
a 
fa 
a 
= 
i) 
aN. 
oa 
fa 
> 
wo 
a 


1.9. Rearrangement Theorem for Double Series 


= Ym tbe Yo tm ta tn + 


If we apply the same steps above, we also find 


co m-l1 
SS oe aS ye dmbn. (1.17) 
m=1 n=1 n=1m=n+4+1 


Example 1: Let a,, = p™ and b, = p”, 


co 6m lee) ee) 
S- soo = Sop" @ r*) 
m=1n=1 n=1 m=n 


{use the geometric series formula for the inner sum assuming |p| < 1} 


{use the geometric series formula again} 
__1 (_» 
~ 1l-p\l-p/) 


Example 2: Let a,, = x” and b, = Hy, 


3: oem = ow, (35 9") 


m=l1n=1 m=n 


{use the geometric series formula assuming |x| < 1} 


{substitute the result (2.29)} 
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= 1 : es 
Pe) 


(l-s) 


1.10 The Logarithm of a Complex Number 


The logarithm of a complex number, z = x + iy, is given by 


il 
In(a + iy) = 5 In(x? + y”) + darctan (2) , > 0, 


Proof. We begin with converting to polar coordinates, 


x +iy =rcos(6) + irsin(6) 
= r(cos(@) + isin(6)). 


On using Euler’s formula: 


e’” =cosx+isinz, «ER 


(1.18) 


(1.19) 


which can be proved by expanding cos z, sin x, and e” in Taylor series, we have 


a+iy=re. 


Take the logarithm of both sides, 


In(w + iy) =In (re’*) =In(r) + In (e’*) = In(r) +70. 


The proof completes on substituting r = \/x? + y? and 6 = arctan(#). 


The constraint z > 0 in (1.18) shows that this rule is valid only when the complex 


number is in the first or fourth quadrant of the complex plane. 
In general, for positive x and y, where x = y # O and y 4 O, we have 


In(z + iy) = ; In(x? + y”) + arctan (2) : 
In(—a + ty) = 5 n(x? a y”) +4 [7 — arctan (2) ; 
In(—a — iy) = 5 n(x? y”) ifn arctan (2) ; 


1 
In(a — iy) = 5 In(x? + y”) — iarctan (2 


(1.20) 
(1.21) 
(1.22) 


(1.23) 


1.10. The Logarithm of a Complex Number 11 


For the case y = 0, we use 
In(—2) =In(z) + in, «>0. (1.24) 


Note that (1.22) and (1.23) follows from replacing 7 with —7 in (1.21) and (1.20) 
respectively. To prove (1.21), we sum it with its conjugate, 


In(—z + iy) + In(x + ty) = In(—2? — y”) = In(—1) + In(a? + y”) 


or 


In(—x + iy) = In(—1) + In(z? + y?) — In(a + ty) 
{write In(—1) = im given in (1.25) and recall (1.20)} 


1 
= in + In(z? + y”) 5 In(2? + y?) — arctan (2) 
x 
1 
= =In(z?+y*) +i lr — arctan (2) : 
2 x 
To prove (1.24), set x = 7 in Euler’s formula (1.19) to get 


e™ =—1. 


Take the log of both sides, 
in = In(-1). (1.25) 


Add In(:) to both sides, 
In(x) + im = In(z) + In(-1) = In(—z). 


Using the rules from (1.20) to (1.23), we find: 


In(1 +i) = 5 In(2) it; (1.26) 
In(-1 +i) = 5 In(2) it, (1.27) 
In(—1— i) = 5 (2) a (1.28) 

In(1 ) = 5m(2) iG} (1.29) 

In(i) = i (1.30) 
In(-i) = -is. (1.31) 
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1.11 Gamma Function 
1.11.1 Definition 


The gamma function is defined by 


T(z) =| Cer di Hc) 0: 
0 


For a different integral form, let t = —n In(a) and so dt = — da, 
T(z) = | tte dt 
0 
” n 
= ) (—nIn(x))**e" ™@) (-az) 
1 xv 
1 
= (-1ytat f a In?" (a) de: 
0 


Divide both sides by n*I'(z), 


1.11.2 Functional Equation 


One of the key properties of the gamma function is 


T(g+1)=2I(z), z¢Zeo. 


Proof. Replace z with z + 1 in (1.32), 


T(z+1)= | te *dt 
0 
{apply integration by parts (IBP)} 
= —te*|* +2 | eat 
—_—_~— 0 


0 
= T\(2), 


(1.32) 


(1.33) 


(1.34) 


1.11. Gamma Function 


Note that by using 


(1) =| e ‘dt =-e*|° =-04+1=1, 
0 


and ['(z + 1) = zI'(z), we see that: 


T(2) =1-T(1)=1-1=1! 
T(3) = 2-T(2) =2-1! =2! 
(4) =3-T(3) =3- 2! =3! 
T(5) =4-T(4) =4-3! =4! 
In general, we have 
T(z) =(z-1)! zeZ. (1.35) 
Employing this identity in (1.33) gives 
oe! ae ee ee 
—= m—*In* as 1. 
eo (@=1) | x n° “(a)dz, z€ (1.36) 
1.11.3 Stirling’s Approximation 
Stirling’s approximation is an approximation for factorials: 
(1.37) 


cts 
nin VIan™t2e™, 


f(r) _ 


a = 1 


where f(n) ~ g(n) means lim 
f(n) ~ a(n) means lim 


The following proof may be found in [7, p. 277-278]: 
Proof. Begin with the definition of the gamma function: 


n!=T(n+1) = | edt 
0 


{let t=n+a2v an} 


= Vinten | e* 2n (+2 2) dr 
ery nm 


2 


{os (: zs 2), = gale » 
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= VInrt+2e-” - erin(ita/Z)—2 Ph a: 


2 


Divide both sides by V2n"+2e- then let n — 00, we get 


! Co 
im n! — lim ” In(1t2/2) —2V2n 4 


n00 \/Inntse-—n  n-00 Jz 
2 


_ - gre [rin(1ta/2)—« mn] dp. 
—0o 


To find this limit, let «y/2 = y and son = 2%, 
m y 


/2 — In(1 _ 
lim | In (: +2 2) — ov] = 27? lim mo ty)—y 
n—>0o n y>0 i] 


{apply L-H6pital’s rule, since we have the case 0/0} 


eo 
= 22? lim *+4¥ _ 
y>0 2y 
=, 
= 2? lim —— 
yoo l+y 
=—2". 
Plug this limit back, we get 
! co 
lim ——~_— = / eda. 
noo J2n™+3e-n es 


This integral is called the Gaussian integral, which evaluates to \/z by using the polar 
coordinates (see[44]). Thus, 
n! = 
li ———— . 
ey ts Fak A 


Divide both sides by \/7 to finish the proof. 


To evaluate the Gaussian integral in a different way, split the integral at x = 0, 


o 2 0 2 ca Ps 
if e” dx = e” a+ | e” dz 
—oo —oo 0 
————— 7 
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-2/ e-* da 

0 

“af y2e-Ydy 
0 


{set z = 1/2 in (1.32)} 


“r(3): 
2 
where T(3) = \/r given in (1.41). 
Remark: The substitution z —> —z used above means that we substitute 7 = —u. 
After simplifying and having everything in terms of u, we change u to x. Other 
common substitutions that will be frequently used are x > 1—2, 27 > +, 2 > \/a, 


aw? 
x — «?,and 2 > ie 


1.11.4 Expressing the Gamma Function as a Product 


The gamma function is also expressed as 


T(z+n+1) Ul 1 


Iz) = : : 
(z) z Pa z¢Z<o (1.38) 
k=1 
Proof. By the functional equation (1.34), we have: 
T(z +1) = 2I(2); 
T(z4+2) = (¢41)-Te41) = (¢4+1)- 27 (2); 
T(z4+3) = (24+2)-T(z+2) = (2+2)-(z4+1)- 2T(z). 


This can be generalized to 
T(izgtn4+1)=(z4+n)-(z+n-1)----(24+1)- 2T(z) 

or 

T(izt+n+1) 
2(z+1)---(z+n) 
— T@tnt+i) 

zT [pai (2 + k) 

_ T(e+n4+1) Il 1 


Zz pas 


T(z) = 
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1.11.5 Euler’s Definition as an Infinite Product 


Another form of the gamma function is 


_iy7 Gta) 
rare Be Zee, (1.39) 


Proof. 


z 
k=1 k k=1 n 
n nm n 
{i II andr = II ak II n 
k=1 k=1  k=1 
n 1 ae i)* n 1 
= lim II ( k 
1)? z 
anise (1 or ra) k=1 I+; 
n a n-1 
use II - dx for the first product 
fa pe 


{this product is given in (1.38)} 
2I(z) 
= li * | ——__—__ 
Pace me T(in+z2+ 1) 
{use Stirling’s approximation for n! and [(n + z + 1)} 


1 
Qn" tse "nN? 
= 2I(z) lim 


n—0o Qn (n + z)ntetze—n-z 


nntets 


= 21 (z)e* lim ——____ 
noo (n +4 g)rters 


n zt+s n n 
= zT(z)e* lim ( ) ( ) 
n>co \n+ Zz n+ Zz 


1.11. Gamma Function 


The identity []/_} (1+ £)° = 2? used in the proof can be explained as follows: 


n—-l1 2 n-1 Zz 
Ae. Ga 
II (1 ” " =H 
k=1 k=1 

ies 1 i (k+ ig 


ara 
Thk 


1.11.6 Euler’s Reflection Formula 


Euler’s reflection formula is given by: 


T(z). -—z)=acse(rz), 2z¢Z. 


Proof. Set a = z and b = 1 — z in the beta function (1.50): 


= T(a)I'(b) _ coo get 
B= Ter Trae 


we obtain 


(1.40) 
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1. 21. 1 —z 
=| = ae+ | “da 
9 l+2 9 1+2 
expand 
{ ’ 1+2 


_ Le (>. cats") a+ fa (>: cots" ee 


n=0 n=0 


in series in both integrals} 


{interchange integration and summation} 


loc) 1 co 1 
_ S- 1)" [ grt2-lgy +4 S- 1)" [ ae” *dx 
= 0 0 


n=0 n=0 
7 ae i 0 ( 1)” 
2s paar 


1 wet <1" 
ue eee a =r 


n=1 


= (: Dee 


n=1 


{recall the identity (2.98)} 
1 
= (mz csc(1z)) 


=m csc(7Z). 


Setting z = $ in (1.40) yields 


or 


r (5) = Vr. (1.41) 


Remark: The interchange of integration and summation used in the proof above is 
justified by Lebesgue’s dominated convergence theorem (see [13]): 


[Siar = Sf Inloae, (1.42) 


where X is the integration interval. 


1.11. Gamma Function 


This theorem will be frequently used throughout the book where it’s applicable. So 
we are not going to re-explain why the interchange is justified if used again. 


1.11.7 Legendre Duplication Formula 


The Legendre duplication formula is given by 


ib (5 = n) = anne (1.43) 


The following proof may be found in [45]: 
Proof. Letting a = b = n in the beta function in (1.46): 


_T@P) _ fat -1 
Bla.) = Tea = | at l(1—2)? de 


yields 


-_OC 
uUu>—U 
1 1 
= gia f (i= uw)" du a a) (= 2)" du 

0 0 

1 
= aa 2(1 — u2)"""du (1.44) 

0 


{recall the property of the beta function (1.47)} 
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The proof completes on substituting T(5) = 1/7 given in (1.41). 


Further, substitute u = cos() in (1.44) to have 


5 np2 
| Sid 
a 40 (2n) 


Let’s simplify the RHS. By the definition of the binomial coefficient: 


a\ _ T(a+1) 
(5) ~ T(Yb+)l(a—b+1)’ 


we have 
2n\ — T(2n+1) 
(0) = Fee 
{use [(z + 1) = zI'(z) given in (1.34)} 
_ 2P(2n) 
~ nt?(n) 
or 
I"(n) 2 
F@n) ~ Pn 
Thus, 7 
2. n— 4” 
i. sin?”~! (x)da = Cy Bn’ (1.45) 


More results of the gamma function may be found in [43]. 


1.12 Beta Function 


1.12.1 Definition 


The beta function is defined by 


1 
B(a,b) = | a*1(1—2)’""dx, R(a), Rb) > 0. (1.46) 
0 


1.12. Beta Function 


One of the key identities of the beta function is the Beta-Gamma identity: 


T(a@)P (6) 


Pe TG npy 


The following proof may be found in [47]: 
Proof. Using the definition of the gamma function in (1.32), we have 


T(a)P(b) = (| e*x*de) ([- e*yhdy) 
{let x = zt and y = z(1 —t)} 
= ‘ come —t))?tzdtdz 


= (/ a) (f eta-oh tat) 


=T(a+b) B(a,)). 
The proof follows on dividing both sides by I'(a + 6). 
Another identity is the symmetry: 


B(a, b) = B(b, a). 


To prove it, let 1 — x = y in (1.46), 
1 
B(a, b) = 7 sme Oe a)? tda 
0 


1 
=} y*(L—y)* "dy 
0 
= B(b, a). 


1.12.2 Trigonometric Integral Representation 


A different integral form of the beta function is 


21 


(1.47) 


(1.48) 


B(a,b) = 2 | Tee eRe eke SOL yest. lee) 
0 


Proof. Let x = cos?(@) in (1.46) and so dz = —2 cos(@) sin(0)d6, 


1 
B(a, b) = i. t*—1(1—2)’ ‘de 
0 


22 
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° 0 
= i (cos?(0))” ‘(sin2(0))”  (—2.cos(6) sin(8)d0) 


- 2 f° cos?*— (6) sin??-1()d0. 
0 


1.12.3 Improper Integral Representation 


Another form of the beta function is 


co gat 
B(a, b) = i @sa Ria), R(b) > 0. (1.50) 


Proof. Let « = yt; in (1.46) and so dx = 7 dy 


1+y)”’ 
1 
B(a, b) = i amen C - a)? ‘da 
0 


5) a) 


1+y) 
I ( y )" ( 1 a dy 
o \lt+y l+y (ay 
co a—1 

= ———_ dy. 

[ Asa” 

1.12.4 Powerful Integral Representation 

We also have 
1 gol 4 6-1 
B(a, b ———dz, ‘K(a), R(b) > 0. 1.51 


The following proof may be found in [32, p. 72]: 
Proof. Let x + 4, 


[ gant eae [ gant tat 
od a 
e (pay? 1 


1.13. Dirichlet Eta Function 


1 va-l1 b-1 
{st | oF an ig both aides thendivide by ah 
0 


(d tay" 
1 L gaat 4 gol 1 CO pa-l 4 yb-1 
= a+b da + a+b 
2Jo (1+2) 24, (1+2) 


1 [ geal 1 a gol 
= dx + dx 
2 6 (ig) 2 0 (ita 
{use the definition of the beta function (1.50)} 


1 
= BG, b) + 5 B(b, a) 


2 
{write B(b, a) = B(a, b) given in (1.48)} 
1 
= 5 Bla,b) + 5 Bla.) 


= B(a, b). 


1.13 Dirichlet Eta Function 


1.13.1 Definition 


The Dirichlet eta function is defined by 


1.13.2 Integral Representation 


The integral representation of the eta function is 


ne)= Fe | a H(z) > 0. 


(1.52) 


(1.53) 
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Proof. By using (1.33): 


1 (17 ae 2-lin\dy 
we have 
n(z) _ d a 7 _ d —oe* (Sa | grt het) 


{interchange integration and summation} 


— (-1)** . n2—! .; = a n-1 in 
=So (So ) ja 


{use the geometric series formula} 
(-1)*"" : z—1 1 
= ~——— /]} 1 d 
T(z) Jo ae ita)” 


1.13.3 Evaluation of 7(0) 


The following result is very essential for later calculations: 


n(0) = =. (1.54) 


The following proof may be found in [9]: 
Proof (i). Let’s start with the integral form of the Dirichlet eta function, 


_ (pe fin) 
n(z) = | ies dx 


r=e* 1 eo t7-1 
ey 
T(z) | 1l+et 


{write ne I'(z+1)} 


co tet 
=rexn /, (1+ et)? 


1.14. Riemann Zeta Function 


Take the limit on both sides letting z > Or, 


Proof (ii). 


7(0) = lim, 7(s) 


s—0t 
co n—1 

—1 
= Jim, 
Tr 


0+ 
. n=1 


; i. Sie 
= | l a 
lim, (1p = 


n=1 


{change the order of the limits } 


; _ we (—a)" 
= | l — 
= (> ns 


A justification for this proof may be found in [20]. 


1.14 Riemann Zeta Function 


1.14.1 Definition 


The Riemann zeta function is defined by 


co 


ne en 


Qz 32 a 


i 
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(1.55) 


The zeta function ¢(z) can be related to the Dirichlet eta function 7(z) by setting 


an = oh in (1.5): 


S- an = 2 3 a2n — S- (-1)"an, 
n=1 n=1 


n=1 
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which gives us 


aa So ae ne — 


Rearrange the terms and write )>*°_, 4 = ¢(z), 


n=1 n? 


(=a Yo 


n=1 


Since the series on the RHS is defined for 1(z) > 0, the domain of ¢(z) is extended 
to R(z) > 0, meaning that 


¢(z) = ne) R(z)>0, 241. (1.56) 
The input value z = 1 is excluded, because it makes the factor a undefined. 
Examples: 
¢(2) = 2n(2); 
4 
(3) = 5n(3); 
8 
(4) = an(4); 
16 
(5) = zen) 
To find the value of ¢(0), let z + OF in (1.56), 
1 
¢(0) = —n(0) =—5, (1.57) 


where we used 7)(0) = 4 given in (1.54). 


1.14.2 Integral Representation 


The integral form of the Riemann zeta function is 


o(e) = Te | a R(z) > 1. (1.58) 


1.14. Riemann Zeta Function 


Proof. Using (1.36): 


we have 


¢(z) = > = = > (Sf gt hey] 


{interchange integration and summation} 


_ (-1)*"* ‘ n2! x . grt z 
“Se fee (Ler) 


{use the geometric series formula} 
eas [ 1 1 
— ——. ] . 
Omer n* (2x) ina da 


1.14.3 Evaluation of ¢(2) 


Leonhard Euler was the first one to prove 
1 
Se —— (1.59) 
= n? 


The following proof is different from Euler’s and it may be found in [3]: 


ro dx 
40 fg 142?’ 


‘id 1 dy 1 dx 
ald - (/ eee 
dy dx 
-[[ (1 +a2)(1+y?) 


rae ff dt dx 
(1+ #?)(1 + 7/2?) 


{change the order of integration} 


Proof. Squaring both sides of 


we have 
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-[f da dt 
~ o Jt 214+ 27)(1 4+ 2/2?) 
wel if du Ja 
2g LJ (1+ u)(u + #?) 
write : = ! i 
(itu)(ut#) 1-#2\u+t ltu 
tf 1 ig du - du ae 
~ 9 0 1-—t? #2 u + t2 ¢2 l+u 
1 
1 ee) ; u=1 
_ s/f zr [imu +) — n( + wh at 
1 2 2: 
=i f 1 i 1+t ie Qt as 
2} 1-# 2 1+¢ 
ir ee | ae 
= | i (eas 
pe a eae 4t2 
7 


= v 
2 x 
ot eG), 
4 Jo y 
J—y? 
_ aa in (cet) 
4 Jo y 
ae In(L—y?) a In(l-y) | 
7 y 
4 Jo y 2 Jo y 
yoy 


1 f'n(Ql—-y) 1 fi In(i—y) 
= d d 
a ae 5 ek 
*In(1 — 
= al n( YD) ay 
8 Jo y 
{expand In(1 — y) in series} 
ve a a? 
LGCE) 


{interchange integration and summation} 


1.14. Riemann Zeta Function 


So we have 7, = 2¢(2) or ¢(2) = x and the proof is complete. 


16 


1.14.4 Evaluation of ¢(27n) 


Let n € Z*. Then the following identity holds: 


(2 eB Oe 
2(2n)! 


¢(2n) = 


Proof. Separating the first term using ¢(0) = —5, we have 


n=0 
ae ¢(2n) in series} 


=-543 (So ge)™ 


n=0 
— the order of summations} 


SE (Ee 


n=1 


{use the geometric series formula} 


1 = x 
= 1-2 


{use the result (2.96)} 


1 
=—5me cot (72) 


{replace x with wa in (1.170)} 


> Cane" = -; + iD ¢(2n)ax? 
n=1 


(1.60) 
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So we have 
~ pak (27) a 2n 


S> ¢(2n)x? ie 
n=0 


The proof finishes on comparing the coefficients of x 


Examples: 
cay = 5 
(6) = 

(8) = 

sll) = a 


1.15 Dirichlet Beta Function 


1.15.1 Definition 


The Dirichlet beta function is defined by 


aoe H(z) > 0. 


ae ss ae | 
HOSE preci ~ B20 O5e 


1.15.2 Integral Representation 


The integral form of the Dirichlet beta function is 


Os T(z) 142 


collie iE Ea. R(z) > 0. 
0 


(1.62) 


1.15. Dirichlet Beta Function a 


Proof. By writing 


1 _ (-1)°7? ' 2n n*1 
(nti > T() fe l (x)da, 


which follows from (1.33), we have 


7 a — n —l a : 2n7,2-1 
Bz) = S- aor = S- (—1) (: a i a" In eae) 


n=0 n=0 


of = Os 
0 


1+ 2? 


1.15.3 Dirichlet Beta—Polygamma Relation 


Let a € Zt. Then we have 
_a\@gil= ae 
B(a) = ve (3) = (1 = =) C(a). (1.63) 


Proof. 


ee 
B(a) = > (Qn+1)? 


n=0 


{i > (-1)"a, =2 > Gon — > Gy, given in ao} 
n=0 n=0 


n=0 
oe) oe) 


1 1 
ae (4n + 1)* » Oty 


n=0 n= 


The first sum: 
= 1 i if 
dX (4n+1)* 44 Ds (n+1/4)* 
{make use of the definition (1.152)} 


a tae a fA 
=“aonr? 1 (3): (1.64) 


32 Chapter 1. Series Transformations and Special Functions 


The second sum: Set a, = win in (1.6), 


oS 1 lige 1 1 (-1)” 
d Gari ~ 224 wry t 22+ me 


{shift the index n by —1 in both series on the RHS} 


Co 


1 t . day 


ne 


Substitute 7(a) = (1 — 2'~“)¢(a) given in (1.56), we have 


>» Oni) = (1-27 *)¢(a). (1.65) 


n=0 


The proof completes on collecting the two sums. 
Examples: 


-> 3 


=— f BAe YW) 3 
0 


= 2): 
= yr 1 ft in? (4) 15 
-> 4 ae) Mee Bag = VW) _ Bea 
— ors, 6 Jo 142? 768 16 


ee Oh cP 
copa ~ ce ioe 245760 64 (6); 


Co 


mW i Ln? (7) (4 
a(8) = S- (—1) 7 1 | In ane yO (4) 255 (8). 
& (2n +1) 5040 Jy 1+2 165150720 256 


1.15.4 Evaluation of G(2a + 1) 


Let a € Zo. Then we have 


B(2a +1) = eh OMe (1.66) 


Proof. Replace z with 2a + 1 in (1.62) then write ['(2a + 1) = (2a)!, 


(2a)!8(2a + 1) =| a as 


1+ 2? 
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-(f"-[) tee 


ee) 2a lee) 2a 
-|/ In (*) 5 i In () ae 
o l+2 1 
_—— 


1+ 2? 


w—1/a 
oo 2a 1 2a 
= In“* (a) as | In““(a) ie 
0 1 + x? 0 1 + x2 


{rearrange the terms} 


=5f n”*(2) | 
2fo l+a2- 


This integral is given in (3.21). 
Examples: 


Co 


—1)” 1 in4 (x a 
LO ine ene 


Lv ant1j> 24 Jo 14a?” 1536’ 


_ (-1I)" ot ft n(x), 16” 
BU) > Qn+1)" wl 1+ 02°" ~ 784320" 
1.16 Polylogarithm Function 


1.16.1 Definition 


The polylogarithm function of order a is defined by 


re nao geo igt eS 
n=1 


(1.67) 


where |z| = ,/x? + y? is the modulus of the complex number, z = x + iy. 
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Let’s discuss the case a = 1: 


CO gn 
Li = — =-—In(1— 2). 1.68 
ii(z) d 7 n(1 — z) (1.68) 
This function diverges when |z| = 1 and converges to — In(2) when z = —1, and so 
the case a = 1 is valid when z = —1, but invalid when |z| = 1. Actually the range 


of a can be extended to the whole complex plane. To keep it simple, we will consider 
only the case a € Z™, since that is all we need for later calculations. 


Note that 
o= 3 oe = 3 = att (1.69) 
and - - 
eps 3 CY" = nla) = @*=1)6(@). 1.70) 
Examples: 
Lig(-1) = -5¢(2); 
Lis(-1) = -$¢(3); 
Lia(-1) = -Z6(4) 
Lis(-1) = - 265) 


n=1 
{i S- f(n) = yo f(Qn+1)+ > f(2n) given in vo} 
n=1 = on — a 
~ » (Qn+1)* ° d (2n)* 
ee go 
7 » @nt iy" ie » na 


{use the definitions (1.61) and (1.52)} 
= i8(a) —2-*1(a) 


1.16. Polylogarithm Function 


{write n(a) = (1 — 2'~*)¢(a) given in (1.56)} 
= iB(a) + (2°74 — 2-*)¢(a). 


Thus, 
Lig (i) = (2-74 — 2-*)¢(a) + 16 (a). 


Examples: 


Lis (i) = ~356(3) + 18(8) = —56(3) +55: 
Lia(®) = —z56(4) + 18(A). 


1.16.2 Integral Representation 


Let z € C\ (1, oo). Then we have 


. (Sites irene) 
es (a—1)! | 1—2t ae 


The following proof may be found in [32, p. 70-72]: 
Proof. Force integration by parts, 


1 a-1 
| zIn““(t) as 
9 l-2zt 


= —In(1 — 2t)In* *(t) 


t=0 0 
1 _ a—2 
=0+(a 1» f In(1 0 In*~“(t) - 
0 


ag 1 Lig(zt) In?—3(t) 


BP (41) (- Lin(et)in7()] + (a2) | 


{apply integration by parts for another a — 4 times} 


35 


(1.71) 


(1.72) 


(1.73) 


(1.74) 


(1.75) 


=i ‘ In(1 — zt) n*~?(t) 
+(a yf t is 


) 
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1 : 
= (Ma 1(a-2(a-a)-1 f Hie (=) ay 
= 
= (-1)* "(a — 1)! Lia (zt) 
t=0 
= (-1)°"*(a@ — 1)! Lig (2). 
Let’s replace z with —, in (1.75), 
. z _ (—1)* 1 zIn*1(t) 
un ()- 5 / f-2te & (C\ [ 1, ee). (1.76) 


A different integral form is 


Thus, 


Li, (z) = Vie—14) ag z€C. (1.77) 
>t 
n=1 =, 


This proof is valid if |z| < 1, since we used the definition }> 
form extends the range of z to the whole complex plane. 


but the integral 


By using the integral representation of Li,(z) and Li,(—z), we find 


Li,(z) + Li,(—z) = — [mw (45 Z 3) dt 


= (-1)"* [ a—1 2tz? 

~ (a-1)! Jo i 1— 270? a 

pe co [ 2 in") j 
(a-—1)! Jo 1-2y @ 


{replace z with z? in (1.75) to get this integral} 
= 2" Tig (2). 


Then, we have 


Lig(z) + Lig(—z) = 2*~* Lig(z”),  z€C. (1.78) 
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A different approach, assuming |z| < 1, is 


Lia(z) + Lia(—2) = j=) —+ > ao 
{i > Gn + 3 (—1)"an = 2 > Qn given in as 
n=1 


n=1 n=1 


Let’s differentiate the polylogarithm function with respect to z, 
0 a 2 
a fe 
dz = dz 4 


{differentiate term by aa 


diig=112) (1.79) 
1.16.3 Dilogarithm Reflection Formula 


Let z € C. Then the following identity holds: 


Lie(z) + Lig(1 — z) = ¢(2) — In(z) n(@1 — 2). (1.80) 


Proof. Differentiate Liz(1 — z) then integrate, 


Lif 2) = facia —z)) 


. f= 2) 
ane 
{use Liy(2) = —In(1 — «) given in (1.68)} 
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= [ Mea 
1—z 
In(1 — z) 


2 _ In(1 — z) In(z) +f F 
= —In(1 — z) In(z) — Lig(z) +. 


dz 


To find c, let z = 1, 
Lig (0) = 0 — Lig(1) + 


or c = Lig(1) = ¢(2) and the proof is complete. 
Setting z =3 in (1.80) gives 
1 1 1 
Lig ( = } = =¢(2) — = In?(2). 1.81 
in (5) = 560) - 5s") (1.81) 


Additionally, set z = 7 in (1.80), 
Lig (4) + Lig(1 — @) = ¢(2) — In(z) In(1 — 3). 


Substitute the values (1.30), (1.29), and (1.72) to have 


. : 3 
Lia(1 — i) = 26(2) i (4 In(2) 4 G) ; (1.82) 
Replacing 2 with —2 in (1.82) yields 
: ‘ 3 
lip(1 +4) = =¢(2) +4 (7 In(2) +). (1.83) 


1.16.4 Landen’s Dilogarithm Identity 


Let z € C \ {0}. Then the following identity holds: 


Line Lig (=) =—5 In*(2). (1.84) 


Proof. Differentiate Lig (= 


ee) 


1) then integrate, 


1.16. Polylogarithm Function 


=— f Mas J ae 


1 
= 5 in*(z) Lig(1 —z) +e. 


The proof finishes on extracting c = 0 by putting z = 1. 
Let’s set z = 1 — 7 in (1.84), 


i 1 
Lin(i) + Lie ( =) 5m*(1 3). 


Substitute the values (1.72), (1.30), and (1.29), 


‘ 1-12 5 1 2 . TT 
Lin ( ; ) = 556(2)— 5 n*(2)— 3 (c : In(2)). (1.85) 
Replace 2 with —i, 
ware 5 ies z 
Lin ( ; ) 76(2) — =ln (2) +i(G- = In(2)) (1.86) 
Other way to find this result is by setting z = —1 +7 in (1.87). 
1.16.5 Dilogarithm Inversion Formula 
Let z € C \ {0}. Then the following formula holds: 
1 In? 
Lip(—z) + Lig ( -) eas i 2n(2). (1.87) 


Proof. 


Set z = 1, we get c = 2 Lig(—1) = —2n(2) and the proof is finalized. 
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1.16.6 Relation Involving Four Dilogarithm Functions 
Let z € C \ {—1}. Then the following identity holds: 


Dee z l+z 
Li Li t Li 
‘lie | alee i( 2 ) 


= Lig(z) + Li (5) + In(2) In(1 + 2). (1.88) 


Proof. Let 


we have 


n= fare= f (PE-"?)a- 


= In(2) In(1 + z) + Lie(z) +. 


Setting z = 0 gives c = f (1) = Lig(4) and the proof is finalized. 


1.16.7 Another Relation Involving Dilogarithm Functions 


Let z € C \ {—1}. Then the following identity holds: 


; 22 : re ; l=2 q : 1 
Lin (=) Li (=) Lin ( =) Lin(2) + Lis (5) 


1 
tee Soe ( 7 *) (1.89) 
Proof. Let 
: 22 : Zz . {1-2 : . {il 
ie) = Tae (=) Lig (4) we ( 2 ) Bia) Uta (5) : 
we have 


re)= fane= f (M2 BS a) a 


l+z l-z 1l-z 


_ | (ma ni +2)) Ae ee i 
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= facna — z)In(1+ z)) — In(2)In(Q1 — z) 
= In(1 — z)In(1 4+ z) — In(2) In(1 — z) 


=In(1 2)n (+4) be. 


The proof completes on extracting c = 0 by setting z = 0. 


1.16.8 Landen’s Trilogarithm Identity 


Let z € C \ {0}. Then the following identity holds: 


Lig(z) + Lig(1 — 2) +4 Lig (=) =ae = In°(2) + ¢(2) In(z) 


= In?(z) In(1 — z). (1.90) 


Proof. 


a ee 


[- Lig ( (4 
= Lia (7) ae 
a2) 
{make use of Landen’s dilogarithm identity (1.84)} 


“J (3 +a) 
[Ee _ Lig(1 — 2) a 1 In?(z) ” pe ae 


z l-z 2. 2 21-2z 


= [2a Li3(1 — z) + rm(+h faz 
enic~—___ 


x 6 1l-z 
IBP 


= In(z) Lig(1 z) Lis(1 z) { = In°(2) 5 [| tea: 


For the remaining integral, force integration by parts twice, 


pr@e == sie as a In(1 — z) In(z) 4, 


l-z z 


—In(1 — z) In?(z) — 2Lig(z) In(z) + 2 | Oa, 
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= —In(1 — z) In*(z) — 2 Lig(z) In(z) + 2 Lig(z). (1.91) 


Plug this integral back in, 


ee (=) Sitti 2) LR 5 in(l = 9)ie? te). = n°(2) 
{make use of (1.80) for the first term} 
= In(z)[¢(2) — In(x) (1 — «)] + 5a — z)In?(z) + 5 In°(2) 


= ¢(2) In(z) — : In(1 — z) In?(z) + - In3(z) — Lig(1 — z) — Li3(z) +¢ 


and the proof follows on extracting c = ¢(3) by setting z = 1. 


Setting z = $ in (1.90) yields 


Lig (5) + Lis (5) + Li3(—1) = ¢(3) — 5 n(2) — ¢(2) n(2) + 5m*(2). 
Substitute Lis(—1) = —#¢(3) given in (1.70), 
Lig (5) = £3) - 5 (2602) + 7 In°(2). (1.92) 


For another result, set z = 2 in (1.90) then consider the real parts of both sides, 


mt {Lia + Lig(1 — 7) + Lig (5 ~)} 


= ¢(3) +8 { : In3(é) + ¢(2) n(é) — ; In?(é) n(1 — i} . 


Since Liz (4+) = Lig(1 + é) and ®Li3(1 — i) = #Lis(1 + 7), we have 
RK {Lig (2) + 2 Lig(1 + t)} 
il 1 
= ¢(3) +R { 5 In? (4) + ¢(2) In(i) — 5 In? (i) In(1 — i} 
Collect the results from (1.73), (1.30), and (1.29), 


®R Li3(1 + i) = = Im(2)6(2) + 603) = WM Lig (1 — 4). (1.93) 


1.16. Polylogarithm Function 43 


1.16.9 First Polylogarithm Inversion Formula 


Let z € C \ {0}. Then the following two formulas hold: 


Liz,(—z) 4 Lina ( =) = oer MO (1.94) 


: ‘ (2a — 2k) 
Liga+1(—2) = Liga+1 ( )= 20 ui (2k EE 1)! lip ee he (1.95) 


Proof. Divide both sides of (1.87) by z then integrate from z = 1 to z, 


3 
Lig(—z) — Lig ( =) = mt) 2n(2) In(z). (1.96) 
Repeat the same process, 
4 2 
Lia(—z) + Lig ( ~) = mt) 2n(2) 22) — 2n(4), (1.97) 


again, 


5 3 
Lis(—z) Lis ( =) = mt) an(2) 2n(4)In(z). (1.98) 


This pattern gives (1.94) and (1.95), which can be written in one identity: 


Ls 


neh) ane: (1.99) 


Lin(—2) + (-1)"Li ( +) = 2 a — 2k) 


k=0 ( 


By writing the integral forms of Ligg41(—z) and Liga+41(— +), we have 
: “ 1 
Liza+1(—2) — Liza+y1 = 


et 7 =2in™(y) | 1 faa 
Qa)l Jo 1t+2y -% @aylJ, 1I+2 % 


1 : 2a—1 74 i 
= on | = w (a+) yy 


_ 1 [ (1 — z?) In?*(y) 
(2a)! Jo (L+zy)(z+y) 


dy. 
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So we have 
1 (1 — 42) 1n22 “. n(2a — 2k 
i (1 = 2°) In) ay = —2(20)1 5 224 = 24) 2100), 4.100) 
0 I+2y)G+y) ae a 
Similarly, 
: : 1 
Liga(—z) + Ligg (-5) 
z 
_ —{ [ =2zn") 1 - =a), 
(2a —1)! Jy i+zy ~" (Q@a—1) 0 Ds : 
1 : z 1 
—- 2 ff y2e-1 a" 
oa yi | . Ol eerreay 
_—_ [ (1+ 2ey + 2?) In? "(y) 
~ r= Tit J (1+ zy)(z+y) 
Therefore, 


a 


* (1 + 2Qzy + 27) In?4“1(y) = ™ n(2a — 2k) n2* (9 
[ (1+ zy)(z+y) ee > (2k)! oe 


Let’s put z = —1 +7 in (1.96) then consider the real parts of both sides, 


a {Liat i) Lin ($+) b =o { cay ing 1+) = In°( i+}, 


Substitute the values (1.27) and (1.93), 


_ (1+i)\ nf(2) In(2) _ 35 or. (l-i 
Lia ( ; je 7 37 $(2) + 356(3) = RLis (=). (1.102) 
Similarly, 
3 {Liat i) Lis ($+) b= af -ceayam 1+) = In°( 14 i 
oe Fey, (1.103) 
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1.16.10 Second Polylogarithm Inversion Formula 


Let (z) < 1. Then the following two formulas hold: 


- 2a—1 a 
ieee bi (+) See), 25° nae au In2*(z); (1.104) 
k=0 t 


Zz (2a — 1)! ) 
il ° l 2a a 940 
i) Dipge (+) = ere ae 258 aie In2*+1 (2), 
i k=0 ‘ 
(1.105) 
Proof. 


vet (2)= fa(o-te(2) 
=f (M2) 
=— facaa 


{write (—1) = im} 


_ =i im + n(z) 4 


z 


Setting z = 1 gives c = 2 Lig(1) = 2¢(2). Therefore 
; 2 ft 1,4 
Lig(z) + Lig | — } = —iIn(z) — 5 In“(z) + 2¢(2). (1.106) 
z 


Keep integrating (1.106) from z = | to z after dividing by z, we get 


- 2 3 
Li3(z) Lis (2) = a @) mA) + 2¢(2) m(z): (1.107) 
. 3 4 2 
Lig(z) + Lig (<) = = (2) mt) ! 2¢(2) 4+2¢(4); (1.108) 


. 4 5 3 
Lis(z) — Lis (<) pee 4 bey nia: 


4! 5! 3! 
(1.109) 
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This pattern shows 


il in n?*—*(z “. ¢(2a— 2k), » 
ae Lin (2) 7 ca ola” (2) 
. 1 in In?“ (z) ¢(2a — 2k), ony 
Linsa(2) Lines (2) = 2 a ee): 


The last two identities are defined for 9t(z) > 1 and this fact explains why their 
imaginary parts are negatives unlike those in (1.104) and (1.105) . 


To finish the proof, let z > 4, 


By writing the integral forms of Liz,(z) and Liz, (4), we have 


_ = poe 
0 


dy. 
(2a — 1)! (l—ay)z—-y) 
Thus, 
* (1 = 2zy + 2?) In?*~"(y) 2a—1 
— inl] 
[ eo ew 
~ ¢(2a — 2k) 2k 
ps Oy! In?*(z). (1.110) 
Similarly, 


2 3 1 
Liga41(Z) — Liza+1 (+) 


_ 1 2a = hy. l 2a 
es | zin*“(y) dy 1 / z in“ (y) di 
(2a)! Jo 1L—zy (2a)! Jo 1-4 


= gan (T+) 


2 el 1 (1 — 2?) n?*(y) 
at, (— ayes)? 
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Thus, 


* Le" lay) a fej as _ Arey = ¢(2a — 2k), onsy 
i aye! Ne ae ND ep 


(1.111) 
Setting z = 2 in (1.106), (1.107), (1.108), and (1.109), since they are defined for 
z => 1, yields: 


Lip (2) = (2) — rln(2)i; (1.112) 
Li3(2) = (3) + = n(2)¢(2) - 5 In? (2)i3 (1.113) 
Lig(2) = — Lig (5) + 2¢(4) + In?(2)¢(2) — 7 In*(2) — 5 In(2)i; (1.114) 


: _ {1 1 1 T : 
Lis(2) = Lis (5) + 2In(2)¢(4) + 3 In? (2)¢(2) eT In? (2) sa In*(2)i. 
(1.115) 


The values of Lig(5) and Lis(3), given in (1.81) and (1.92), were used in (1.112) 
and (1.113). These four results can also be obtained by setting z = s in (1.104) and 
(1.105). 

For more results of polylogarithm functions, check [15]. 


1.17 Harmonic Number 


1.17.1 Definition 


The n-th generalized harmonic number of order a is defined by 


Il 1 
Ho = eI totate era (1.116) 


One of the properties of the harmonic number is 
H®) HO 1 
n ~~ 44n-1 > a) (1.117) 
which can be proved by taking the difference of 


i 
ee ee cea ee eo 
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and 


With a = 1 in (1.116) and (1.117), we have: 


ae | 1 1 1 
HO =~ A, =\Y° i =14+i4+a4---4— 1.118 
¢ ba aol an Bae (1.118) 
k=1 
1 
H, — Hy-1 = —.- (1.119) 
nm 
Another property is 
H® —2-4H@ = cas (1.120) 
n n (2k — 1) 
k=1 
To show that, begin with the RHS: 
ee ek ee ees 
ea)? ae (2n —1)* 
t.1.4 i 
{aaa and subtract Be + oF + rea feee+ ny" 
sift Hs Ee epee et ae one oa i 
| Qa" 3a (2n)" Qa ' 4a ° Ga (2n)" 
ccgfeat gl a ee ee i 
~ 7 * ga © 3a! (2n)° 2a ge ' 32 na 
25 2.254 
~ £4 ka Qa Lw ka 
k=1 k=1 


Let’s define 
= He) saagie 1 
n= 2° AY = a 
f 2 Dy (2k — 1) 
k=1 
we have 
n+1 n 
1 1 
fn+1 fn = be (2k iO hy (2k _ 1)° 
k=1 k=1 
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1 


ane (1.121) 


1.17.2 Integral Representation 


The integral form of H\”) is defined by 


a-—1 1 a—1 n 
HO = waar | im wh, R(n)>—1. (1.122) 


Proof. Using (1.36): 


we have 


ig 1 a-1 1 oy acd 
es “Le yea -> or / ie was) 


k=1 
( switch integration and summation} 


GU Foie 85 \ 5: 
~ pana) aa (3 )e 


{use the geometric series} 


=) ae i 12" 
= ) | In*—"(z) =) de. 
(a—1)! Jo l-« 
This proof is valid if n is a positive integer, since we employed the finite geometric 
series. To justify the extension R(n) > —1, force integration by parts then use the 


derivatives of the beta function. 
Note that setting a = 1 in (1.122) gives 


a 
H,= | “de, R(n)>-1. (1.123) 
0 


Integrating this integral by parts yields 


l-« 


17 _ mn 1 
| i dz = —In(1 — x)(1—- 2”) nf gz” In(1 — 2)dzx 
0 0 


0 


1 
=0- nf z”—* In(1 — x)dzx 
0 
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or 


1 
| a1 In(1 — 2)dz = ——. (1.124) 
0 


Let’s break up the integrand in (1.122), 


_4)\a-1 1 a-—1 _4)\a-1 1 oni..a—l 
79) = UT PW) CU Pat) 
0 0 


. (a—1)! l-« (a—1)! l-«x 
{substitute the result from (3.8) for the first integral } 
ae - gv” In*~! (a) 
a : 1.12 
(a) (a—1)! Jo l-gz o eer 


Reorder the terms and replace a with a + 1, 


/ way = (-1)"al (a+ 1)- He), aeZzr. (1.126) 
0 


1-2 


1.17.3 Infinite Series Representation 


Another form of H, @ iS 


1 
(a) ae _ 
Ho =5 (z- ar 7): he Ze (1.127) 


1: e 
Proof. Expand ;—,, in series, 


ay — 1)" fp? ne) - 2”) 
ih l-« ae 


ay : a— 1 
Sa! In \(1-— 2”) (Soe Jae 


{switch integration and summation} 


UE (fuentes arya) 


{make use of the result (1.36)} 


Pca) 


1.18. Skew Harmonic Number 


We also have 


51 


ater. wear) =D (era ene te 


k=1 k 
_ 2 1 1 > ( 1 1 ) 
| ( ka (k +n) i \ke (kK +m) 
= HO — HO 


sy L 1 = n 
n= (g-gn) = De 


Next, differentiate both sides with respect to n, 


i) = 1 
— Ao =O+a =f 
an” », (k+n)7t* 


=a (<(a i He*)) . 


1.18 Skew Harmonic Number 


1.18.1 Definition 


The n-th generalized skew harmonic number of order a is defined by 


n k-1 n—1 
0) S( iit (-1) 
He” = =1 Beard 
2 Se mE 


3a ne 


hl 


One of the properties of the skew harmonic number is 


1 
=) 
(1.128) 


(1.129) 


(1.130) 


(1.131) 


(1.132) 


(1.133) 


(1.134) 
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To show that, take the difference of 


(a) Lg. 2 Ep, ar 
He’ =1 ard 
n get 3e Tot ae 
and (1) 
—(a) 1 1 —1)” 
H —| ee . 
n—1 Ja + 3a T (n — 1 
Taking a = 1 in (1.133) and (1.134) gives: 
7-3 
Ay, = ——__ . 
a — (1.135) 
k=1 
_ _ —~1)"7! 
Ay, —-— An1= a (1.136) 
n 
Another property is 
Hoy, = Hoy, — Hy. (1.137) 


To show that, we begin with the definition of Hon: 


2n k-1 
= (—1) 1 1 1 1 
Ao, = =I] see 
: », k 213 2n—1 2n 


{split the terms into odd and even} 


rene x 1 Pa ee 42 
= a RS 2n—1 ae Se Qn 
1 1 1 1 
dd and subtract 
{2 and su nag 6 +x} 
1 1 1 1 1 1 1 1 
=14 2 
+3 2n—1 2n (5 176 =) 
=1+-4+-4 + : fae ie oe 
~ 30 In—-1  2n a” 3 n 
2n n 
1 1 
>>> 
k=1 k=1 
= Aan — n 


A similar property is 


Hons = Hons — Hn, (1.138) 
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which can be proved by using the definition of H2y,41: 


{substitute (1.137)} 


1 
Se 
? Tel 


1 
Aan, ——— _ = Aan 
{use 2 ce ee | 2 a} 


= Alan41 _ Al,. 


1.18.2 Integral Representation 


The integral form of Te is defined by 


yo _ Ye pf ae) = Ca)") 


dz, R(n)>—-1. (1.139) 


(a—1)! Ish aw 
Proof. 
a) SCD Se (CD [ Aas 
HA, = eo = (—1) a-iy J, xv" In*"(x)dax 
k=1 k=1 


ii a-—1 1 1 fis n 
= = | In*~' (2) cea ) dz. 
This proof is valid if n is a positive integer, since we employed the finite geometric 


series. To justify the extension %(n) > —1, force integration by parts then use the 
derivatives of the beta function. 
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With a = 1, we have 


1l+z2a 
7 [ dz [ (—a)” 
9 l+a 9 li+a 
= In(2) 7a ean (1.140) 
9 lt+a 


1.18.3 Infinite Series Representation 


Another form of TE is 


ee) k-1 k+n 
F(a) (eo iD z 
Te al; th « 1.141 
: =| mm &anp) “F ce 
Proof. Expand a= in series, 


za) (-1)*" f* n*7(x)(1 - (—2)") 
A i dx 


” (a—1)! l+zx 
= (-1)°* ; nol x i 9 n = = k-1 x 
=a fb wa-( (ye ) je 
_ (-1)?"* = : nol r —x k-1 _ k+n-1 x 
el (f Bear - aya) 


{make use of the result in (1.36)} 


fey ee 
->/ ka a). 


k=1 


Setting a = 1 in (1.141) gives 


In) A (1.142) 
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Multiplying both sides of by (—1)” gives 


Sed Cay, = 18). (1.143) 


1.19 Digamma Function 


1.19.1 Definition 


The digamma function is defined as 


Wn) = = in(P(n)) = aa (1.144) 


1.19.2 Digamma Reflection Formula 


One of the key properties of the digamma function is 


y(n) —v(l-n)=—-ncot(rn), né¢€Z. (1.145) 


Proof. Using  In(I(1 — n)) = —(1 — n), we have 


(0) — BL =n) = © mE(n)) + © m(P(a = n)) 


d 
cr In(T(n)P'(1 — n)) 


{recall Euler’s reflection formula (1.40)} 
d 
ae In(z csc(7n)) 


m csc(7n) cot(mn) 
csc(7n) 


= —ncot(mn). 
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56 


1.19.3. Digamma—Harmonic Number Identity 


Let n ¢ Z~. Then the following identity holds: 
p(n +1) = Hn -7. (1.146) 


Proof. 
d 
Ww(n+1)= an In(T'(n + 1)) 
{use nI'(n) = TP (n + 1) in the identity (1.39)} 
ry (t+ 2%)" 


{ss In II ah = S- In(a,) given in cs} 
k=1 k=1 
(Gait 
+8) 


Ca) 


k 

= (: (* + +) 1 ) 
= eh a ie 

rar k k+n 
{add and subtract 1/k then insert the limit} 


ibs “) 1 1 :) 
+ 


= li l 


{rearrange the terms} 


= k+1 fare | ae ol it 


k 
k=1 


el “fl 1 
te that ) — = H,,, and ae 
{st a “ki an He ca 


m—->co 


I 
= 
a) 


in(?)+m(2)4...41n(™ 
00 we © "in 
telescoping series 


lim (In(m+1)— Hm)+ Hn 
m—-oo 


1.20. Polygamma Function 


{letm+1=n} 
= lim (In(n) — H,-1) + Ay 
n—->co 


1 
{write Ay-1 = H, — — givenin ct} 
n 


1 
=— lim (A, —In(n))+ lim —+ A, 
n—0o noo 1 


{the first limit is the Euler-Mascheroni constant (1.164)} 


=-7+0+4+ Hy. 
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The range of n can be extended to 9%(n) > —1, since the integral forms of H,, and 


w(n + 1) are defined for R(n) > —1. 
Let’s set n = 0 in (1.146), 


Now set n = -t, 


We also have 


= Hy, — Hy-1 = a 
1.20 Polygamma Function 
1.20.1 Definition 
The polygamma function is defined as 
d% qatt 


p(n) = Fa (l= ane In(I'(n)). 


Observe that 


(1.147) 


(1.148) 


(1.149) 


(1.150) 
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1.20.2 Series Representation 


Another form of the polygamma function is 


oe | 
p(n +1) = oo Cee Zar (1.151) 


Proof (i). Using the definition of the polygamma function, we get 


tai qatt 
w ae (n + 1) => dnt In(T'(n + 1)) 


{write n(n) = T(n + 1) in (1.39)} 


at = iv vat Vin OEP 
~ anett 24h i n ; 


dt -1)7*(q- 1)! 
{i — n(x) = Ley for the second vm 
dx4d q 


doth (y 42)” 
~ dnt a 42 
a+1 © py 
_ an 28 («ar 
I 


x 


{and note that the first sum vanishes when a > 1} 


Proof (ii). Differentiate both sides of (1.146): 
v(n+1)=Hn-7 
a times with respect to n using the fact 4 (n) = p(n), 


a 


p(n + 1) = Gna Hn = 4) 


{recall the series representation (1.129)} 
_. 9 1 1 
~ dn® = kK k+n 


d* 1 (-1)*a! 
ai dxt*x ath 
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If we replace n with n — 1 in (1.151) then shift the index by +1, we get 


(a) = (=1)"""a 
Wy (n) =D pgier n¢ Leo. (1.152) 
k=0 


1.20.3 Integral Representation 


The integral form of the polygamma function is 


1 on 1,,a 
p(n +1) = ii ee ee et (1.153) 
0 


1-2 


Proof (i). 


This proof is valid if n ¢ Z~, since we used the definition \77~_, ae The 


extension A(n) > —1 can be justified by applying integration by parts then using the 
derivatives of the beta function. 
Proof (ii). Differentiating both sides of (1.146) a times with respect to n, 
(2) a 
YO (n+1) = 25 (Hn -1) 
dn 
{recall the integral form (1.123)} 


dp ia 
=a | faa 


{use differentiation under the integral sign theorem (2.64)} 
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1 
Oo* 1-2" 
— d 
0 On 1-2 a 


{use aa = n(x)" 
— A ee) In") ae, 
9 l-« 


By the way, comparing (1.126) with (1.153) yields 


b(n +1) = (-1)%a! (afer aac 0) , R(n)>-1. (1.154) 


1.20.4 Evaluation of 7) (1) 


Let a € Zt. Then we have 


w(1) = (-1)* tal C(a +1). (1.155) 


Examples: 


we have 


ii-aeges. 1 pron ma) ao” 
x=0 


{separate the first term using w(1) = —y} 


1.20. Polygamma Function 


n=1 a= 
oe (n) (4 
= S- (-yr® { ) gr 
n=1 ie 
{substitute the value of 4)‘ (1)} 
=-So¢(n4+1)a 
n=1 
{shift the index } 
n=0 
or 
1 _ Co 
v( am =-Sre(n+2)2", |e] <1 
n=0 


1.20.5 Evaluation of 7“) (<) 


Let a € Zt. Then we have 


yo) (5) _ (—1)*a! (1- 2 NC (G 4p ll). 


Proof. Put n = $ in (1.152), 


TG )- rr =f) a+l al 
yee 
roy ea Le) 
1 
= (—1)7~ 1a! 2¢+! —______., 
CY ya 


This sum is given in (1.65) and the proof is finished. 
Examples: 
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(1.156) 


(1.157) 
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1.20.6 Evaluation of @” (4) 


Let a € Zt. Then we have 


ae | Ea 
4 


yea) @ = (22 — 2449) (94)! ¢(2a +1) (an)2**, (1.158) 


Proof. Replace a with 2a + 1 in (1.63), 


2 ony f 1 Aaa 
B(2a+1) = yw? (F)-G-2 Cat 1). 1.159 


Combine (1.66) and (1.159) to finish the proof. 
Examples: 


ap) (3) = —56¢(3) — 2n°; 
po) @ = —11904¢(5) — 407°; 
yo (3) = —5852160¢(7) — 1952n”; 


p®) (3) = —5274501120C(9) — 17728079. 
1.20.7 Evaluation of @” (2) 


Let a € Zt. Then we have 


yea) (3) = yea) (3) “i lege, (1.160) 


1.21. Catalan’s Constant 63 


Proof. Differentiate both sides of (1.145): 
w(1 —n) — W(n) = mcot(rn) 


2a times with respect to n then let n — +, 


2a, 
yp (2a) () — pea) (G)- =r lim cot(mn). 


4 ni dn? 


By employing the identity cot(x) = csc(2x) + cot(2x), we obtain 


2a (24 2a 
lim cot(7n lim, esc(27n) + lim. cot(27mn 
nt dn2* an ni dn 2a ( ) nt dn? ( ) 


{let n = m/2 and so > dn = dm/2} 


2a (24 
= 2”* lim — cse(rm) + 27% lim —- cot(am) 
m—+>s5 am m—>4 dm 
{these two limits are given in (1.168) and (1.175)} 
= 2?" | Fo,|1?* +0 


= |Eq|(27)?*. (1.161) 


ef? agents 3. 
on (2) =v (tou 
po (3) = yl (3) + 80m: 


3 
4 
yp) () = p®) () + 3545600°. 


Examples: 


1.21 Catalan’s Constant 


Catalan’s constant, denoted by G, is defined as 


ie 1 1 


C= 42 vee (1.162) 
ae eat, oe 
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The Catalan’s constant is a special case of the Dirichlet beta function (1.61): 


ea 
Be) =) Ona 


n=0 


In (1.63), we also see that 


__ fing) Way 3 
G= [ woe- i 7$(2). (1.163) 


For more integral and series representations of the Catalan’s constant, check [41]. 
1.22 Euler—Mascheroni Constant 


The Euler—Mascheroni constant is defined as 


y= lim (H,, — In(n)). (1.164) 


The Euler—Mascheroni constant, denoted by ¥, is defined as the area bounded by the 
two functions, y = 1/x and y = 1/|]|, where || is the floor function, over the 
interval x € [1,00). To get the form in (1.164), we calculate the bounded area over 
the interval a € [1, n] then we let integer n — oo: 


i ([ dx [ =) 
= lim 1 — 
T nso \h Te] Ae 


" dx me | 1 
te that =14 vee = A, 
{note a : [x] at at eal i} 


. ” dx 
= lim Hy f — 
noo 1 2 


1 n 
{we have H,,-, = H, — — and | aa = in(n)} 
n + 2 


— tia (1, : - _ n(n) 


N+ Co 
1 
Ss aaa 


For more representations of the Euler-Mascheroni constant, see [42]. 
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1.23. Euler Numbers 


The Euler numbers are defined as 


2n 2k 


Bn = yatn(™)Ve=9)™, (1.165) 


k=1 j=0 


Some values: 
Eo =1, Fp =-1, Fy =5, Be = —-61, 


while the odd-indexed Euler numbers are all zero. 


The Euler numbers appear in the Taylor series of sech x: 


x? at 7 Reed gh 
sech x = 1 Tl oT a re 


Let’s replace x with ix then consider the real parts of both sides, we have 
. — n x” 
R {sech(tx)} = KR S- i En: 
n=0 


Using 9% {sech(ia)} = sec x and RV 4 "Gn = Yo7°-9 (—1)" aan, which follows 
from applying the same approach shown in (1.10), we have 


= (—1)" Eon 2 . |Ean| 2 
= ASE pe e 1.1 
sec x y (n)! an » (2n)! x (1.166) 


n=0 


Let’s differentiate both sides 2a times with respect to x then let x — 0 


: (2% : 24 of | Fox ap 
pe yaa » (2k)! 
d! n n) n—-q 
{use ait = fea , n>a} 
S. |B 
= lim | 2k| y2k-2e 


«2-0 (2k = 2a) | 


=a 
\Foatal 2 Santas 4...) 


= tim, (2 + fg 


= |E2,|. (1.167) 
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The following limit is related: Set s = t +4 5, we have 


(24 (24 1 
be sia cesc(s7) = lim — 5a 1 Gjza CSC (tx aa =) 
2a 

= lim re sec(tr) 

{let t = x/n and so dt = dx/m} 
d a 
2a 
=T iim 1 sec(x) 
{substitute the limit (1.167)} 
= |Eq\n*. (1.168) 


1.24 Bernoulli Numbers 


The Bernoulli numbers are defined as 


B=) eee (1.169) 


Some values: 


1 1 1 1 
Bo =1, Bi =--=, Bo=-, Bz =0, Ba=—-—, B5 =0, BE = —. 
0 5) 1 2° 2 6 3 4 30 5 6 40 
Note that Bo,41 =O forn € Z*. 
The Bernoulli numbers appear in the Taylor series of =" : 
x la la? ia 
= 1 + + ts -> Bye 


et — 1 21! 62! 304! a a 


Let’s replace x with 27x then consider the real parts of both sides, we have 
Qix ey (28 
ae a} <8 By 


Using { at se } = xcota and RT” i" an = oy (—1)"a2n, we have 


n 


1 el 1)"R 
tr=— S 
Cot & 


n=0 


on 22)” (1.170) 
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By employing tan x = cot x — 2 cot(2z), we find 


tan x = cot x — 2cot(2z) 


_ 1S 1)" Ban iy yan gE Sa CD" Ban yy 20 
2 a (2n)! a) 2a S (2n)! ee 
n=0 : 


Let’s differentiate both sides (2a — 1) times with respect to x then let > 0 


ee ile £5, SE AA) i Ba, soa 
peed dx?e-1 cae past dx?e-! x d (2n)! 22) 
= lim Pe > (-1)"(1- 2°") Ban 2” an=1 
r+ 5 dx20-1 m0 (2n)! 
dt n! 4 
n n— > 
{ws ae aaa ; nda} 
a ($1) (1 — 27") Bon 2?" (Qn eer 
20 ~~ (2n)!(2n — 2a)! 
pe ED 279) Band 55,95 
= (Qn)\Qn—2a)! 
n 
f(n) 
—~]3 2n—2a 
— ow f(n)« 
= lim (f(a) + f(a+1)a? + fat2)a* +--+) 
= f(a) 
= )\% 
= eG — 274) Boge. (1.172) 


a 


Applying the same approach using S- f(n) = So f(n), we get 


2n—-1>2a n=at+l1 
(2% oo (-1)"(1 _ 2?”) Bs g2n 
li t = jj n 2n—2a-1 
avo daze = Ss (2n)(2n — 2a — 1)! . 
n=atlye. Z 
f(n) 
4: 2n—2a-1 
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= lim(f(a+1)a+ fa+2)a* + fa+3)a +--+) 
=0. (1.173) 


The following two limits are related: Set s = t + 5; we have 


2a—1 2a—1 T 

lim —,— cot(s7) = lim —— cot (tr + = 

ee ds20—! co (30 dpe 2 
2a—1 


= lim dee! tan(t7) 
{let t = x/n and so dt = dx/m} 
2a—1 


= —72*"! lim 
z0 dx 


{plug in the limit (1.172)} 


Sant tan() 


_ os — 1)Bog(24)?2-. (1.174) 


2a 2a 
= li 
cot(s7) lim 2a 


lim 
83 Ss 


TT 
3a cot (tx + =) 


2a 


{substitute the limit (1.173)} 
=0. (1.175) 


Chapter 2 


Generating Functions and 
Powerful Identities 


Before we start deriving the generating functions, we need to prove the following 
series identity: 


Let tan Gnx” be a convergent series. Then the following identity holds: 


CO 1 Co 
na” = ee ee ae re 21 
DE x Te at An—1)£ ao (2.1) 


by a,x” then take the summation over n > 1, 


Co 


_ al) re 1 

y an2” = —— y Anw” — y Anat! 
1-2 1-2 

n=1 n=1 n 


=1 


{let the index n of the second sum start from 0, since ag = 0} 


Co 


= 1S aga ae 


=0 


{shift the index n of the second sum by —1} 


ee) le) 
1 n 1 n 
= y ant — y (ae Bs 
1-2 1-2 
n=1 n=1 
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Co 


n — An— 1) 


2.1 Generating Functions 


2411. yo Ae 


Let |x| < 1. Then the following identity holds: 


Sy Ble = ede) (2.2) 


Proof. Since H® = = 0, it’s valid to set a, = no in (2.1), 


Yo Hie" = AY" (HW — H,) 2 


n=1 n=1 


1 
{write H® — H®, = — given in aun} 
ne 


co 


Lig co 
Aa() =u ke = dow ar ce (2.3) 


The last step follows from shifting the index n by —1. 
For a different proof, see [32, pp. 348-349]. 
If we set a = 1 in (2.2) and (2.3) using Li, (2) = —In(1 — 2), we get 


ai In(1 — 
\> Hao” = a2) | <1, (2.4) 
n=1 1 ae 
== In(1— 
S* Hy-12"1 = eee) jz| <1. (2.5) 
n=1 1 a 


The result (2.4) is also proved in (2.60). 


2.1. Generating Functions 


212 Ye 


Let —1 < x < 1. Then the following identity holds: 


= 1 
= = Lig(x) + 5m (-2 


Proof (i). 


n=1 n=1 
a] . A,x” | d 
{recall the generating function (2.4) 
1 In(1 — 
2 / 1 (-) a 
x l= 


In(1 — x) 


1-2 


_ [eo 3e-/ 


1 
= Lig(x) + 5 In?(1 — 2) +e. 
Set x = 0, we get c = 0 and the proof is complete. 
Proof (ii). 


x) = (—In(1— 2))(—In(1 
{expand both logs in series} 


(Ee) (5) 


{us the Cauchy product (2.65) where a, = — 


In?(1 


= 2? i (9d) 


} 


} 


dx 


1 1 
and b,, = | 
n n 


iL .. £ fi. 
n-k+1 n+1\k n- 


write : 
k 


1) 


-~s 


n=1 


eee 


) 


(2.6) 
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{we 3 oe = ae => i given in (1. »} 


{let the index n start from 0, since Hp = 0} 


CO 


ff, n 
earns " 


n=0 


{shift the index n by —1} 


ae 
=—2 5" Se (2.7) 


4 In(a) In?(1 — x) + €(3). (2.8) 


Proof. 
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{recall the generating function (2.6)} 


a [- (tit) +5 m(1- »)) da 
_ i Hal?) an + : / — ©) ae. 


The first integral is Liz (a). For the second, force integration by parts twice, 


/ mie) 2) da = In(x)n?(1 — x) + 2 | be 2) da 


1-2 


= In(x) In2(1 — 2) +2 (inca =#) Liste) 4 / a )az) 
= In(z) In?(1 —a)+2In(1 — x) Lig(1 — x) — 2Lig(1 — 2). (2.9) 


Combining the two integrals, we get 
s we Li3(a) — Lis(1 — #) + In(1 — a) Lig(1 — zx) 
n=1 


+5 In(x) In?(1 — x) +c. 


Set x = 0 to get c = ¢(3) and the proof os complete. 


Let —1 < x < 1. Then the following identity holds: 


oo py(2) 
SS = a” = Li3(x) + 2Li3(1 — x) — In(1 — 2) Lig(1 — 2) 


oe 


=i?) n= = 2c) (2.10) 


Proof. 


Co 


SHPZ = He ( fo"er) 
n=1 n=1 


=f: (>: Hie) dx 
a n=1 


{set a = 2 in (2.2) to get this sum} 
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= [22a [Pea 
Qo 


IBP 

In?(1 — 

= Lig(x) — In(1 — 2) Lig(x) — i EoD 4, 
x 
{this integral is evaluated in (2.9)} 
= Lis(x) + 2 Li3(1 — #) — In(1 — x) [Lig(x) + In(x) In(1 — )] 
—2In(1 — x) Lig(1— 2) +c 
{make use of the reflection formula (1.84) for the third term} 

In(1 — x) Lig(1 — x) — ¢(2) n(1 — 2) +6, 
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where c = —2¢(3) by putting x = 0. 
For a different method, substitute (2.8) in (2.68). 


2.1.5 S0° (HH? — H®)a” 


Let |x| < 1. Then the following identity holds: 


a In?7(1—2 
2a — H®))x —— (2.11) 
Proof. Set a,, = H? — HY?) in (2.1), 
> - HO) a" = — So (HR - H®) - _ - 8 ,)) 2 
n=1 


n=1 


{on a 


n 

3 a 1\ 2” 

=e )< 
2 = An-1 n 
ar eee 


n=1 
{substitute the result (2.7)} 


= —_ (Gua »)) 
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_ (1-2) 


1-2 
This result is also proved in (2.60). 


Furthermore, let the index in (2.11) start from 0, since Hg - He = 0, 


2 fore 
In a a 2) 22 Se _ H())a” 
=. 


n=0 


{shift the index by —1} 


= 2Hn 2 
=> Si (1 H®) + ) ge (2.12) 
nr 


Check [32, p. 355] for an alternative proof. 


2 (2) 
2.1.6 S100, Hache pn 


n=1 n 


Let —1 < x < 1. Then the following identity holds: 


> (H2 — #®)— = 2in(1 — 2) Lie(1 — 2) -— 213301 — 2) 
mr 


i 


+In(z) In?(1 — x) sma x) + 2¢(3). (2.13) 


Proof. 


ay (Soe e") an 


{recall the generating function (2.11)} 


“[C82) 
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= [Das | pee 
x 1-2z 
{the first integral is found in (2.9)} 


= In(x) In?(1 — x) + 2In(1 — x) Lig(1 — 2) — 2Lig(1 — 2) 


1 
= In?(1— 2) +e. 


On setting z = 0, we get c = 2¢(3) and the proof is finalized. 


Let —1 < x < 1. Then the following identity holds: 


LS = Li3(x) — In(1 — x) Lip(x) — = m%(1 = hh (2.14) 


Proof. The proof follows on combining the results (2.10) and (2.13). 
Check [32, p. 349-350] for another approach. 


2.1.8 eZ era 


Let —1 < x < 1. Then the following identity holds: 


32 An on =Liy € ~ :) Lig(1—2) + 2 Lig(x) —In(1 — 2) Li3(1 — 2) 


+¢(3) n(1-2)+5¢(2) n*(1-2)—4 In(a) In? (1 ata, In*(1—x)+C(4). 
(2.15) 


Proof. Replace z with 1 — x in (1.90), 


Lis(1 — x) + Lis(x) + Lig (4) 


= ¢(3) + 5 m1 ~eee yacht) 5 mrt =a Gy 


2.1. Generating Functions 


Divide both sides by «(1 — x) then integrate, 


[2tgaee [Bee [Ge 


dx 1 fin3(1— 2) In(1 — 2) 
=«8) | a5 +f ane) de +¢(2) [ae 


1 f n?(1— 2) In(z) 
5 / tl 2) da. 


First integral: 


Lis(l-2), _ fLisd-2), , flisl-2) 5. 
[j= d [— a+ f d 


IBP 
Lig(1 — 
= In(x) Lig(1— 2) +f sible al) 4, Tia) 
af 
1 
= In(w) Lig(1 — 2) + 5 Lig(d — 2) — Lig( — 2). 
Second integral: 
/ Li3 (x) ae= far [ar 
x(1— 2) 7 = 
~~_—~ 
IBP 
In(1 — «) Li 
= Lig(e) — In(1 — 2) Lig() + / In(l — 2) Lio(z) 4 
x 
1 
= Lia(z) — In(1 ~ 2) Lis(x) — 5 Lis (2). 
Third integral: Let x = raat 


fee [Wa ut, (4). 


Fourth integral: 


las -/< [cs = In(x) — In(1 — 2). 


Fifth integral: 
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In?(1 — 2) Li. yi 
=i da qi (1-2). 


x 


y 
yal? 


[A e- = Yay = Lin(y) = Lin (4). 


Seventh integral: 


‘i In?(1 — x) In(x) — / ms x) Mans f In?(1 — x) In(a) a 


a(1— 2) x 


Sixth integral: Let x = 


1 wl In?(1 — a) In?(1 — x) In(a) 
= —3 n*(1— 2) (2) | ;/ : ae+ f PE. 


By expanding In?(1 — «) in series given in (2.7), we have 


peeer@n = 2° set fant in(z)aa 


ze 
SA, - + (\n(2) 2” 
IBP ie a i 
Bay) eae (nS) 
n=1 
=2in(z) >~ 7) x” ey 3 x” — 2In(ax) Lig (a) + 2 Lig (x) 
n=1 n=1 


{substitute the result (2.8) } 
= 2Li4(x) — 21n(x) Lis (1 — x) + 21In(x) In(1 — x) Lig(1 — 2) 


+In?() In?(1 — x) + 2¢(3) n(x) — 25° Fn gn 


Plug this integral back, 


In?(1 — x) In(a) 
| a(1— 2) - 
=9iita\ : In3(1 — 2) In(w) — 2In(w) Lig(1 — x) + n?(x) n2(1 — 2) 


+2 1n(x) In(1 — x) Lig(1 — x) + 2¢(3) In(x) 


He Uf ed =~ 
25° 73 e+ ;/ - dx. 
n=1 


2.1. Generating Functions 


By collecting all seven integrals, the integral [ In'=2) dy nicely cancels out, 


co H,, 
\> Be” = Liy ( : ) Lig(1 — x) + 2Lig(x) — In(1 — 2) Lig(1 — 2) 
omer x—1 


tag In‘(1 — 2) - In(x) In?(1 — x) + ¢(3) n(1 — x) 


re Liz(1 — 2) + In(z) n(1 — z) Lig(1 — 2) + 5 (2) In?(1 — x) 


2 
<5 Li2(x) — C(2) Lig ( = ) 


xz—1 


The last two lines can be further simplified: 


5 URC —«)+In(#) n(1 — x) Lig(1 — x) + 5 (a) In?(1 — 2) 
a) . x 
5 Lilla) — ¢(2) Lis (—*— ) 


1 > al 
=5 Tio( —2«)+In(x)In(1 ) 5 Li5 (x) — ¢(2) Lig (4) 
{use the dilogarithm reflection formula (1.80) for the first term} 


- 5 |e) = Listo)) - 5 Li3() ~ 6(2) Lia (4) 


5 ' _{_2 
= 76(4) — 6(2) Lia() — 6(2) Lig ( ) 


5 
= Fo(4) —¢(2)| Lia(a) +b (45) | 
4 ial 
{make use of Landen’s dilogarithm identity (1.84)} 


5 2 
= Fc(4) —(2)] - 5a — a) 
5 1 ; 
= 2¢(4) + $¢(2) im? 2) 
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Set x = 0, we get c = —4¢(4) and this finalizes the proof. 


2.1.9 S72, He gn 


n2 


Let —1 < x < 1. Then the following identity holds: 


(2) 
A, n 3 X o e i 1 +2 
a on! ao —2Liy (4) + 2Lig(1 — x) — Lig(x) 4 5 Li5 (a) 
1 
+2In(1 — 2) Lis(1— 2) — 5 fhne(( 3) =) inn) 
1 
—2¢(3) n(1 — x) + 3 In(z) jit (Gl 43) = (2.16) 
Proof. Substitute (2.15) in (2.69). 
ee o® 
2.1.10 37, Ba” 
Let —1 < x < 1. Then the following identity holds: 
a. 1 
ss = Lia(x) — In(1 — 2) Lis(w) — 5 Lid (a). (2.17) 
n=1 
Proof. 
SHO” — pei (/ tar) 
n=1 n=1 
=f: (>: Hi") de 
x 
n=1 
{set a = 3 in (2.2) to get this sum} 
-/ (Wi) 
a\l-« 
_ / Lis(@) oy / Lis(e) 4, 
x 1-2 
——_—_--_—” 
IBP 
In(1 — a) Li 
= Lig (x) — In(1 — 2) Lig(x) + / m= The) 5, 
£ 


2.1. Generating Functions 


= Lig(x) — In(1 — x) Lig(x) — z Lid (x) 


5 “EG: 
The proof completes on extracting c = 0 by setting x = 0 
oo 3 
2111 37°, H3a” 
Let |x| < 1. Then the following identity holds: 
3 pT * 3 2 
yo Hts = Toy | bs x) + 3Lis(1— x) + 5 In(z) In (1-2) 
302i) — in (a) 33). (2.18) 
Proof. Set a,, = H? in (2.1), 
Do He" = + (Hs — 3,2" 
n=1 n=1 
1 3 He? H 1 . n 
7 1-2 n=1 . " “ 7 
Lo ~wf/Sh 3A, Ln 
ae n? ne 
1  H? - 
= 3 n,n A, gt : 


Gathering the results (2.14) and (2.8) ends the proof. 
A different method may be found in [32, p. 352-354]. 


Let || < 1. Then the following identity holds: 


= ae 1 
S- pt" = Lig(w) — 2Lig(d — a) + 2In(1 — 2) Lig(d — 2) + 5 Li3(a) 
j= 


(continued) 
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1 
=In*(1—2) Lisl —2)=— 5 In(a) In°(1 — x) + 2¢(4). (2.19) 


Proof. 


{recall the generating function (2.14)} 


7 I; (iat atta ta~ 5m = »)) as 
Li3(x 


=| ay Se tf EOD, 


Pye -12G) tf ma, 


2 3 x 


For the remaining integral, set 1 — x = y then expand “7 in series, 
In?(1 — In® 
pEt=2e-- pHs, 
x 1l-y 
= — fp tn yay 
n=1 


me [e-e) y” y” y y” 
= -S> (mw — 31n?(y) n2 6 In(y) n3 6 7) 


n=1 


= In°(y) In(1 — y) + 3In?(y) Lia(y) — 6 In(y) Lig(y) + 6 Lis(y) 
{substitute y = 1 — x back} 


= In°(1 — z) n(x) + 31n?(1 — 2) Lig(1 — x) — 6In(1 — z) Lig(1 — 2) 


+6 Lig(1 — 2). (2.20) 
Thus, we have 
a 7 be 1 1 
S020” = 5 Lig(x) — 5 n3(1 — x) n(x) — n?(1 — 2) Lig(1 — 2) 
4 2 2 3 


+2In(1 — x) Lig(1 — x) — 2Lig(1 — x) + Lig(x) +. 


The proof follows on extracting c = 2¢(4) by setting « = 0. 
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2.1.13 O°, HH? a” 


Let |x| < 1. Then the following identity holds: 


= 1 i 
> AnH?) 2” = ——| Lia(z) + Lig(1 — x) + 5 In(a) In?(1 — x) 
n=1 


=e 


—C(2)In(1 — x) — c(3) (2.21) 


Proof. Set a, = Hy, H in (2.1), 


Co 1 co 
Do HaHa” = YE (Hn — Hy a) 2" 
n=1 = n=1 
= S> ( HH? - (Hn - —) (HP - 7) ar 
ae ert & n2 
oo (2 : 
ol An », 1 Ay’,  Lig(x) 
ere ig ee n l-« 
Collect the results (2.8) and (2.10) to complete the proof. 
Another approach may be found in [32, pp. 350-552]. 
co 3 2 3 
2.1.14 O° (H? — 3H, H® + 2H®)x” 
Let |x| < 1. Then the following identity holds: 
= in 7) 
- (Un ~ 3H, H®) + 2H) Hs 
= 4 
a 
Proof. Set a,, = H? — 3H, HY? + 2H in (2.1), 
S- (an ~ 3H, H® + 2H) a” 
n=1 
1 co 
= > (#2 - 3H, He) +28 — HB, + 3H, HO, —2HO,) 0” 
‘n=1 


3 eo] 5 gr 
= H HD) 
= m it n Lt 4 


n=1 
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The proof ends on collecting the results (2.13) and (2.8). 
For a different proof, check (2.60). 


215 ST, Hate” yn 


n=1 n 


Let —1 < x < 1. Then the following identity holds: 


SS a" = Lis ( z ) +uua az) —In(1 — x) Li3(1 — 2) 
re n xz—1 


eee 
54 In (1 — x) — ¢(4). 
(2.23) 


ae ine leer 5 In(c) In? (1 — 2) 


Nl rR 


Proof. By using the identity (2.62), we get 


© He +3H, HY +2H® 
y 


‘n?(1— 
-- | mE 8) ey" dx 
0 x 
{use the geometric series formula} 
1 l 3 _ 
| n°(1—2) ( ry ) he 
0 x 1— xy 


cet yIn3(t) Fe 
o l-ytyt 


{make use of the integral form (1.76)} 


Gili (4) (2.24) 
y—1 


To establish another relation, write ue = pie x”—|dz to get 


. H3 — 3H, H® + 2H) 
n n y" 


n 


n=1 


0 


n=1 
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Yq oo 
= if . (> (i ~ 3H, H®) + 2H) “) da 
0 x 


n=1 
{recall the generating function (2.22)} 


-f (me 2) a 


_ i n®(L— 2) 4 7 In°(1-2) 5. 
0 x 0 1-2 
{the first integral is given in in (2.20)} 


= Fin'(1 ~ y) — m°(1 — y) In(y) ~ 371 — y) Li( — y) 
+6 In(1 — y) Lis(1 — y) — 6Lig(1 — y) + 6C(4). (2.25) 


The proof finalizes on taking the difference of (2.24) and (2.25). 


2.1.16 7, Hage 


Let —1 < x < 1. Then the following identity holds: 


ye. = —3Li, (| —— } — 3Li,(1 — 2) — 2 Lig(a) + Lid(z) 
i=l w Ja 


esi eT = ae lhe eae ye emt = 


me In?(1 — 2) Lisl =a) = ; In(a) In? (1 — x) + 3¢(4). (2.26) 


Proof. Combine (2.24) and (2.25), 


: In? (1 — y) In(x) — 5 m?(1 — x) Lig(1 — x) 


HB x 
re” = —3 Li 
e a in (,) 2 


1 
+3In(1 — #) Lis(1 — 2) — 3Li,(1 — 2) + 5 In4(1 — 2) 


oo HY” 
+3¢(4) 25° a", 
n=1 


The last sum is evaluated in (2.17). 
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2.1.17 0%, (Ht — 6H2H® + 8HnH® + 3(H®)? — 6H™)2” 


Let |x| < 1. Then the following identity holds: 


mS In*(1 — 2) 
— dae 
(2.27) 


3 (u: ~ 6H? H®) + 8H, H® +3 (a) _ on”) a” 
n=1 


2) 
Proof. Put a, = Hé — 6H2H® + 8H, HY +3 (a) — 6H in 2.1), 


- (x: ~ 6H? H®) + 8H, H® +3 (#2) x 6H” x” 
n=1 


~ 7] - x 2 [Ha — Hy-1) —6 (H2He) ~ Hi) 
n=1 


2 2 


-6 (H® - H,)] 2" 


1 oo (4H, 2H! 6) ,, 
“1-2 pe ( n? | n? ni |” 
eed 


Si 


T 
n n n n2 


(AH 3H, HH 2H® 3H? 3 
+45 — ( n | n gr 
n=1 


So 


The sum Sj is the Cauchy product of Li3(a) given in (2.69). For So, collect the 
results (2.14), (2.18), and (2.21) to get 


nm 
n=1 


= = + 31n(1 — x) Lip(z). 


2.1. Generating Functions 


Divide both sides of this identity by x then integrate using [ 2”~'dx = 


° (H3 3H,Ho 2H® 3H? 3)\ ,, 
S- + zr” := So 
n=1 


T 
n n n n? 4 


7 -| In?(1 — ©) te +3 f In(1 — 2) Lio(x) 4. 
1-2 x 
1 3 
= 9 In*(1 — az) — 5 Li3(x) +e. 
Setting x = 0 gives c = 0. Collect S; and S2 to complete the proof. 
Different proofs can be found in (2.60) and [32, p. 355]. 


21.18 Soe, HO 2 


Let —1 < x < 1. Then the following identity holds: 


Proof (i). Since H\”) = 0, it’s valid to set an = H” in (2.1), 


Ss HO a =5 7 i Ss (a - Hy) il 


a —1)" 
{write HS.” — H me given in (1.134) } 


ne 


Proof (ii). 


22) — (-1i,(-2) (+) 


{expand both functions in Taylor series} 


EEE 


n=1 


a” 


n? 


(2.28) 
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i n-1 
= oS and b,, = 
n 


k=1 
“3 (20°) « 
n=1 \k=1 ke 
=H e 
n=1 
Setting a = 1, we have 

—— Li (— In(1 
\- pa" = se ea eee (2.29) 
l-2x 1—- 


2.1.19 ~, Bae 


Let —1 < x < 1. Then the following identity holds: 


yo Ste" = Ln (5%) Li9(—z) —In(2) In(1— x) — tin (5). (2.30) 


Proof. The following proof may be found in [8, p. 4]: 


{recall the generating function (2.29)} 


|; In( 
= [=(? ) ae 
x 1 

©) 4 


pee) n(l+2) f mere) 2) a 
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1 
{write In(l+2) =In ( =) + In(2) in the second integral} 


In (42 
= fC %an [ 2 dart f PP ae 
T 1-2 1-2 


= In (#2 
note that Lis ie = n( 2 ) 
dx 2 1-2 


Sia (=) ~in(@\in(i 2) ee 


The proof finishes on extracting c = Lig (5) by setting x = 0. 


co) 6g 


2.1.20 So, Zee” 


Let —1 < x < 1. Then the following identity holds: 


Ss, . Qa : x , i ile : 
Do a = Lin (=) Lin (=) Lie ( 2 ) Lis ( a) 


i=l 
— Li3(x) + Lig (5) +In(1+ 2) Lia) + Lig (5) + 5 In(2) In(1 + ) : 
(2.31) 
Proof. 


{recall the generating function (2.30)} 


=f: (tis (+$*) tin (5) ee In(2) n(1 ~ 2)) ay 


_ (eCA-eO, 


/ re) ay In(2) / nee) as 


ites (ui (? : *) - (3) Fi as ©) a 
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+1n(2) f 3) da [re na) f POs 


x 


= In(x) (tis =*) tn (5)) pre 


+ In(2) Lig(1 — x) — Li3(—2) + In(2) Lig(z). (2.32) 


For the remaining integral, set a = In(a) and b = In(1+ 2) in the algebraic identity: 
Jab = a? +67 — (a —b)? 


to have 


2In(x) n(1 + 2) = In? (x) + In?(1 + x) — In? (=) 5 


Divide both sides by 1 — x then integrate, 


p f ments, fy, | fmitee = Coe 


1-2 1-2 


First integral: Expand ae in series, 
x 


n=1 
ee S- (?te) : 2 In(a) + 2) 
n=1 
= —In?(x) In(1 — x) — 21n(x) Lig(x) + 2 Lig(z). (2.33) 


Second integral: Substitute 1 + x = y, 


2 2 
feeder [ey 
¥y 


n—1 


1 co 
{sss =a in Taylor series as S- a a ! 


n=1 


= yin (1-2) — aman (2) +208 (2) 


{substitute y = 1 + x back} 


2.1. Generating Functions 


1- 1 1 
iiaiel—" \omtisteliti, (22 | 4otl = =). 
2 2 2 


Third integral: Substitute -=— = t, 


In? (ae n? 


7 In?(t) In?(t) 
=2 f Peat x nat 
= —In?(t) In(1 — 2t) — 2In(t) Lig(2t) + 2 Lig(2t) 
+In?(t) In(1 — t) + 2In(t) Lig(t) — 2 Lis(t) 


= —1n?( pin( mia! 
—t 


ne ¢t = ——— _ 
1l+2 


cra) a (= ) In? ( a ) In(1 — «) 
+a 1+2 
—2|n Lis ae lp a ‘ 
ee +2 l+a 1+2 
Gather the three integrals then divide by 2, 
In(x) In(1 + 2) : x . 2x . (l+a 
ee oie Ansan eS =L L EL 
- ig ae Sag he 


: x ‘ 2x 
+ Lis(a#) + In (; -) (tis i 


v7 
Cee Ee (7 = ) ae Taye 5 h(a) inti =) 
—5 IL-2) (25*) 4 5 tz) int x) 


Substitute this integral in (2.32) then factor In(1 + 2), In(x), and In(2) out, 


co 


Hy, 22 x 1l+2 
sia" = Li Li Li Li 
Do ea” ais (7) tis (755) ~ te (4G*) -to-n 


— Lig(x) +In(1 +2) ia (=) Lig (<3) + Lig (142) 


n(x) [tie (2) tn (2) Lia =*) Lig (x) 
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+ Lig (5) + In(2)[Lig(x) + Lig(1 — x)] + ite in( 


l-gz 
2 
1, 9 x 1, 4 
5 In (=) In(1 — a2) + 5 In (x) In(1— 2) +e 
{substitute the relations (1.88), (1.89), and (1.80) } 
2 
= Lis ( * 


2) ts (:2,) (4) to 


2 


— Lis (x) + In(1 + 2) iat) + Lig (5) + In(2) In(1 + o) 
—In(a) [In(1 — x) n(1 + x) — In(2) In(1 — 2)] 


+ In(2)[¢(2) — In(x) In(1 — x)] + ; In?(1+<2)In ($) 
1 


In? ( —"— ) na 
sin? (SS) im L) 


1 
5 In?(x)In(1 — x) + ¢, 
where c = Liz (4) — In(2)¢(2) by setting x = 0. 


The proof completes on simplifying the last three lines to — 5 In(2) In?(1 +2). 
A different proof may be found in [8, p. 9]. 


2.1.21 0°, Haw 


Let |x| < 1. Then the following identity holds: 


= —21n(2 2In(1 — 
\\ Hga" = n( Je ni) 
eae 1-2 


1— 7? 


(2.34) 
The following proof is due to Wolfgang Hintze and it may be found in [12]: 
Proof. start with considering the integral form of the harmonic number, 
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2.1. Generating Functions 


~ [ a (a =r a = 
7 2ru 
- i-—nGewd=an 


—25 [ du 2 [ —7 
= du 
9 lLtu 1-2? Jo l-cu 


1 — x? 
—2x ae : 
= In(1 4 In(1 
i-# n( wy iz n( a) 
2eiIn(2) 2in(1— <2) 
— 1-2? 1-2? ~ 


n 


21.22 re, te 


Let —1 < x < 1. Then the following identity holds: 


co Elm i — 1 1 
Bo" = Lie ( =*) un (5) + 2Lie(a) + 5 In*(1 — =) 


ys 
fe 2) (2.35) 


n=1 
+In(14+ 2) ln ( 5 


The following proof is also due to Wolfgang Hintze: 


Proof. 


{recall the generating function (2.34)} 


a (7 zd =9)) a 


bane / — / ae 
= in(2) | a ; a x) dedch pa 46 / — 
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For the remaining integral, apply integration by parts, 


/ ie: In(1 + x) In(1 — 2) + ' Pee) a 


1l4+a l-« 


{write In(l+a)=In (- +7) +1n(2y} 
=mitayina—z)+ f Ma, ! [= dex 


1-2 1-2 


= In(1 +2) In(1 — x) + Lig (=) —In(2) In(1 — 2) 


oS on =, 


Plug this integral back in, 


a Hx — az ‘ 2 
2g” = Lig | —— ] + 2Lio(x) + = In*(1—- 2) 
n 
n=1 
Ie 
+In(1+<2)In ae +c. 
The proof follows on extracting c = — Lig(4) by setting x = 0. 


Let —1 < x < 1. Then the following identity holds: 


eae Eire Qa x iL eee 
2 oh = Li Li Li Hl 
Do gee =e (srg) ~Ua (5) —te (7G) +06 ( 
fTAae ou bhi ee = eave erie cs = In(1 +2) In ( 
n xv 19 ieee T 1Q\ XZ) 4 12 5) Dial r @) in 5) 


5 Lis(1 eye = In(l = 97) Lind — 27) + In(2)[Lip (—a) — Lig(a)] 


+ Li3(x) 4 = m(a + ¢) 4 5 In(c) n?(1 a) 5603) + Lig (5): 
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Proof. Bring back (2.35): 


- “2 e° = Lig G) Lis (5) + 2 Lig(x) — In(2) n(1 +2) 


a (1—2)+In(1+2)In(1 - 2) 


{use 5 (l—2)4+In(1+2)m(Q1—- 2) = = m(1 zr”) m1 oh 


= Lig (- 5 =] Lig € ) + 2Lig(x) — In(2) In(1 + z) 
so 
+9 


In?(1 — 2”) In?(1+ 2). 


Take the difference of this identity and (2.30) then replace x with y, we reach 


— Hn Hn ; , 1 
2y” — $0 —"y” = 2Lie(y) + Lio(—y) + 5 m?(1 — y?) 
— 2 oat 2 
1 l-y 
== ln 1 In(2) In { —— ). 
5m +y) +In(2) In (=) 


Divide both sides by y then integrate from y = 0 to x using tC yl dy = =, 


ee Lee 
n=1 n=1 
1 fw) 1 In?(1 + y) 
= 2Li Li 
in(e) +Li(—2) +5 f/ EP 5 [PBC a, 
+In(2)(Lig(—a) — Lig(zx)). 
First integral: Substitute 1 — y? = t, 
® har (1 44 if’ WG 
fea yal fi HO, 
0 y 2 1-22 1—t 
{recall the result (2.33)} 
1 1 
=F | — In? (t) In(1 — £) — 2 In(#) Lig(#) + 2Lia(t) 
1-2? 


= ¢(3) + In(x) In?(1 — x) + In(1 — 2?) Lig (1 — 2”) — Lig(1 — 2”). 
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Second integral: Substitute eT — ia 
"Wn? (1 la G 
ee 
0 y a, t1-t) 
1 1 2 
1 In*(t 
-| Os | aD ap 
1 = 6¢ 1 1-t 
1+a2 1+a 


{recall the result (2.33) for the second integral } 


= : In3(¢) — In?(t) In(1 — t) — 2 n(t) Lig(t) + 2 Lig(t) 


+2 
1 1 
=2 — 2Lizs | —— ] -2ln(1 Li 
¢(3) n (5) n( +2) lo (=) 
2 
+In(a) In?(1 + x) — 3 In?(1 + 2). 
Collect these two integrals along with (2.31) to finalize the proof 
2.1.24 Co) Fa” 
ye 1 4n nt 
Let || < 1. Then the following identity holds: 
eco (2n 
2 1l+vl1l— 
Se Ce) pg = in( a *) (2.37) 
creed Will =a Day ll = ae 


The following proof may be found in [1, p. 5]: 


Proof. Using the integral form of the harmonic number, we have 


Co 


ede) ee )* 


1 1 oe) 2n (oe) 2n 
“fd eS -y Penr)a 


n=1 n=1 


{make use of the Taylor series } 


a = Gre Joa)” 
wal ov 


JVl—« 


2.1. Generating Functions 


ts Ee 
Fa Jia? — (1-2) 


tiles 
=e eS), 


v1 =V1-2 
= [In (1+ VI—2) —In nee 


91.25 5 G. w) Hn gp 


n=1 4” 


Let |x| < 1. Then the following identity holds: 


co 2n 
fa) He gn 2 Lip (= =). (2.38) 


Proof. 


= iE (>: C) 12") dr 


{recall the generating function (2.37)} 


gC eres) a 


l+y 
Vi=a=y In ay) 
4) og 
1-y? 
EF _g f BE t) ut 
t 
= 2Li(t) 
{substitute t = (1 — y)/(1 + y) back} 


LL 
=e ee 
1+y 
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{substitute y = V1 — x back} 


1—-/1l—a 
= O1Lig (|__| +e. 
(i) 


Setting x = 0 gives c = 0 and the proof is completed. 


2.1.26 Sr, GD Hn 


n 
n=1 4n n2 x 


Let —1 < x < 1. Then the following identity holds: 


+t ( or yap see ENC) (2.39) 
0 


Proof. 


{recall the generating function (2.38)} 


=f 5% (Sy) 


: l—u 
Tay=u af u Lig (5) q 
1 


1—w? s. 
tou_zp Vite (1 — t) Lig(t) 
° t(1 +t) 
Vee Tink Vis Lis (t 
=2/ Oa | inlt) 4 
a t a 1+¢t 
~ 
IBP 


6 (E)-n-Z)() 
aie In(1 — t) In(1 +4) 
) t 


dt. 


2.1. Generating Functions 


2.1.27 So¢2_, *Haa = Hagin 


n 


Let |x| < 1. Then the following identity holds: 


SS Del, — sl, 
a a?” = 2Qarctanh?(z). (2.40) 
n 
a 
Proof. Squaring both sides of arctanh(«) = —4 In (42) , we get 


1 1-2 
tanh?(x) = — In? 
arctanh* (2) zm (=) 


1 a a ae 2 
{use $l b) = 52 + 56 (a+ 8) 


{with a = In(1 — x) and b = In(1+2)} 


1 
=6 In?(1 — x) + 


{expand all squared logs in series as in (2.7)} 
_ Ay, 1 ot Ay,- lin Ay,— 1 ee” 
- Bi oS a3 _ 
{use 3 S- An + » (-1)"an = 2 3 Q2n for the first two vm 
n=1 


n=1 


Hon i ee eA 
=2)> aa 5 ae 


In?(1 — 2”) 
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n=1 n=1 
= >> oe Brin > oe ah 
7 : 3 = Hn on 
n=1 
If we replace x with iz in (2.40) then use arctanh?(ix) = — arctan?(2), we get 
y(-1) — — in 2m — arctan®(a), |a| <1. (2.41) 


n=1 
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Additionally, by differentiating (2.40) and (2.41) with respect to x, we find 


= 2 arctanh 
> Cig —#,)a" = “eee! (2.42) 
oa 1-2 

2 arctan(z) (2.43) 


n 2n—-1 _ 
S- (—1) (2Han —_ A, )x => ge 


2128 age 


Let |x| < 1. Then the following identity holds: 


yy ore == arctanh(z) In(1 — a”). (2.44) 


Proof. 

arctanh(z) In(1 — x”) = 5 {in +a) —In(1—2)}{In(1 +2) + In(1 - x)} 
14 Ta 

= jin (l+2)-— jin (1-2) 


{expand both squared logs in series as in (2.7)} 


. nHn- n = Ay- n 
=S°( 1) fe » a 


n=1 n=1 
{i S- (-1)"an — a =-2 : aan} 
n=1 n=1 


— Han, Qn4+1 
=-2? — we 
dX On+1° 


{let the index start from 1, since Hp = 0} 
= Aan, 2 
a) ten m1 
d ntl” 


Let’s differentiate both sides of (2.44) with respect to x 


3 Ho. 22" = xarctanh(z) In(1 — x?) 
2n _ 1 — 7? 2(1 — x2) Fi 
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2.1.29 Soe0 , Go Han pnt 


Let |x| < 1. Then the following identity holds: 


~ )" Hon ea 8 2 
y ae ms = i = —5 arctan()In(1 + 2”). (2.45) 


ou 


Proof. By writing 4 ae = [5 t?"dt, we get 


= (—1) 2, 2n+1 — | 2 
2 ntl — 95° (—1)"Ho, £2" at 
d In+1 2 ee , 


{write —1 = i?} 


“L (Sern 


{use 20m = 3 = Yate Ge, Dan givin} 


n=1 n=1 


=f (S00 (it) Hp + (—it)” iy) 


n=1 


{make use of the generating function (2.4)} 


[CAs 
[ ( In(1 — it) + In(1 + ét) + ét(In(1 — it) — In + = is 


1+2 


_ [ In(1 + ¢?) + 2tarctant a; 
~ de 1+? 


= -| d(In(1 + 2?) arctan t) 
0 


= —In(1 + #?) arctan t|, 


= —In(1 + 2”) arctan z. 


For a different proof, replace x with iz in (2.44) then use arctanh(iz) = ¢arctan(2). 
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2.1.30 Sor), (Ae — SS) 


n=1 


Let |x| < 1. Then the following identity holds: 


ee 
Se ( 2 5 :) a?” = In(1 — x) In(1 +2). (2.46) 
eer n nmr 


Proof (i). Put a = In(1 — x) and 6 = In(1 + ) in the algebraic identity: 


we have 


In(1 — 2) In(1 +2) = 7m x?) Lie € ==) 


1 
= In?(1 — x?) — arctanh? (a) 
{expand the first squared log in series as in (2.7)} 
{and substitute the result of arctanh? (a) given in (2.40) $ 


1S Ant on 1 2H en — Hn on 
i ~ ae 2n i ~ 2Hon — Hn Qn 
= AT, — Hon 1 Qn 
-> oo 
= n 2n2 


Proof (ii). Differentiate In(1 — x) In(1 + «) then integrate back, 


In(l— 2) In(14+ 2) = jfacaa —«)In(14+ 2)) 


= [ue pee 
1l+2a L—= 2 


{recall the generating function (2.29)} 
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ia nee grt an grt 
= we! Hn (=) ~ LF (=) 
{i S (-1)"an — o Gn = —2 3 @2n—1 given in ot 
n=1 


n=1 n=1 


OO es yen 
=-2 Aon-1—— 
d a on 


(-1)” 


n 
aay an 1 yen 
=_2 [pee a 
2d ( aa x) 2n 
{recall the relation (1.137)} 


= 2s> pe ae a 
= 2n n In an 


n=1 
= ~ Hy, — Hon 1 Qn | 
- > n ion 
n=1 


By setting x = 0, we find c = 0 and the proof is complete. 
For a different proof, see [32, p. 334]. 


{employ Ay-1 = Ant given in c.t36)} 


2.2 Series Expansion of Powers of arcsin(z) 


2.2.1 Series Expansion of arcsin(z) 


Let |z| < 1. Then the following identity holds: 
co ee antl 


Ae py be 


arcsin(z) = (2.47) 


Proof. Differentiate arcsin(z) then integrate, 
arcsin(z) = f aaresin(2)) 


1 
= | ——~d 
Ve ‘ 


1 co leg 
expand ————— in Taylor series as ani gan 
ES ieee ar: 


n=0 
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Extracting c = 0 by setting z = 0 completes the proof. 


2.2.2 Series Expansion of °=2@ 


V 1-2? 
Let |z| < 1. Then the following identity holds: 


migoste)) | eee Ce pete 


eee 24 


Mal \ ve 


The following proof may be found in [46]: 


Proof. 
4n y2n-1 _ asd a 4r™ J 
a (ea 


{recall the integral (1.45)} 


= y gent (f° sor) 
- [ aw) (>. (2 =) dx 


vl 


1 Co 
Pe 


{employ the geometric series formula} 


7 p 1 ( 2? sin? (a) ) ae 
Jo sing \1— 2? sin? (2) 
= [ zsinx as 
og L= 2? 27 cas7(z) 


s= 
1 ' ( ZCOSL ) 
= ————_ arctan | ———— 
1 — 22 V1— 2? 


x=0 


1 z 


2.2. Series Expansion of Powers of arcsin(z) 


zs 
V1—2z? 


To justify the last step, differentiate arctan ( 
= 0 to z, we get 


If we integrate both sides of (2.48) from z 


1 4 
arcsin?(z) = 5 S- @) ne lz] <1. 
2.2.3. Series Expansion of arcsin®(z) 


Let |z| < 1. Then the following identity holds: 


[oe] (2) 1 (2) g2ntl 
aresin (2) — -0y 2) al qn oamsae 


The following proof may be found in [46]: 
Proof. Let arcsin(z) = x in (2.47): 


love) lee) antl 
arcsin(z) = dX i a 
and write 
2n\ — (2n)! (2)! | 
nj) (n!)? ln! (2n)!? 
we have ; ae 
=f a)t\* sim?" 4G@) ly 
= = b n ’ 
a> ($= Geet = La tahale 
where ee 
sin" (2) (2n)! 
fr (2) = 75, 1)? bn = Onnt’ 
(2n + 1)! 2rn! 
Note that 


f(a) = f(x) — (2n +1)" fa(z), 


In light of (2.51), write 


os S- On b? fr(x) 
n=0 


) then integrate back. 
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(2.49) 


(2.50) 


(2.51) 


(2.52) 
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Assuming ado = 0 allows the index 7 to start from 1, 


=) abe) 
n=1 


Differentiate twice with respect to x to get 


1 co 
= 6 » AnD tn (a) 
n=1 


{substitute f/’ (a) } 


Co 


= . dam ee aca 2-4 S- (Qn + 1)2anb2 f(x) 


n=1 
{shift the index n by +1 in the first sum} 


{and let n start from 0 in the second sum, since we assumed ap = 0} 


— _— 
= 6 S- Onti¥h ii Fal) = 6 S- (2n + 1)? nb? f(a) 
n=0 n=0 

{substitute b,,41 in the first sum} 

ie 1S 

a ‘ OnE aa te) = 6 S- (2n +1)’ anb? fp (x) 
n=0 n=0 
SS (2Qn+1 : An+1 — An 
=> “ #1 tn) pas (a), (2.53) 


n=0 
By comparing the series in (2.51) and (2.53), we see that 


(2n a5 1 ices = an) 


1= 
6 


or 
6 


(Qn +1)?" 
Employing the generalization (1.121), we find 


1 


Notice that a,, meets our assumption (ao = 0), since He) =0. 


Substitute a,, in (2.52), 


a =6 3 (Hf - iH) b2 fin(2) 


An+1 an = 


2.2. Series Expansion of Powers of arcsin(z) 


{substitute b,, and f, (a) } 

co 2: An4+1 
_ (2) Li) (2n)!\~ sin (x) 
=6)> (Hf) - pH0)) (Sr) 


- {write (n!)? = (2n)! C")} 


ate sin?”*1(c) 
=6 ae | an ria ; 
n=0 


Let x = arcsin(z) to finish the proof. 


2.2.4 Series Expansion of arcsin*(z) 


Let |z| < 1. Then the following identity holds: 


3 es) 4n no 2n 
arcsin*(z) = Se ice 


The following proof may be found in [46]: 
Proof. Set arcsin(z) = x in (2.49): 


and write 
(*") = (2n)! = (2n)! 
n (nl)? (n(n —1)!)”’ 

we get 

> 1 = ee sin?” (x il 7 

er? Chen irr ier Saar 
where oe 
frlx) = ae by = 2"(n — 1). 

Note that 


n(&) = fn—1(2) — (2n)” fala), 


Ont = 2nby, i 
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(2.54) 


(2.55) 
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In light of (2.55), write 
il loc) 
= S- nb? fy (a). (2.56) 
n=1 


Assuming a; = 0 allows the index n to start from 2, 


1 [o-e) 
= 3 S- Gabe fa(Z) 
n=2 


Upon differentiating twice with respect to x, we get 


1 foe) 
QP 2 fl 


n=2 


{substitute f” (x *)} 


= 3 oh fn—1( )— EY an(2n) (2n)?b? f, (a) 


n=2 
{shift the index n of the first sum by +1 } 


{and let n start from 1 in the second sum, since we assumed a, = 0} 


= 5 Do teathan fale Doan) (2n)°bj, fn) 


{substitute b,,41 in the first sum} 


ie Le 
= x » (21)? an4162 fr (a) oa d (2n)?anb?2 fr (x) 
-7> (2n)? (ink = Gn) b2 f,(x). (2.57) 


By comparing the coefficients of f,,(x) in (2.55) and (2.57), we see that 


1 —_ 
12 
or 
An+1 - an = 2 
Using (1.117), we find 
An = 3H), 


Notice that a,, meets our assumption (a; = 0). 
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Substitute a,, in (2.56), we obtain 


3 co 
wt = Ae bad 2) 
n=1 
{substitute b,, and f,(x)} 


= 5 aQ.2rn— yy Bae 


ie (2n)! = (n(n — 1)!)? e } 


32 4” H®), sin?” (x 
_ 2n 
2 n=1 ( ) n? 


n 


Near 


Let x = arcsin(z) to complete the proof. 
By differentiating both sides of (2.50) and (2.54), we obtain 


arcsin” oe . 4 : 
—H- -25G if > (a HS) - 7H?) 2" |zl<1 (2.58) 


and ae 
£0 oo 2n—-1 
arcsin"(z) 3 4” Az 
- 2ap<1. 2.59 
a aden a 


2.3 Identities by Binomial Coefficient 


Let |x| < 1 anda € Z*. Then the following identity holds: 


(apy) => f(a,n) (2.60) 


where 


f(a,n) =(=1)""(a=1)! > CY yey fG,n) 


Proof. 
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{ expand (1 — 2)” in Taylor series} 


: 0* A f(mtn-l 
= dm Se Do ( )e 


n 


ie -1 
{ie the index start from one, since g a a ) = 0} 


om 0 


Sina. le awe. - 
= y im a x 
m— 


n 


Let’s find the derivative of the binomial coefficient 


me) QO T(m+n) 
om n ~ OmT(n+1)P(m) 


{us £1 (2) = r(ayw(e)} 


_ Lem P(m + nom +n) — Pm + nm) bm) 
T(n + 1)T?(m) 
T(m+n) 


= Ti+ Eon) (v(m +n) — v(m)) 


k=1 
m+n—1 Sed asl | 
7 n k k 
k=1 k=1 
a b-1 a 
{i y fe= SoH — S- fx, a > b for the first vn} 
k=1 k=1 k=b 


me 1 1 m+n-1 1 m—-1 1 
=("* (5 Et pod 


“(02 (Ey 


{shift the index by —m} 
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A (meant) SOT) Se 
2 


Om? n 


3 _ n-1l ¢~m+n—-1 n-1 @ (mtn-1 
om n hoo (k& +m) poy RE Me) 
2a) 
| k+m 
k=0 


Observing these derivatives, we can generalize the a-th derivative to 


O° (m+n-1 
Om" n 
n-1 Cae ) a-1 17% 1 ai ace ma 


n s Omi re . (2.61) 


(emt * 


=(-1)"1(a- »)! 


k=0 


i —1 
Let m — 1 and remember lim (" ae ) = f(a,n) observing that 
m1 Om n 
n—-1 1 n—-1 1 n 1 
lim $* _—, = ¢ p= yoo Heo) 
aL ne a 
and 
lim i. = (") =1, 
m1 n n 
we get 
lalen= 
Flan) = (-1)°"(@—D! | HY? + on AGM) 
: j! 
j=l 


and the proof is complete. 
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Examples: 
_ Inf 1-2) 
l-« => il 
n(i-z) — 
ceria ee Se H?2 — H®))x” 
1 —27 dS n n jx 
3 [oe) 
_in'(~2) = ye (Un — 3H, H®) +2H()) r 
1 —2¢ = n n n 
ln (ia). <= 2 
SMO = 0 (Ht - 6H? He) + 8H, H® +3 (a) ~6H® ) x 
1 —7 n n n n n n 


n=1 


2.4 Identities by Beta Function 


Let n,a € Z*. Then the following identity holds: 


1 
poeta = ajar = tan), (2.62) 
0 
where 
(a) >t 
ve a Ay, (=1) (a—j) 
t(a,n) = (-1)'(a—- 1! | — oe a eG, i) 


= lim z™—1In*(2)(1 — 2)"—'dz 
m1 0 
L a 
ri m—-1 _ n-1 
— jim, : cer (1 x) dx 
raya 1 
= lim = | a™""(1—a2)""*dx 
m1 O0m* Jo 


{recall the definition of the beta function (1.46)} 


a. 
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Let’s find the derivative of the beta function, 
) — 8 TP(m)I(n) 
om ay dm T(m+n) 
Tim + nT (n)d(n) — Tm + n)vb(m + n)T(n) 


=P(m) 


2 B(m,n) 
= (-1)"a— — Bunn). <= (1)? 2 ae B(m,n) 
= (—-1)"(a- 1)! do eee tLe i > ere 


a 


0 
Let m — 1 and remember lim, = B(m,n) = t(a,n) observing that 
m— mm 


and 
1)T'(n) _ T(n) il 
pe en) =n T(n+1) nT(n) nn’ 
we get 
(a) a=l j 
t(a,n) = (-1)*(a— 1)! a | » > HY 943, n) 


and the proof is complete. 


Remark: In the proof above, we used 


oe q q tole 
ane | femnjae= fs af le m,n)ae, (2.63) 
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which follows from the special case of Leibniz’s integral rule (see [48]) is differenti- 
ation under the integral sign theorem: 


d@ q qd tela 
de= | — 2.64 
ant |, flamae = [Safle mae, (2.64) 
Examples: 
1 
| iN deseo 
0 nr 
1 2 (2) 
Al Ay 
| oii edge 8 : 
0 nr 


1 3 (2) (3) 
A 3H, Ay 2H; 

i) a” In3 (1 — 2)de = nt = ; 

0 


n 


_ HA + 6H? HY + 8H, He + 3(a?) + 6H 
n 


1 
| a”! In*(1 — 2)da 
0 


The first identity is also proved in (1.124). 


2.5 Identities by Cauchy Product 


2.5.1 Cauchy Product of Two Power Series 


Let \o, nv” and >, b,x” be two power series. The Cauchy product of 
these two series is given by 


. Anx” - lose” || = ‘ : Goren oes (2.65) 
(Zoe) (She) = Ee (artes 
n=1 2 


n=1 \k=1 


Proof. 


(Zor) (Em) 


= (aya + agx? + agz® +---) (bia + boa? + b3x? +--+) 
=> (a,b)2? + (arb2 + aby) x + (azbs + agbe + a3by) x +.-- 


1 2 3 
= (>: ona] x + os onda] xv? + (>: oni] xt t.-- 
k=1 k=1 k=1 


2.5. Identities by Cauchy Product 


_ S- (>: oxh-uss) oer 


n=1 \k=1 


Applying the steps above also gives 


n=0 n=0 n=0 


n=0 n=0 n=0 = 


2.5.2 Cauchy Product of — In(1 — a) Lig(z) 


Let —1 < x < 1. Then the following identity holds: 


He 
—In(1 — 2) Lig (a = 5 Hn “+3 i3(a). 


We apply the same approach as in [32, p. 516]: 
Proof. Expand Li2(x) and In(1 — ) in series, 


(Lig(2))(—In(1 — 2) = (>: =| oe =| 


1 1 
{employ (2.65) where a, = 72 and b, = =} 


nm 


“> (Seecey) 


n=1 


{use the partial fraction decomposition for the inner sum} 


oS ro) 0° - 
(> cos) (>: bo) = 2 224bn- on | x”. 
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(2.66) 


(2.67) 


(2.68) 


7 foe) n 1 1 | i pel 
: (>: (n+) (@+i)h roa 


n 1 n 1 nm 
{we am Siac a ear ri Sgt evenino} 


= 4 5]z 
ar (+2) (n+) 


{let the index n start from 0, since He? = Hy) = 0} 
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n=0 e - i (n a 1) 
{shift the index n by —1} 


Sf, 2A \ on 

n=l nr nr 
(a? -*%  2Hn-2)\ , 
Pe, n n2 


where the last sum is Li3(x). 


2.5.3 Cauchy Product of Li>(z) 


Let || < 1. Then the following identity holds: 
” _ 6Lia(a). (2.69) 


oo oo (2) 
Li3 (x =40 03° ee aes r 
n=l O—Il 


Proof. Divide both sides of (2.68): 


lee) oo (2) 
237 ta ~* x” — 3Li3(x) = 


n=1 


—In(1 — 2) Lig(x) 


: . n—-1 x 
by x then integrate using f 2”~'dx = a 


ye Ay, x” 


(2) = 7 : 
sa 1" — 3Lig(v) = f ae DED) an 


1 
=5 Liz (x) +e. 


The proof finishes on extracting c = 0 by setting x = 0 


2.5. Identities by Cauchy Product 


2.5.4 Cauchy Product of — In(1 — a) Lis(z) 


Let —1 < x < 1. Then the following identity holds: 


(2) oo 77 (3) 
—In(1 — 2) Lis (a 2 Fn Poy age Se 4Lig(z). 
n=1 


Proof. 


(Lis(x))(—In( — 2) = (>: =| (> =| 


n=1 


1 il 
{employ (2.65) where ay, = a and b, = + 


co n 1 h 
-¥(¥ sqce)? “= 


{make use of the partial fraction decomposition for the inner sum} 


a 3 ars 1 1 
7 (n+ 1)k3 : 


(n+1)?k2  (n+1)°k 


+ 3 : a 
(n+1)°(n—k+1) 


>> HO) ; H®) 4 2H \ pnt 
~~ n+l 2 3 


(n+ 1) (n+ 1) 


{let the index n start from 0, since Ho = He = Hjp = of 
2 {HS He Jia ae 
a x 
n+l (n+l)? (n+1)° 
{shift the index n by —1} 


= (= sn “H-) Ch, 
= + 47 


n°? 


(HO -3 He -+  Hn—i 
=> ne n +2 n gl 


3 
+ 
3 
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where the last sum is Li4(z). 


2.5.5 Cauchy Product of Liz(x) Lis(x) 


Let |x| < 1. Then the following identity holds: 


Hn | He aw He 
Lig (x) Lis (x =o) >» “3 2d ne 10 Lis (a). 
(2.71) 
Proof (i). 
co a [o-e) an 
Lig (a) Lig(x) = & _ & =| 
co n 1 
= (>: 5 :) ntl 
n=1 \k=1 k (n —k oF 1) 
SN & (1 4:1)?k3 | (ntl) (n+13(n—k +1) 
+ z + g grt 
(n+1)*k (n+1)*(n—k +1) 
oo (3) (2) 
= An A +6 Hn ntl 
far \(n +1) (m+ (n +1) 
co 3 2 
= He gf gfin-1 n 
- 2 n3 nt 
n=1 
iad H®) 1 HY) =” Hy, _1 
=x, Sg Og | 
n=1 
oo H®) oo Hn H,, 
= = i er iS x” wes 
n=1 n=1 n=1 


The last sum is Lis (x). 
Proof (ii). 


Lia(2) Lia(x) = f d(Lia(a) Lia(x)) 
= f = (8@ - 10-2) Lis(z)) de 


2.5. Identities by Cauchy Product 


{substitute the results (2.69) and (2.70)} 


-/- Ox : aay 


n=1 


oo H®) 


n=1 


x” — 10 Lid) dx 


ee integration and summation} 


a Hy 5: ae 1 Lig(x) 
- (0% nye 23 fe de—10 f aa dx 


n x 
n=1 —ak 

ce Ae SHY 
-0) Fs > “at I 2d 2 10 Lis (x) +¢ 


The proof finalizes on finding c = 0 by setting x = 0. 


2.5.6 Cauchy Product of Li3(z) 


Let || < 1. Then the following identity holds: 


Lid (x y=2 > “Aa +6 yee aye 


ale 


ig(x). (2.72) 


Proof. Divide both sides of (2.71) by x then integrate, 


les a he 
6S > np +350 “at » “32 10 Lig (x) 
n=1 n=1 


=1 


- [29 Lis(2) 1. 5 Lik( ) C, 


x 


where c = 0 by setting x = 0. 


2.5.7 Cauchy Product of — In(1 — a) Li4(z) 


Let —1 < x < 1. Then the following identity holds: 


—In(1 — 2) Lig(x) = 255 Sat ao Pail 


oo Ho 


xz” — 5 Lis(2). (2.73) 


o— 
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The following proof may be found in [32, p. 516] 
Proof. 


Ay 
1 n—-1 
49 n 
= n n? . ns n4 " 
2s Ass, es et 
= S- nt + ; n3 - n? a, n - nm \ pn 
i n n n n 
> Hn | He | Hn | oHn 5 \ on 
— rr © ne? mnt ]” 
Shee ha Bo : 
=O) oy ge TO a — 5Lis(z) 
n=1 n=1 n=1 n=1 
and we are done with the proof. 


Applying the Cauchy product, we also find, for |2| < 1, the following identities 


fore) He 
Lig (x) Lig (x )=8 Hn esy B 
oe) He 
pe ap” — 15 Lig(2); 
00 57(3) 
Lig(x) Lig(« 28 = ag 


: n 
nm 
n=1 


— 35 Li7(x); 
Liz (x 


Bose Bn rnin 


90 Hy 


~ 70 Lig(z). 


n=1 
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Note that the third identity follows from dividing both sides of the second by x then 
integrating. 


2.6 Identities by Abel’s Summation 


2.6.1 Abel’s Summation 


Given two finite sums )>;_, a, and )77_, bx, define A, = )>;"_, a;. Then 


n n-1 
S- Gp, = Apldp ab Ae = S- Ax (be+1 — bx) - (2.74) 
k=m k=m 
Proof. By the given sum A,,, one can write 
k 
Ap = >) a; = 01 +02 +-+-+ 04-1 + O% 
i=1 
and so 
k-1 
Ag-1 = ed = G1 + a2 + +++ + Ag-1- 
i=1 
Subtracting the two sums yields 
ak = Ax = Ap_1. 


Multiply both sides by b; then take the summation from k = m to n, 


= So Andy — $5 Ag—ide. 
k=m k=m 


n n-1 
For the first sum, use the fact that iS f(k) = f(n)+ S- f(k), 
k=m 


k=m 


n n—1 
k=m 


k=m 
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for the second sum, use S f(k) = f(m) + S- f(k), 


k=m 


k=m+1 


S- Ag—16~ = Am—1bm + S- Ax—1b% 
k=m k=m+1 
{shift the index k by +1} 
n-1 
a Am-1bm + a Axbyii- 
k=m 


Combining the two sums, we obtain 


n-1 


n n-1 
a apbe = Anbn — Am-10m + be Axby — S- Apbeti 
k=m k=m 


k=m 


n-1 


= Anbn _ Am_—1 0m _ S- Ar (bp41 _ br) 


k=m 


and the proof is finished. 


Notice that A,,; = 0 when m = 0, 1. Thus, (2.74) can be written as 


n—-1 


ye anby = Anby — >») Ay (dp ii — Dg) 
k=0 k=0 


n n-1 
> andy = Anbn — S- Ax (be41 — bx) - 
k=1 k=1 


Also notice that the index k in the RHS of the last identity can start from 0, since 
Ao = 0. Therefore, 


n n—1 n 
Sande = Andy, — So Ak (bp41 — dk), An = ae 
k=1 k=0 


You may find in [6, Theorem 2.20, p. 55] a proof for a similar formula: 


> apbr —_ Anbn41 + Am—10m = S- Ak (be41 _ br) . 


k=m k=m 
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2.6.2 First Application 


Let p,q € Zs. Then the following identity holds: 


es H®) co HY 


ka i kp 
k=1 k=1 


= ¢(p)C(q) + C(p + 4). (2.76) 


Proof. Let a, = ;4; and b, = H\”) in (2.75), 


5 AE = (305) a - 5 (5) (He a0) 


k=1 w=1 


{use A®. = = HYP) + 


ki = ——p given in (1. un} 


(k + 1) 


n-1 
= Hx" -¥' (HY) (Gap) 


k=0 
{shift the index k by —1} 


= H® H) = pl ret 


n Ho 
= HH) +¢(q+p)- >> 
k=1. 


Reorganize the terms, we have 


By i 
ve kp 


= HP HW + C(q +P). 


Next, take the limit on both sides letting n — oo, 


Sec) H) Sand HY 
— i (4) Fz) 
ra ky om kp im, {HS Hy tt C(q +p)} ¢ 


The proof follows on writing 
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For a different approach, see [32, p. 358]. 
Setting g = p in (2.76) yields 


SH? _ Ce) + (2p) 


7 5 : (2.77) 
k=1 
Examples: 
2, COcay . % 
PL CO+ _ Tay 
k2 2 4°? 
k=1 
HK? _ (?(8) + ¢(6) 
k3 2 : 
k=1 
co 4 
HO _ CA) +68) _ Bog 
kA 2 ie 
k=1 
2.6.3 Second Application 
Let p € Zs. Then the following identity holds: 
(p)\? 
~ (HP) He _ S@)-c6an) Bae 
kp k2p 3 : : 
k= ki 
Proof. Let a, = 74 and b = (HP) 2.75 
3 k = gp and by = k in (2.75), 
n (H@\ 
(HY) 
kp 
k=1 
1 2 _ (1 () \? _ (gp? 
= (p _ aay P = Pp 
= (353) (py -E (05) (Cay - @Y/) 
1 


given in (1.117) 


KY 


{use He), = HY) “fh (+1? 


n-1 (p) 
= 7) (HP): ~Sr x 2H 
n n (k 4 1" (k + 1)? 


{shift the index k by —1} 
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n (p) 
3 2H 1 
= (p)\ (p) kel yo 
(4 ) SH ( kp zs] 

n (pr) 2 
- (x): 7 Hy) 1 2H, ip 1 
= k kp kp k2 

2 

st (HL) np) 

(p) ( k (3p) 


Rearranging the terms, 


(p)\? 
n (HY?) nay) 3 
ko (p)\~ _ 7783p) 
3\> wo 30 (2) HO), 
k=1 k=1 


Take the limit on both sides letting n — 00, 


2 
es (BY oy) ; 
ps ( Y) pe ar = im { (H®”) - HE}. 


The proof completes on writing lim AH‘) = ¢(a). 
n—- Co 
Another approach may be found in [32, p. 359]. 


Examples: 


k=1 
vo (HM) x 
kA ks 3 5528 
k=1 k=1 
where we used ¢3(2) = 32¢(6) and ¢3(4) = 2297¢(12). 
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2.6.4 Third Application 


Let p, q € Zs. Then the following identity holds: 


a Gk +17 =(1 v)caKns - 


= 


(p) 
Hs 
29e—) ae (2.79) 


Proof. Applying the same technique as in [35], let a, = hi and b, = H (a) = 
¢(q) in (2.75), 


24 (2k 1) 
= (H™ — ¢(q)) : on = (He ~ H®) 
=e Le ITP Se iP J 


Let n — oo and write lim H{ = ¢(q), 
n—-Co 


Sec HY — 
Bae = 0-3 (Se tap | (ith - mi”) 
=1 


k 

1 : : 

i S- Qi—1? = HY) = 2-H) given in c.ta0} 
i=l 


1 
{and Hs — HE = Ge 


oo (p) oo (p) 
58S. Aye ¥ Ay, 
rar 


{shift both indexes by —1} 


co H®) co H® 
_9-p k-1 2k—-2 
ee grt a 
k=1 k=1 
oe) lee) (p) 1 al: 
a. . HY? 5 5 (2k)? —~ @k-1P 
~ ka ka 
k=1 k=1 
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{use (1.5) for the second sum} 


7 ce H®) 7 aos H®) 1 He ce 
ee p> ae a oe ao 
a OP 


= (27? — 29-1) ye ni —20-1 ae +30 ee) 
£~ ka(2k—1)P° 


k=1 


On the other hand, 


oo ry) o0 (q) o° 
Ae =a) Ay, 1 
ar (2k—1)? — Dd (@r—ye 2 (Qk —1) 
=1 k=1 k=1 
{separate the first term of the first sum} 


a a = 1 
14) GaP p60) DOR ap 


ts shift both indexes by +1} 


oo (q) oo 
Te », ahs =o 2, (2k : ip 
a4 > ar ee =e >> SreaP 
90 (a) oo oo 
= 1+ op 125 aC OrST OD Gerip 
{shift the index of the second sum by —1} 
= ae + RET rR are 


{we Dea ae ka( sR v > EF ka aE rt 


{and — the result of the on sum (1.65)} 
(q) oo 
1 


(2k+ 1)? ” 2 ka(2k — 1? 


C(q)(1 — 27? )C(p). (2.81) 


Combining (2.80) and (2.81) completes the proof. 
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2.7 Identities By Fourier Series 


2.7.1 Fourier Series 


Let f(x) be a function with a period of 2L and integrable on the interval 
[—L, L]. Then its Fourier series is given by 


FG) ag Ss [an cos (=) + by sin (=) , (2.82) 


where 


Proof. Let f (2) be integrable on the interval [—7 , a]. Expand it in cosine and 


f (=) = ie An cos(ny) + a By sin(ny), 
n=0 n=0 


where A,, and B,, are the coefficients of the two series. Separate the first term of 
both series using cos(0) = 1 and sin(0) = 0, 


sine series, 


Ly 
f (= = )- Ag + > A, cos(ny) + > B,, sin(ny). (2.83) 


n=1 n=1 


To find Apo, integrate both sides of (2.83) from y = —7 to 7, 
TT Ly 
fs(B)a 
= T 


a Aopdy +f > Ay cos(ny)dy +f > B,, sin(ny)dy 


aay n=1 
lees integration and summation} 


wT Tw 


F a An i cos(ny)dy + > By, / sin(ny)dy. 


n=1 n=1 imac 


= Aoy 
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Employing the rule: 


if f(x) is odd function (f(—x) = —f(a)) 


—a 


: f(e)da = foe z)dax_ if f(x) is even function (f(—x) = f(2)) 


and the fact that cos(ny) is an even function and sin(ny) is an odd function, we get 


f f (=) dy = 27Ao + oe An | cos(ny)dy + 0 
T 


—w = 0 


Fis 4 
n 


n=1 


0 


sin(n7) 


=2nAg +2S> An 
n=1 
{note that sin(n7) = 0 for integer n} 
=> 27 Ao + 0 


1 Ly 
Ag = =f 5 (=) ay. 


To find A,,, multiply both sides of (2.83) by cos(ny) then integrate from —7 to 7, 


t ri (=) cos(ny)dy 
a " shetostia) jay + Yo A [ 


TT = = 


or 


7 


cos?(ny)dy + > By / sin(ny) cos(ny)dy 


n=1 =r 


{the last ee is 0, since the integrand is an odd function} 
2A sin(ny) |" 
n 


—* n=1 


yA 2ny + sin(2ny) |" 
- An 


_ 2Ao sin(n7) ~ sin(2n7) 
SS HS An (Se as 


or 
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To find B,,, multiply both sides of (2.83) by sin(ny) then integrate from —7 to 7, 


[is (=) sin(ny)dy 


= Ag sin(ny)dy + S- An f cos(ny) sin(ny)dy + S- By | sin?(ny)dy 


=e n=1 =i n=1 =a 


{the first two integrals are 0, since their integrands are odd functions} 


Tv 


_ 5 B, 2ny — sin(2ny) 


4n 7 
n=1 wT 
= S B, (= _ ee) 
2n 
n=1 
=)" B, 
n=1 


or 


Plugging the results Ap, A,, and B,, in (2.83) yields 


f (=) = sft (=) gsi 3 (Z/" f (=) cos(n) du) cos(ny) 


n=1 = 
°° = . ly in(n or 
+r =f (2) ( Nav) (ny) 
Substitute ty =f, 
f(x) = x [ Oe (; [ f(x) cos (=) wr) cos (=) 
n=1 - 
Qo =... 
+ (; . (x) sin (=) or) i es 
bn 
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Let’s replace x with x + 20 to find 


= cos (“) cos(2n7) — sin (=) sin(2n7) 


{notice that cos(2n7) = 1 and sin(2n7) = 0 for integer n} 


(=) 
= cos {| — 
L 


and 
sin (Fe + 2L)) = sin (= + 2nm) 


= sin (=) cos(2n7) + cos (=) sin(2n7) 


, (“") 
= sin | —— }. 
L 


Since cos (44 (a + 2L)) = cos (4) and sin (44 (a + 2L)) = sin (22), we have 
f(a +2L) = f(x), which indicates that f(a) is 2L periodic. Also notice that f() 
is integrable on the interval [—L , L] and the proof is complete. 


2.7.2 Fourier Series of Even Function 


Let f(a) be an even function with a period of 2 and integrable on the interval 
[—L, L]. Then its Fourier series is given by 


co 


f(a) = a9 + S~ an cos (=) (2.84) 


io 


where 
1 fe 
a= z f sede, 


— 2f Ge) cos (“**) dz. 


Proof. Let’s recall the definitions of ag, a,,, and b,, from (2.82): 


il L 
———— d. 
#0 | fe) * 


{the integrand is an even function} 


132 Chapter 2. Generating Functions and Powerful Identities 


= : | oes a 


On = ae f (a) cos (“) da 


{the integrand is an even function} 


= 2 fH) cos (=) da. 


bn = ae f(x) sin (=) dx 


{the integrand is an odd function} 
= 0. 


The proof follows on plugging ao, a», and by, in (2.82). 


2.7.3. Fourier Series of Odd Function 


Let f(a) be an odd function with a period of 2 and integrable on the interval 
[—L, L]. Then its Fourier series is given by 


f(e) = s by sin (=) (2.85) 
n=1 


where . 
2} en 
i al f(a) sin (=) dz. 


Proof. Let’s recall the definitions of ap, ay, and 6, from (2.82): 


al L 
—t— d. 
ao 7 |, eae 


{the integrand is an odd function} 


=0 
An = i f (a) cos (=) da 


{the integrand is an odd function} 


=0 
oe ae . (TX 
bn = cf, f(a) sin (=) da 
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{the integrand is an even function} 


= aN f(x) sin (=) dz. 


The proof completes on plugging ao, dp, and b,, in (2.82). 


2.7.4 Fourier Series of cos(zzx) 


Let z ¢ Z. Then the following identity holds: 


Ce 2zsin(7z) ( 1 s ie se) (2.86) 


T 222 n2 — 22 


Proof. Since cos(z2) is an even function, we recall (2.84): 


f(a) =ao+ 3 Gn, COS (=) : 
n=l 


where 


ao = if f(a)da, an = 2f f(x) cos (“*) da. 


Since cos(zx) = cos(zx + 27), which indicates that the period of the function is 27 
and so L = 7, its Fourier expansion is given by 


cos(zx) = ap + ye An, Cos(nx). (2.87) 


n=1 


Let’s find ag and ay: 


1 Tv 
ao = -{ cos(zx)dx = 
0 


9 7 
An = = [ cos(z2) cos(nx)da 
0 


{make use of 2 cos(x) cos(y) = cos(x — y) + cos(a + y)} 
26 if cal a) See da 
0 


Tv 
wT 


a jae —n)x) £ sin((z + n)x) 


T zZ-—mn Zn 


0) 
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1 ES —n)r) * sin((z + a 
7 zZz—n Z+n 

{use sin(a + y) = sin(x)cos(y) + cos(«) sin(y)} 
_ 2 (sens) sin(7n) — zsin(7z) ste) ) 


T n2 — z2 


{note that sin(nz) = 0 for integer n} 


«2 Ce =a), 


T n? — z 


Substitute the results of ag and a,, in (2.87), 


cos( zat) = 22Sina#) ( : 3 oni 


T 222 n2 — z2 


{i 3 Gy, cos(nT) y= 1) "an given in a} 
n=1 
we 


n=1 


_ 2zsin(7z) ( 1 oa) 


T 222 


2.7.5 Fourier Series of sin(zx) 


Let z ¢ Z. Then the following identity holds: 


2sin(mz stad yg ™n sin (nx) (2.88) 


sin(zx) = Xu —2 


Proof. Since sin(zz) is an odd function, we recollect (2.85): 


x“) = 3 bp, sin (=) » bn = 2f f(x) sin (=) da. 
n=l 


Since sin(zx) = sin(za + 277), which indicates that the function is 27 periodic and 
so L = 7, its Fourier expansion is given by 


sin(z2:) -> by sin(nx) (2.89) 
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Let’s find b,,: 


9 Tv 
bn = =f sin(zx) sin(na)da 
0 


{make use of 2 sin(x) sin(y) = cos(x — y) — cos(x + y)} 
1 “se 
= =| [cos((z — n)x) — cos((z + n)a)|da 


T 


=i Zc —n)x) — sin((z+ me) " 


4 ame a see i a] 
T zZ—-n Zn 


{use sin(a + y) = sin(x)cos(y) + cos(x) sin(y)} 
2 (: cos(7z) sin(7n) — nsin(7z) a) 


T n2 — z2 


{we have sin(n7) = 0 for integer n} 


2 (" sin(z) aay) | 


T n? — z 


Plugging 6,, in (2.89), 


eta sins) s ies sin(na) 


n2 — z2 


n=1 


2sin(z) ‘. (—1)"nsin(nz) 


n?2 — 22 
n=1 


2.7.6 Fourier Series of In(sin x) 


Let 0 < x < a. Then the following identity holds: 


In(sin x) = — In(2) ye (2.90) 
(=I 


Proof (i). Notice that In| sin z| is an even function and has a period of 7, since 
In|sina| = In|sin(a# + 7)| and so L = 2. Thus, based on (2.84), its Fourier 


2 
expansion is given by 


In|sin | = ag + S- Gy cos(2nz), (2.91) 


n=1 
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where 
xf ao Fe 
ao = = [ In|sinaldz, ap, = a In| sin z| cos(2na)da. 
T JO T JO 
We have 
2 2 
ao = = [ In| sin z|dx 
T JO 
{note that In | sin z| = In(sin x) for 0 < x < 7} 
2 2 
- =| In(sin «)dax 
T JO 
{this integral is given in (3.89)} 
2 
== (-< In(2)) = —In(2) 
T 2 
and 


4 2 
An = -/ In| sin x| cos(2na)da 
T Jo 


Ae 
= =f In(sin 2) cos(2nx)dx 
0 


TT 


IBP 4 sin(2nz) In(sin x) -; | sin(2nz) cot(x)dx 
0 


27m 0 


eS 
0 
{this integral is given in (3.88)} 


_ ~(t\=—2 
~ On X22) An’ 


Plug ao and a,, in (2.91), 


— cos(2 
In| sin z| = — In(2) S- = 
n=1 


The proof follows on noticing that In | sin z| = In(sin x) for 0 < a < a. 


Proof (ii). By considering the real parts of Euler’s formula (1.19), we have 
cos(x) = Re*”. 


Therefore, 
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= —Rln (1 — e”**) 
{write e?"” = cos(2x) + isin(2x)} 
= —Rl1n (1 — cos(2x) — isin(2zx)) 
1 
{se In(a + iy) = 5 In(a? + y*) + darctan (2) ,x > 0 given in c.t)} 


{since 1 — cos(2x) > 0 for0 < x < 7} 


~ sin(2 
=—-* 13 = In[(1 — cos(2x))? + sin?(2x)] + é arctan (| \ 
{use 1 — cos(2x) = 2sin? « and sin(2x) = 2sin x cos x} 


—~2s} 
=-28{ 5 n[asin’ z+ 4sin? x cos? x] + darctan (Se) 
2 sin* x 


= -a{; In[4 sin? x(sin? x + cos” x)] + i arctan (— cot oh 


{ write arctan(— cot x) = arctan (- tan (F- z)) =— (= - x)} 


==» {Jinesinay-i (5) 
( 


=n{—In@sinz) +i(F—-2)} (2.92) 
—In(2) — In(sin 2). 


Additionally, by considering the imaginary parts in (2.92), we see that 


nee co . >) 
a ye = 5 na) 


Replace x with 5 


“sin(nz) mr & 
= O0< a < 2r. 
Die 2° 2? oo 


This identity is very useful. To show that, integrate both sides with respect to x, 


“cos(nz) m7 2 4 
= 2 G 
2 4 


n=1 


To find the constant c, set x = 0, 
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Therefore, 


oo 2 
~~ aes ES oe: 
2 6 
n=1 
Integrating the latter identity from xz = 0 to x gives 
3 2 


= sin(nt) — « To 7 
S- a. a a te O0<a2< 27 


and so on. 


2.7.7. Fourier Series of In(cos x) 


Let |x| < $. Then the following identity holds: 


= (2 
In(cosz) = Ss eceleina) (2.93) 


Proof (i). Let « = 5 — y in (2.90) then write sin (3 = y) = cos y, we get 


~ —2 
In(cos y) = — In(2) ye cost ny) 
n=1 


{use cos(a — b) = cos(a) cos(b) + sin(a) sin(b)} 


3 cos(7n) cos(2ny) + sin(mn) sin(2ny) 


pay ” cos(2nx) 


n=1 


= —In(2) 


n=1 


Proof (ii). 


nr nr 
n=1 n=1 
oO Qin\n 
(eo) 
“1S 
nr 
n=1 


= —-Rln (1+ eo) 
= —Rln (1 + cos(2x) + isin(2x)) 


1 
{us In(a + iy) = 5 In(a? + y”) + darctan () ,x > 0 given in ct} 
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{since 1 + cos(2a) > 0 for |x| < 1/2} 


= (5 5 In[(1 + cos(2x))? + sin*(2x)] + iarctan Co) } 


1 + cos(22) 
{use 1 + cos(2x) = 2 cos? « and sin(2x) = 2 sin x cos x} 


2 si 
=—R 5 In[cost x + 4sin? x cos? a] + iarctan ese 
2 cos? x 


1 
=—* 15 In[4 cos? (cos? x + sin? x)] + i arctan (tan oh 


= —R { ; In(2 cos x)? + ix} 
= KR {—In(2cos x) — ia} (2.94) 
= —In(2cosz) 


= — In(2) — In(cos 2). 


2.7.8 Fourier Series of In(tan x) 


Let 0 < x < 4. Then the following identity holds: 


In(tanz) = -2 > cose) 2) (2.95) 


Proof. Set a, = °S@"*) in (1.8): 


2 S- Q2n4+1 = S- an — S- (—1)"an, 
n=0 


n=1 n=1 


we have 


cos(4n + 2)a) cos(2nz) ” cos(2nz) 
Dy In +1 > SS 


{collect the results (2.90) and (2.93)} 
= —1n(2) — In(sin x) — (— In(2) — In(cos z)) 
= —In(sin a) + In(cosz) 
= —In(tan 2). 
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2.7.9 Series Representation of cot (zz) 


Let z ¢ Z. Then the following identity holds: 


2 


nzcot(mz) =1-—2 SS 


ey (2.96) 
a 
Proof. Set « = 7 in (2.86), 
2zsin(rz) { 1 . (-1)" cos(nz) 
cos(7z) = = (zs > 2 ; 
Make use of )>>~_, Gn cos(nm) = >°°_, (—1)"G» to finish the proof. 
If we replace z with iz in (2.96) and use cot(iz) = —icoth(z), we obtain 
Pe 
coth =1+42 ; Zi. 2.97 
Tz (rz) = Dae Za got # Zi (2.97) 
2.7.10 Series Representation of csc(7z) 
Let z 4 Z. Then the following identity holds: 
co asl n 2 
mzcse(mz) = 1— ay oe. (2.98) 
Proof. Set x = 0 in (2.86). 
A different series representation for this function is 
mzcsc(mz) = 25° n(2k)27*. (2.99) 


k=0 


This can be demonstrated by manipulating the series in (2.98): 


(— 1)" 2 
n2 — 72 


mzcsc(mz) = 1—2 » 


n2 


=1 Da ye 
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=1-29°¢ me “ 


k=1 
loc) lo e) a) nm 
k=1 n=1 
Co 


= 1-250 2?* (—n(2k 
k=1 
=2 (3 + S- nc28)-) 
k=1 


{substitute 1/2 = 7(0) given in (1.54)} 


lI 
wo 


n(2k)z2* 
k=0 


Another form is the Euler’s Product Formula of csc(7z): 


Pon? — 22\~* 
mzesc(tz) = II ( 5 ) , 2E€Z. (2.100) 


n=1 


To prove it, divide both sides of (2.96) by z then integrate from z = 0 to x, 


pe . Be “1 
n=1 


x 


= In(z) + Incsc(zz) 


0 
= In (xcsc(7x)) — lim In (z esc(77z)) 
{use lim zcsc(mz) = 1/1} 
z—0 
= In (wesc(7a)) + In(z) 
= In (racsc(72)). 
For the sum, 


Co 


uae — <5 ade = D> — n(n? - 2?) 


n=1 


n2 — @2 -1 
=n( ne ) 


n=1 


{make use of the rule (1.15)} 
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fore) n2 — x -1 
=] ( 72 ) ‘ 


n=1 


Thus, we have 


nT (“ “) = In (re ese(r2)). 


Exponentiating both sides with base e completes the proof. 


Replace z with iz in (2.98) and (2.100) then use csc(iz) = —i csch(z), 


1)"2? 

nzesch(rz) =1+2 ae a ? ALi (2.101) 
fore) n2 7 —1 

mz csch(1rz) wel , £#zK. (2.102) 


2.7.11 Series Representation of sec (2) 


Let z 4 2Z + 1. Then the following identity holds: 


m\) 45 (-1)"(2n+1) 
sec (Fz) = dX ee (2.103) 


Proof. Set x = 5 in (2.88), we obtain 


sin (32) 7 ay (—1)"nsin (Zn) 


sin(7z) = n? — 22 


{i So an sin (Sn) = > (=1)"a2n41 given in cio} 
n=1 


n=0 
=> (—1)” Css 1) 
T 2g (2n+ iva 
The proof completes on writing 
sin (32) sin (32) 


1 7 
sin(z) 2sin (%z) cos (Zz) 7 5 sec (52). 
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Replace z with iz then use sec(iz) = sech(z), 


mT\ 4 (-1)"(2n4+1) 
sech ( i) =— = oe # (QZ + li. (2.104) 


2.7.12 Series Representation of sin(z) 


Let |x| < 5. Then the following identity holds: 


cea ™n sin ee 
Bell 
sin(a = aS (2.105) 


Proof. The proof follows from (2.88) on setting z = 4 then replacing x with 22. 


2.7.13 Series Representation of tan x In(sin x) 


Let 0 < x < a. Then the following identity holds: 


Sf ft i-t 
tan x In(sinz) = — 2D (/ Tae a) sin(2nz). (2.106) 
= 0 


The following proof may be found in [32, p. 243]: 
Proof. By the change of variable t = e~ 2", we have 


1 _ 
S (/ et) sin(2nx) 
=2). Cf a) sin(2nz) 
0 tL € 


- =25° ( [ tanh(y)e ay) sin(2na) 


n=1 


- | tanh(y (5 sin(2nz)e a dy 
0 


= 2 | tanh(y 10 ae sah ee) dy 
) 
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= 2 | tanh(y) (3 ey) dy 
0 n=1 
co e2it—2y 


_ aa 1 sin(2x) 
- 2 f sae) (5 cosh(2y) — oa dy 
a sa sinh(y) 
7 sin(2n) [ cosh(y)(2 cosh?(y) — 1 — mony” 
{set cosh(y) = 1/t} 
* t 
ea?) i 2—(i+eosQaye™ 
{use 1 + cos(2x) = 2cos?(a)} 


ae ane yf ia, 
ee 9 1 —cos?(a)t? 


ts, In(1 — cos?(x)t2)]°~* 
= ~sin(2 
2 anne) | 2 cos? x 


t=0 


1 , 
=——-2sinxcosxz i 
2 COs* @ 


iin) 


= —tanzIn(sinz). 


Note that the value « = % is included in the domain of tanzln(sinx), since 
lim tan x In(sin z) = 0 by L-H6pital’s rule. 
wt 


Ne 


Further, by letting x + 5 —2 in (2.106) and using sin( 5 —a) = cos(x), tan(}—a2) = 
cot(x), and sin(2n(Z — x)) = —(—1)" sin(2nz) for integer n, we get 


oS a ee T 
cot x In(cos x) = (—1)” (/ at) sin(2nxz), |e|< <=. (2.107) 


Keep in mind that lim cot x ln(cos x) = 0 justifies why the value x = 0 is included 
=u 
in the domain of the function. Additionally, by using the identity 
tan x In(sin x) + cot x In(cos x) = = In(sin x) + ores In(cos x) 
COS & sin 


_ sin? x In(sinx) + cos? x In(cos x) 


sin © Cos & 
_ sin? x In(sin x) + (1 — sin? x) In(cos x) 


sin © cos © 
_ sin? x(In(sin x) — In(cos.)) + In(cos) 
_ sin x COs & 


2.7. Identities By Fourier Series 145 


= tan zln(tan x) + 2 csc(2z) In(cos x), 


we find, for 0 < x < 4, that 


tan x In(tan x) + 2 csc(22) In(cos x) 


= » (=(=1)") (f qth tat) sin(2n2) 


{make use of (1.8)} 


oo) 1 
=—2 » ( ; eat) sin((4n + 2)z). (2.108) 


2.7.14 Series Representation of ln?(2 cos x) 


Let |x| < $. Then the following identity holds: 


In?(2.cos x) = x? 4 7 425° ( = cos(2nz). (2.109) 


T= 
Proof. Since cos z = KR e*”, we have 
co 


= n Ay,- i 
* cos(2nz) = x: (ye 


n 


n=1 


a Ay, zi er) 


{replace x with —e”"” in the generating function (2.7)} 


1 
= i ae + e**) 
{recall the result of In(1 + e?"”) from (2.94)} 


1 
= an (In(2 cos.) + ix)? 


1 
= gn (In? (2cos x) + 2ix In(2 cos x) — x?) 
_ 


1.9 
= -In*(2 -—. 
5 In ( cos x) 5 
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If we replace x with $ — x in (2.109) using cos(5 — x) = sin(x) and (cos(2n(5 — 
x))) = (—1)"” cos(2nz) for integer n, we have 


In?(2sin x) = (5 —2) eyo 


n=1 


cos (Qnz), O<a<7. (2.110) 


2.7.15 Series Representation of In®(2 cos x) 


Let |x| < 5. Then the following identity holds: 


co — Ae) 
In?(2.cos x) = 3x? In(2 cos x) oe nt cos(2nz). 
eer n 


(2.111) 


Proof. 


S (#2_,- #®,) = = . (7 : -#2,) [ alder 
nr 
n=1 n=1 0 


{let the index start from 2 then shift it by +1} 


= [ (Sou - Hi?) dx 
0 


n=1 


{recall the generating function (2.60)} 
= | ‘ eS ai 
0 1-2 
1 
= 5 In?(1 — 2). 


Replace x with —e?"” then consider the real parts using 7% {eine | = cos(2nz), 


(2) 
ntin-l1 A” 1 : 
2» () - A , cos(2nx) = —3%n*(1 + riz) 


1 
—- 30 (In(2 cos x) + ix)? 


1 
=-5 (—3a? In(2 cos x) + In3(2cosz)) . 
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If we replace x with 5 — x in (2.109), we obtain 


H, 
In3(2sin x) = 3(5—x) m( In(2sin 2) ye = cos(2nz). (2.112) 


2.7.16 Series Representation of In“(2 cos x) 


Let |x| < 5 anda € Zs}, Then the following identity holds: 


( Z ) (—2?)* In?-?* (2 cos 2) 


Ak 
= (-1)%a Se 1,n — 1) cos(2nz), (2.113) 
j=l 
where 
a—1 (ig 
f(a,n) =(-1)* "(a-1)! | HO + nee ae! 


Proof. Applying the previous proof, 


Ye se-tn- ye = e-1n- f x” —ldx 


n=1 


{let the index start from 2 then shift it by +1} 


e f. (>: fas 19") dir 


{recall the generating function (2.60)} 


= [ (« ji *) dx 
12 


Replace x with —e?’* then consider the real parts, 


> F(a ali ey cos(2nx) = ® {In*(1 + e”*)} 


n=1 


= R (In(2 cos x) + ix)* 
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a 


L$ 
=R ( . ) (—1)*x?* In*?* (2.cos x) 


2k 
k=0 
LS ; 
+i S- & ‘: :) (1) a2? in? "1 (9 cos #) 
k=0 


{ignore the second sum, since we are after the real part} 


=) (<i) (—2?)" In*-?*(2 cos 2). 


Examples: 
In?(2.cos x) — 2” = 2 3 (—1)" 42 cos(2nz); 
n=1 " 
oo H_ ~ Ho), 
In°(2 - In(2 Fn 2nx); 
n° (2. cos x) — 3x” In(2cos 2) = - cos(2nx); 
In4(2.cos x) — n?(2cosx) + 24 
YW 4 3H, - +2H®), 
jy = = cos(2nx); 


n 


_ — 
=) 3 
» ie 


(2cos x) — 10x? In?(2.cos x) + 52°* In(2 cos x) 


2 
2 1 — 6H2_, HO) + 8H HO, +3(HO,) - 6H, — 
= 7 cos(2nz). 
n=1 (-1)"n 


Let’s integrate both sides of (2.113) from « = 0 — F to get 


z (\3] 
| (a) aw)" In*~?* (2cosa) | da 
0 


ll 
=) 
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7 
Le 2 


f(a-1,n » f cos(2nx)dax 


= (—1)%a x a 


Since sin(n7) = 0 for integer n, the integral simplifies to 


Ls] 


I 3 (4) (—x?)" in*-?*(2.cosx) | da = 0. 


k=0 


Replacing x with > — x in (2.109) and (2.114) gives 


Goo Gwe mee 


= (-1)2a > A= b YD cos (ane) 


n 


LsJ 


n=1 


and 


é ) oul G ~ r) In?-?* (2sin x) | da = 0. 
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(2.114) 


Chapter 3 


Logarithmic Integrals 


3.1 Generalized Logarithmic Integrals 


1 p28 
3.1.1 ihe Tae 


Let R(s) > —5. Then the following identity holds: 


Proof. 


il 28 
= lhn(® HAH, — Hos. al 
il ine” n(2) + 2 (3.1) 


1 28s 1 2s 
1-1 
| = ae = | ETE ay 
9 1+” 0 1+2 
[ dx = 
= dx 
9 l+a 9 ita 


. 1 1 22 
write a 
l+a2 1-2 1-2 


1 2s 1 s 
l-gz l-y 
= In(2) — da + i; dy 
(2) 9 l-2 o l-y 
{recall the integral form of the harmonic number (1.123)} 


= In(2) — Ho, + Hy. 
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Moreover, forcing integration by part yields 


1 28s 1 
| "da = In(2) — 2s | 2*-"In(1 + 2)dx 
0 l+z2z 0 


or 
Fos _ Hf, 


1 
| x?! In(1 + )dx = —*~—*. (3.2) 
0 28 


An alternative proof for (3.2) may be found in [28]. 


Let’s replace 2s with s in (3.1), 


1 s 
x 
| oe = In(2)+ Hs — Hy. (3.3) 


This integral can be expressed in a different closed form: 


al 
x 1 
dz = Hs — Hs-1 -1. 4 
ees 5 (Hy —Hea), (8) > (3.4) 


To show that, use the integral form of the harmonic number, 


dl s 
y 
=2/ dy. 
o l+y 


Employing H, = ~(s + 1) + 7 given in (1.146) yields 


rete 2)or (EF) 0) 
1 (2) o(). 


Ts 1 s+2 1 s+l 
[ Re- 3 2 ) 50 ( D ): Se) 


Consequently, 
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By comparing (3.1) and (3.4), we deduce that 


H 


s 


_4 = 2H2, — H, — 21n(2). (3.6) 


I fo x*s—! arctanh(x)dx 


Let R(s) > —}. Then the following identity holds: 


me 22, ani H, 


ae (3.7) 


1 
| x! arctanh(x)dx 
0 


Proof. By writing arctanh(x) = 5 In(1 + x) — $ In(1 — 2), we have 


1 
| z**—! arctanh(x)dz 
0 


oe i Ly* 
=- _: zs" In(1+2)dx — >| zs" In(1 — x)dx 
2 Jo 2 Jo 


{collect the results (3.2) and (1.124)} 
1 Hos—Hs 1 Hos 
~3° os. 12° Os 

2H», — Hs 
~ 4s , 


3.1.3 f, “@de 


1 


Let gq € Z*. Then the following identity holds: 


[ I) aos = (1) "a! C(a + 0). (3.8) 


il = ae 
Proof. Expand + in series then interchange integration and summation, 


' In? (a) ae 
dx = foe tmt@az 
fi T=2*" Lh 


{make use of (1.36)} 


fore) 1 
— (_1)4¢ > <a 
= ( 1) q: nati 


n=1 
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= (—1)"q!¢(q+ 1). 


Examples: 
| BO ar =~) 
0 1 —2Z@ 
i Oar = 2¢(3); 
0 1 —-@Z 
[ra = -6cu 
0 1 —2Z 
‘In ®) ag = 24¢(5) 
9 l-« 


The following two integrals are related: 


1 q-1 _ 1 qd 
‘| In? * (a2) n(1 — x) da BP ~ | In?(az) a 
0 q Jo 


x 1-2 


= (-1)"(¢-— I¢(q+ 1). 


ve ln"(2) |. tayo 1 [ In?(y) ay 
0 0 


1-2? Qq+1 l-y 


2 on C(q +1). 


1 In?@(a 
3.14 fy P2dex 


Let q € Z*. Then the following identity holds: 


a — dx = (—1)%¢q! (1 = =) Caen 


Proof. By writing 


we get 


17,4 14,4 1 q 
i) In?(x) re =) In () ay | 2x In? (x) a 
9 l+z2 9 l-« 9 1-2 
ee—{_—_> 
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(3.9) 


(3.10) 


(3.11) 
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1yuq 11,4 
=I In? (a) aes 1 | In (2) ae 
0 1-2 24 0 1-2 


= (1 z\f man 


This integral is given in (3.8). 
Examples: 


l+z 2 
[ Foe = Fe 
[ FBas - Fe 
[ee FO 


The following two integrals are related: 


[ In? (x) In(1 + x) . IBP = [ In? (x) de 
0 0 


x qd 14+2 


= (-1"@— i (1-5) cla 0. 


a eln*(x) 5. r=yo_1 a In?(y) ay 
0 0 


1+ x? Qat+1 lt+y 
_ Eid 1 


3.1.5 [> ™@dx 


1-2 


Let q € Z*. Then the following identity holds: 


i ee da = (—1)*¢! (1 = sat) C(q+D). 


Proof. By writing 


(3.12) 


(3.13) 


(3.14) 
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we get 
1 qd 1 qd 1 q 
| In (2) ie = In? (a) re | xin (2) ai 
w/t 


1 1 
In? (a) 1 In? (x) 
- i oy 20+ [ l-g& es 


1 ' In? (a) 
= (1-33) | i-7% 


Examples: 
nla: <3 
' In? (a) at 
[Se = jo) 
*In'(z), 45 
| ee oes (4); 
Pili G@)isc _. °08 
| ne de = ¢(5) 


The following two integrals are related: 


By making the substitution aa = y, we get 


(3.15) 


(3.16) 
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1 In?(1-2 
3.1.6 f, “S—dex 


Let q € Z*. Then the following identity holds: 


il 
| sale) ee Mgt (5). (3.17) 
0 


1l+2 


Proof. We begin with the change of variable 1 — x = t, 


1 yay _ 11,4 
/ In?(1 — x) co = In? (t) 4 
0 1l+a 9 2-t 


1 is) pr-l 
expand = in series as S- an 


n=1 


Examples: 


— tin (5) - (2) + 5 In?(2); 


The values of Lig ( ) and Li3 (5) are given in (1.81) and (1.92). 


1 
2 
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3.1.7 f2 2M@de 


1—za 


Let gq € Zt and z € C \ [2, oo). Then the following identity holds: 


PzinXa) kOe 
i = diz = EDs Goa Lig41 (=) (3.18) 


Proof. Let y = 22, 


22In%(x), _ f? §[n(y) —n(2)]? 
| da =| dy 


1—- zx 


q 
{we the binomial theorem (a — y)? = (7) carte 


{use the definition (1.75)} 
= . (7) (—1n(2))-*(—1)¥#! Likes (3) 


4 2 Ala?" (2). z 
= (-1)*! 5° Ge i. Lig41 (5) 
k=0 


Setting z = 1 yields 


2 In?(a) Sin")... 
| a da = (—1)%¢q! Ss =n Liged (5) ’ (3.19) 


Examples: 


?m(e) 4 342 A. Lf at Ve 
fo Fae = Fmt 2V¢@) - Fme\C(@) - 50") otis (5): 


[ In*(z) = 21 In?(2)C(3) — 41n3(2)¢(2) + In°(2) + 24 In(2) Lig (5) 
0 
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494 Lig (5) 
3.1.8 [) Oda 


Let gq € Z*. Then the following identity holds: 


See) ne) SON 1 
| . Che = ae q'¢(q +1) td, Gaae Liga (5). 
(3.20) 


The following proof may be found in [2, p. 4]: 
Proof. Putting -+; = y, 


[ wre af yf In?(y) a 


x eye) 
* In?(y) * In?(y) 
— 1)% 1)2 
caf Pat cyt fp ype 
So - hie 


nit 1 yyd 2 Ind 
=u (oP) scar (oy fay). 


The proof follows on substituting the results (3.8) and (3.19). 


Examples: 
*in(1 +2) i ; 
1 in?(1 + 2) 1 ; 
i — de = 56(3); 
3 
/ . mt Day 6c) = - In(2)¢(3) + 5 n?(2)¢(2) = zm(2) 
0 


fil 
—6Liy (5) : 


[Pee = 24c(5) — Em? 2y¢¢8) + 40°26) ~ £m°Q) 
0 


x 
fl _ fl 
—24 1n(2) Lig (5) — 24Lis (5) : 
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co In? (©) dap 


3:19 Tat 


Let q € Z*. Then the following identity holds: 


7 ee 2q+l 
i = | Eq] (5 ) : 


14+ 2? 


Proof. Make the change of variable x = AIP 


[ In74 (zx) Fang [ y? In“*(y) Ag 
o 1+:2? 0 l+y 
a BA Ging fe) 
m+ Jo Il+y 
024 ae 
Om74 1+ y a 


= 2774-1 lim 
m+ Jo 


{ use differentiation under the integral sign theorem (2.64)} 
- co, m—-1 
=2-7¢-1 a mt : lis dy 
{set a = mand b = 1 — m in the beta function (1.50)} 


2q 


{recall Euler’s reflection formula (1.40)} 


d?4 
3 csc(mm) 


=2°-°4-1e lim 
m4 dm 


{this limit is given in (1.168)} 


= 2779-1 t| Bog |r24 


2q+1 
=|Eal (ZF) 
Examples: 

[tee ® 

1+ = 8° 
[ In*( _ or? 
1+ = 32” 
_ 61x? 


i 
[eee 128’ 
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(3.21) 
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[ In? (x) 138579 
dz = 
9 1+22 512 


For the odd case (2q + 1), let x > 4 


fore) 2q+1 love) 2qt+l 
i In“? (a) Se | In (*) ay 
0 1 + x2 0 1 + x2 


{add the integral to both sides then divide by 2} 
=i (3.22) 


3.1.10 {5° SO da 


Let q € Z*. Then the following identity holds: 


© In?(1 + 2) ee 


The following proof may be found in [34]: 


Proof. Let « = = 


{set z = 1 +7 in (1.75)} 
= q! 3{Ligs (1 +d} 


Notice that the first line of the proof shows 


oO In? (i+ ; ; 
| eae = g! J{Ligg1(1+7)}. 
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n@( itz 
sa ft CS ae 


0 1422 


Let gq € Z*. Then the following identity holds: 


1 In? (+2) tn a2 1+1 
“ Ghe = gl 3¢ Li 
er eee || 
Proof. With y = Tre we have 
1 Jn? lia 3 In? 
| ar nae n*(y) 5 dy 
9 its 0 y+(l—y) 
a 
~ [2 (+i) In (y 
=(-yta f C+ Way 
o 1-(lt+é)y 


The proof completes on setting z = 1 +2 in (3.18). 
1 In?(1—2) 
3.1.12 fy PG—2) da 


1+a? 


Let gq € Z*. Then the following identity holds: 


 in?(1 — 2) eal Pee 1+i 
[ste caren (2) 


Proof. Let 1 — x = y, 


1 ; 
WHET 7 = Sz _ 
+(1-y) +1—1y 


1 . 
~ [i _ilnty) 
=a [ eer 


{ to get this integral, set z = —i in (1.76)} 


= (-1)%q!3 {Lins (=4)} 
= (-1)%q!3 {Liss (3) 
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(3.24) 


(3.25) 
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With g = 2, we have 


{recall the relation (1.103)} 


Th Oh 29 mee F 


Applying the same approach, we also have 
1 1 
In? (1 — -a= 1—y)In‘? 
(ee |e), 
o itz o 1+(1-y) 
i . 
write Z 7=HR : : 
1+(1-y) 1+i-— wy 
=x [ iln’( 
we wy 


= (1)"abt {Lips (- = ‘) \ (3.27) 


3.1.13 fo SO de 


Let q € Z*. Then the following identity holds: 


‘in? (1 +2) Ree fa , Ine ey. 1+1% 
i jae ees Ligsa(l +6) — >) py Meta (=) p 


(3.28) 
Proof. With y = ;7;,, we have 
1 qd 1 
| In?(1 ase yf In‘(y) ay 
f. Pe 4 y+(l-y)? 
* (1+ 4) In"(y) 
= (-1)99 ( d 
( pe) T-+ay 
2 
So - a 


ax. (1 +4) In%(y) 2 (1 + 2) In‘(y) 
-(-o'3(f (=C-oe | aay). 
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The proof completes on setting z = 1 +2 in (1.75) and (3.18). 
With g = 2, we have 


‘W(1+2 , , 7, (1+i 
7 ot l= 2in(2)G +23 {Liat + 2) Lin ( 5 )} 


{recall the relation (1.103)} 


Tx 3n. 
‘a te In*(2) — 2In(2)G. (3.29) 


= 43{Lig(1+4)} 


Applying the same approach, we get 


‘eint(l+2), a f ny) a f (L—2y)Int(y) 
ga Og eae? 


1-2 1+%1 
write y 7 = RK = —— in the second integral 
ye lay) Tray 


In?t1(2) ‘(1 +4) In4(y) 
= —_-_~+ +(-l wo f 1d 
qt+1 co a 1—-(1+a)y J 
q+1 1 1g 2 oe 
= In?" (2) + (-1)99 / (1+7%)In W) ay | (1+%)In W) ay 
{set z = 1 +7 in (1.75) and (3.18) to get these two integrals } 


intth(2 4 nt*(2 1+i 
=) atm (tiga +i)- >> . 5} ing (4). (3.30) 


gtd ome, 
1 In?~1(>2,) 
3.1.14 Ts ae ee 


Let g € Zs. Then the following identity holds: 
1 In1(525) 
[| Pee 04) 0-IMlo 
0 


ee In? 74 (2), (3.31) 


Proof. Start with the change of variable ;*~ = y, 


1 [yn 971 ( io) q-l 
| nL (roe) oe =} In (y) dy 
g £22 o (1+y)(1+ 2y) 
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_ fy) ny) 

=| TES ae G+ya +2) 
yo /y 

— ft Int iy) qf ty) 

=/ G+ya+ ay "ff G+nern 


{decompose both integrands} 


2 mt(y) 1b int(y) n'y) 
= d tf = dy — (1 yt) f 
[pet Bateau f apa 


{use (1.75) for the first two integrals and (1.53) for the last} 


= (1a = 2)! (Lig(-2) + ay ti, (-3)) ++ VG Dino. 


The proof finishes on setting z = 2 in (1.99). 
Examples: 


1 In(-2 
| (=a) a = 11? (2); 
(0) 2 


1l+z 


1 In?(7) dl os ey. 
i EE de = 2in(2)¢(2) + 5 n°); 


1 In?(72) 2 er 
| SE de = ~3in?(2)¢(2) — 5 In*(2); 


kg 
- rae = 42In(2)¢(4) + 4n°(2)¢(2) + + n°(2). 


3.1.15 [5° =O) de 


Let —1 < R(s) < 1. Then the following identity holds: 


i x>'In(1+2) 
0 


14+2 


da = —m csc(7s) (W(1 — s) +7). (3.32) 


The following proof may be found in [16]: 
Proof. 


co Ls—l co 1s—1 
i x" In(14+ 2) dee = em x *In(1+ 2) : 
) 


l+2 rl Jo (1+2)" 


o-) s—l1 
Sis i ae eee 
rol fg Or (1+ 2) 
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{ use differentiation under the integral sign theorem (2.63) } 


oe) s—1 
= — lim ~ | 2 da 
r>10r Jo (142) 


{let a = s and b = r — s in the beta function (1.51)} 


= lim 2 B(s,r s) 


lim O T(s)I'(r— s) 
r>1 Or T(r) 
{use I’ (x) = T'(x)q)(a) given in (1.144)} 
= 16) in HO= UE — 8) = HE) 
= —I(s)P(1 — s)(b(1 — s) — ¥()) 
{recall Euler reflection formula (1.40) and write ~(1) = —y} 
= —mesc(rs) (W(1—s) +7). 


3.1.16 [5° BO eCts) dep 


Let q € Z*. Then the following identity holds: 


1 


© Jn?4-1(r) In(1 + a) _ 
dx = 2(2q— 1)! GQq= 2+), 1633) 
i x(14+ 2) EO ) 


The following proof may be found in [18]: 
Proof. 


9 98-1 n74-? (re) In(1 + 2) 


© In?4~1 (x) In(1 
| = eI) dx = lim dz 
0 x(1 +2) s0 Jo 1l+2 
co 2q—1 s—1l} 1 
ie ee n( +2) 4, 
50 Jo Os*4 1lt+a 


{ use differentiation under the integral sign theorem (2.64)} 
q29-1 co ,s—1 In(1 
A x*—* In(1 +2) de 
0 


= lim 
590 ds*4—" l+2 
{this integral is given in (3.32)} 
d2q-1 
=— lim qani™ esc(ms) (W(1 — s) +7) 


{multiply by s/s} 
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d24-1 
Sqai (ms csc(7s)) ( 
{expand both functions in series as in (2.99) and (1.156)} 
29-1 ; ies 
== lin ait 7 Du (2n) s =o tara 
{let a2, = n(2n) a bn = ¢(n + 2) in (2.67)} 


vl — s) *1) 


Ss 


, Pt Se : 
= 2lim ——7 SO | So n(2k)C(n — 2k +2) | s 


$0 ds n=0 | k=0 
Ne 


fn 
(29-1 oe 


= 2 lim Sa 2q— ashi Da Ios" 


n! 
= 2lim Fe ee 
Py Di (n —2q+ 1)! 
2q +1)! 
= = 2 lim 1 (2a 1)! fog—1 + (29)! fag 8 + ( 5 ) f(2q+1)s? ) 


=> 2(2q = 1)! fog—1 
[23+ | 


2(2q-1)! D7) n(2k)¢(29 — 2k +1) 
k=0 
= 2(2q — 1)! n(2k)¢(2q — 2k +1). 
k=0 
Examples: 
© In(e)In(1 +2), _ 
| a(1+2) dx = ¢(3); 
© In? (x) In(1 + 2) = 
[ z(1+<2) da = 6¢(5) + 6¢(2)¢(3) 
oo 1,5 
ji Sata = 120¢(7) + 120¢(2)¢(5) + 210¢(3)¢(4); 
0 


[ se da = 5040¢(9) + 5040¢(2)¢(7) + 9765¢(3)¢(6) 
0 o e 
+8820¢(4)¢(5). 
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3417. f, Ina) ne") dy 


The following identity may be found in [17]: 


© 124 2 Qq+1 
[OB er - ameye,| 5)" 


1+ 22 
0 
m\ 2441 4. (2q - By 2k+1 
(5) »S 5n) car |Baa—ael(2**1 —1)6(2k+1). G34) 
Proof. 
, In74(a) In(1 5 =o) 7 oo} In74(ar) In(1 + 2) 
—_____——dr= 1 d 
[aa vel ores +a ° 
0 0 
2q s—-l] T+ 
= lim [ & ss a Pay 
85 Os~4 l+ge 
0 
eo foe} In(1 + 2) 
~ a ds*4 / l+¢a os 
0 
this integral is given in (3.32) 
g g 


_ da 
=—-T iim 74 esc(s7) (W(1 — s) +7) 


da qd da-k d* 
{i qa (f(s) * g(s)) = S- 6 qe tls) * ft) 


k=0 


9 q24-k dk 
_ =-r5. x ©) im m Taek o0(97) lim —(w(1 — 8) +9) 


si ds 


fs S- f(k) => f2k +1) +5- row} 
=0 k=0 k=0 


q 2q (29-2k-1 q2kt1 
= aS ( ) mn geod csc(s7) baer qari (YO —s)+7) 


q 2 ; 
—r)> & lim iia csc(s7) iim eer —s)+7) 


ran 7 ds24-? 1 ds?* 


dP 
—> ese(s™) = 0 for odd p 


{ie the first sum, since ae i da 
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{and use the result (1.168) for the first limit in the second sum} 
q 2k 
2q Qq-2k 4. 
> (oF) Bae axl my ae (8) +9) 
{separate the first term using 7)(1/2) + y = —2In(2) given in (1.148)} 
= 2In(2)|Eoq|r22t1 
2k 


q 
2q 2q—2k d 
YO (3p) Hara im, ap — 9) +9 


i 
73 


{use the definition of the polygamma function (1.150)} 
= 21n(2)|Baq|n74t1 


q 
2q iE 1 


{ substitute the result of a) (1/2) given in (1.157) 
= 21n(2)|Faq|n7441 


q 
2 : : 
ue @ |Eoq—au|n?~?* (2k) '(22+1 — 1)¢(2k + 1). 


The proof completes on setting \/x = y in the integral: 


nMayinth +2), gears [* BM)n gy 
val +2) 0 +e 


Examples: 
[ oS an”) a . In(2) + (3) 
ir — @") ae — an In(2) + = 8¢(3) + * nC(5); 
42 nelT); 
i wen 7) dx = a m In(2) + 8) = 60) 


40005 160965 
+ at 7™C(9) - 


(+ 
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3.1.18 {> BA @dinGte) de 


Let q € Zso. Then the following identity holds: 


"1n74(x) In(1 + 2? a 
i an = (29-41)! 6(24+ 2) + Im(2)1aql (2) 


1 sm 2941 4 (2q\ (2k)! 
5G) YS (Br) SP Leanne 224 — 1) Ck +2) RS) 


Proof. 


1 2q 2 
/ In“? (x) n(1 + 2 ) ae 
) 


1+ 2? 


love) 2q 2 love) 2q 2 
_ | In“?(x) n(1 + a hae / In“? (x) n(1 + « Pi 
0 1 


142? 142? 


w—1/a 
i In?4() In(1 + x’) | - In?4(x) In(1 + x?) 
— av 
0 0 


1+ 22 1+ 2? 


1 7,,2q4+1 
+2 f In’ @) 4, 
0 


1+ 2? 


focal [ In?4 (a) In(1 + 2?) 


ae dz to both sides then divide by 2 
x 


oot i In?4(a) In(1 +2") ae és a In?4*1 (x) 
2 Jo 0 


~ 1+ 2? 1+ 2? 


These two integrals are given in (3.34) and (1.62) respectively. 
Examples: 


dx 


dx. 


1 In? (2) In(1 + 2?) 7 73 fas . 
[ 142 sg) ag AERA: 
“in*(e) In(1 + 2? 5 2 
i - 4 a ae gg™ In(2) + TE °6(3) + —HC(5) — 1208(6); 
1 1,,6 2 
[ we) nee Jat = Oat in(2) + 2 n°C(3) + BPnPc5) 


+—Fe-n6(7) — 50408(8); 


* In? (ax) In(1 + 2?) 1385 2989 
da = °In(2 7¢(3) 4 5 
| 1+ 22 Praia A) og Gta Gg Se 
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40005 7 160965 


Ig (7) + —z— 76 (9) — 3628808 (10). 


3.1.19 ie In?4~ Me) n+) dy 


Let gq € Z*. Then the following identity holds: 


Hi In24-1(z) In(1+ 2) ee . + 1)(2q — 1)!n(2g 4+ 1) 
0 


x(14+<2) 
q—-1 
+(2q— 1)! S$ n(2k)¢(2q — 2k + 1). (3.36) 
k=0 
Proof. 
i In??~ (x) In(1 + 2) re 
0 «(1+ 2) 
fore) 2q-1 fore) 2q-1 
=i In“? " (a) In(1 + 2) de i In“? (a) In(1 + a) his 
0 v(1+«) 1 v(1 +2) 
arl/ax 
= [ In?4-* (x) In(1 Bars fi In79~* (x) In (+42 ree 
0 x(14+ 2) 0 l+a 
foe) 2q-1 1 2q-1 1 2q 
=f In (z)In(@. +2) |. | if In“? * (a) In(L+2) 4. | In () ae. 
0 a(14+<2) 0 l+oa 5» lta 
By adding 
" \n?4~! (x) In(1 + 2) 
dx 
0 «(1+ 2) 
1 yy2q-1 1 y,2q-1 
7. In“? * (a) In(1 + 2) if In“?~* (a) n(1 + 2) Me 
tl 
IBP 
1 2q 1 2q-1 
2 etl / In (2) ae / In“? * (a2) n(1 +2) a 
2q 1l+2 0 1l+a 


1 In?4~1 (x) In(1+2) 
1+2a2 


1 n?4-1 (ar) In(1 + 2) 
2 f 4s) dx 


to both sides, the integral 4, dz nicely cancels out, 


3.1. Generalized Logarithmic Integrals 171 


[ In?4-1 (a) In(1 + x) q 2qg+1 i In*4(x) q 
0 0 


= : 37 
x(1+2) . 2q ite —o 


These two integrals are given in (3.33) and (1.53) respectively. 


Examples: 
[ a Dan = ~2¢(3); 
i In? (a ayn — ®) tp = ec) + 3¢(2)¢(3); 
A = el Pee = 70 ¢¢7) + 0c (2)c(5) + 105¢(3)¢(4); 
i : ete) ©) ee (9) + 2520¢(2)¢(7) + 4410¢(4)¢(5) 
+? ¢(3)«(6). 


The following integral is related: 


a In?4—" («) In(1 + 2) ae 

0 1+2 

= [ In??—* (x) In(1 + 2) ‘ [ In??—* (a) In(1 + x) de 
0 x 0 a(14+<2) 
{these two integrals are sae in (3.36) and (3.12)} 


q—- 
(2q — 1)! (a (2q¢+1) Fn (an 2k-+0)). (3.38) 
k=0 


ne 


3.1.20 fo 2 m@) nG—) gap 


1-2x 


Let (s) > —1. Then the following identity holds: 


[ We) = 2) ay = y(s)(U(e) +9) — SY). (3.39) 


Proof. 


1 28-1 In(a) In(1 — 2) . * 8-1 In(x) In(1 — 2) 
dx = lim dx 
) 0 


1-2 r+0 Gage 
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= 14 = Z 1 
=tim f 3 asor” ») ve 


_ _ r-1 
ian y Sm 


{recall the beta function (1.46)} 
2 


0 
= epee 


ay 6? T(s)T(r) 
~ r40 OsOr T(s +r) 


= tin FEES (Us) — ws +H) — We +7) -¥MS+N) 
{writ T(r) = aaa and W(r) = w(1+r)— -| 


{given in (1.34) and (1.149) respectively} 
igo Ce 
r0 I(s + r) 
san (HU — VEEN) YO +1) ~ 2 Ws +7) —YO(o41) 
r—>0 Tr 


. . P(sra+r) _ Pi(s)P) _ 
{ multiply by r/r and note that lim 1.9 " To 7 i} 
(b(s) — (str) rol tr) —1—rd(s +r) — rb (s +7) 


2 


= lim 
r—0 r 


a we can apply L-H6pital’s rule, since we have 0/0} 


= im 5 {U(s +r) frvls+r) — rv +r] + Ws) — vls +7) 
[val +r) W(str)—v~V(str)tryM (14 r)] — rp (s+ r)} 
{apply L H6pital’s rule again, since we have 0/0} 

= lim = 5 {oy (str) [Ws t1r) + ry (str) — dL +r) - rd $4) 

+4 (8 +r) [rb(s +r) — bb +r) — 1] + [b(s) — W(s +7) 
[2H)(s +r) try (str) —2p@%1+4r)— ry at r)| — rps + ry} 
= 5 {2y(s)(v(s) — vy) — ¥(s)} 
{write ~(1) = —7 given in (1.147)} 


= V(s)(¥(s) +7) — 506). 
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Remark: We know that the beta function, B(s,r) = fo a*—1(1—2)"~‘da, is 
defined for %(s) > 0. However, its derivative in (3.39) is defined for R(s) > —1 
due to the analytic continuation (see[40]). 


3.1.21 fo 2 @)mG-2) qy 


1-2 


Let s ¢ Z~ and q € Zs. Then the following identity holds: 
[ a) In? (@ inl =z) 
0 


1-2 


de = VY (s)(U(s) +9) — 50s) 
> 
k 


J 


(‘ *) apa *®-Y (5) ap") (5). (3.40) 


Proof. 


* 28-1 Int} (x) In(1 — 2) 1 92-2 2° n(x) In(1 — 2) 
dx = dx 
0 


1 = 5 0 Os1-? 1 —2Zz 
dt? f* @®-1 In(x) In(1 — 2) 
= =a = dx 
ds 0 1-2 


{this integral is given in (3.39)} 


di—? lif 1 
= Ss (Fv) + HNO) +9) 


1 di?  /g=2\ a di 
= SGT (17) gee TO OO RHO) +9 


fe dst" d 
q-2 9 
=-50 + (7 MOR WO +9) 
k=0 
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3.1.22 [} PB @mG-* ay 


1-2z 


Let q € Zs. Then the following identity holds: 


[ Int*(a)In(~ 2) 5 sof elegee 5 
2 


1-f¢ 
7 =e 
— —1)! 1 Al 
a D_Sa- ¢(k +1). (3.41) 


Proof. Set s = 1 in (3.40) then use w(1) + 7 = 0 given in (1.147), we get 


ws q-2 
i In? ) eat me sv) +S (‘ : *) pe Yay (1). 
0 a k=1 


The proof completes on using 7% (1) = (—1)*~ ‘a! C(a + 1) given in (1.155). 


Furthermore, replacing q with 2q in (3.41) gives 


[ In??— +(x) In(1 — x) q 
0 


t= 5 (2a)!6(24 ae. 


l-« 
1 2q—2 
~32¢-)! S> ¢(2q — k)¢(k +1). 
k=1 


We simplify this sum the same way as in [31, p. 2]. By using 


we have 


So ¢(2q- k)¢(k + 1) 
k=1 
= \ C(2q — 2k +. 1)¢(2k) + s ¢(2q — 2k)C(2k +1) 
k=1 k=1 


{use the rule (1.2) for the second sum} 


= \°C(2q— 2k + 1)C(2k) + 3 C(2k)C(2q — 2k + 1) 
k=1 


= 
Il 
a 
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q—- 
a5 a C(2q — 2k + 1)C(2k). (3.42) 
k=1 


Thus, 


[ In?4—* (a) In(1 — x) a 
0 


_ = 5 (29)! 6(20 +1) 


q-1 
~(2q — 1)! S° ¢(2q — 2k + 1)¢(2k). (3.43) 
k=1 


Examples: 


1l-az 2 


i : ey = 12¢(5) — 6¢(2)¢(3); 


i 


[ n(x) In = ©) a, = 19¢7(3) — 18¢(6). 
0 


iP In? (a) In(1 — ©) te o 1 eta), 
0 


1-2 
The following integral is related: 


1 In? (2) In(1 — x) 
ae 


2 a In?~* (a) In(1 — x) a [ In¢~1 (x) n(1 — 2) ae 
0 1-2 0 x 
{collect the results (3.41) and (3.9)} 


q-2 


= 5(-1)"@- 0) G 2)¢(q-+1) - 


C(q—k)¢(k + ») : (3.44) 


k=1 


Examples: 


‘In(z)In(l—2), | 
fy = HO 
' In? (ax) n(1 — 2) 5 
[ x(1— =) : 96 (4); 


- n*(z) In ~ 2) 9 — agers) — 6¢(2)(3): 
4 a(1— 2) 
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[ In*(z) In(1 — 2) 
0 


aa dx = 12¢?(3) — 42¢(6). 


3.1.23 _ Int~* (aw) In(l—#?) qa 


(6) 1-2? 


Let g € Zs. Then the following identity holds: 


i by ae = 1)%q (.- sat Cg +1) 


= i He (3.45) 


Proof. Set s = 4 in (3.40) then use wy) (2) + 7 = —21n(2) given in (1.148), 


1 
2 
‘Int! (x) In( 


pana a (5) -2meawe (5) 


q-—2 
q— 2) par (1) (1 
Lor) eG) 
{ make use of the result of w” (1/2) given in (1.157)} 
= —(—1)%ql (2-* — 29)¢(q + 1) — 2(-1)"(q — 1)! (27 — 1) In(2)¢(q) 


—2 


—(-1)"(q— 2)! S3(q— k— YQ™* = (A+ — 1)(q— E(k + 1D). 


qd 
k=1 


This sum can be further simplified. By using (1.2), we have 


> (q — k— 1)(2-* — 1) (2+ — 1)e(q— k)C(k +1) 
k=1 
— SPR Ot-# — Nett — eq — WCU + D) 
k=1 


{add the sum to both sides then divide by 2} 


(q—k+k—1)(2*-* — 1)(2"** — 1)¢(q— k)¢(k + 1) 
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I= 1S (90k _ (a4 — 1)C(q— NCR +1). 


k=1 


The proof completes on subbing x = y? in the integral: 


1 q-1 = 1 q-1 Ag 
In? *(a) In(1 ©) se = a In?~*(y) In(1 — y ies 
0 


0 va(1—a) es 
Examples: 
1 n(x) In — 72 
[ In( Z_ Vac “e(3) In(2)¢(2); 
1 In? ( In(1 — 2? 
i = pe  im(2)¢(8) - S(t) 
1 n3(x) In(1 — 
i 1 os L ©") ae 2 ¢(5) - In(2)¢(4) — “6(2)6(8) 
‘inf(e)In(l—2?) 93 seal = 
i ag de = F In(2)C(5) + 6703) — FEC). 


3.1.24 [) BT @nGte) gy 


1-2 


Let g € Zs. Then the following identity holds: 


a ‘(ani +2) 5 x 1)%q! C(q + 1) 
0 


1-2 
G a) ne Je(d) 


Proof (i). Write 


In(l+z)  In(l—a2?) eln(l-2?) In(1-2) 
l-2 1-2 1-2? 1l-«z 


to have 


‘Int! (x) (1 + 2) ees Pint") late") ” 
re 


l-« 
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(3.46) 
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* gin? (a) In(1 — x?) * In?~* (x) In(1 — x) 
+f da | 


1-2? l-@ de 
Lea 
Tin?! (ze) In(1 — 2? Tin@-!(x) In(1 — 
-| a ue wan + (27-4 » f oe 


These two integrals are given in (3.45) and (3.41) respectively. 


The following second proof is due to Cornel Valean and it may be found in [29]: 


Proof (ii). 


1 In?—'(x) In far 1y,q-1 1 
i Uo) n™@) a [& de 
0 1-2 0 1-2 x 


I+y 


{change the order of elk 


q- ae 
- i = ——_—__drdy 
ry naa 


q- tf 
(1+ y) wot 5 


{replace z arg x then write 1 as 1/2 + i 


In?~'( 
-iff ea (zy) yo ai E ae oy) ———_———— dady 


(1+y)(1— ay) 
{ el x 2 y in the second integral} 


_ylnt (zy) _ xin?“ (xy) 
=5f fi (i+yG —2y) ers aif ——__——— dady 


(1+ 2x)( ee 


are (1+ 2)( ce CY) aody 


(l+2)(1+y)(1- cy) 


In?~1( In?~'( 
=/ [5 " OY acy aif ee ee 


(1+a)(1+y) 


First integral: Let 2 = £ 


> 


In?~' (xy) ¥ Int! 
= t 
bh ay Be ay Li Tete 


eae 
= - fea 


= —(-1)*q!¢(q+ 1). 
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Second integral: 
[In(a) + In(y)]2~4 
—_————dady = dxd 
a (i+ 2)( ara ae [LS eee i 
ie the binomial theorem (x + y)* = » @ yr * a 
reo nt 1 ) 
=/ iB ai ) x)(l+y 
q-1 k-1 17k 
—1 In?— ] 
-$(% " Ha) (EO, 
‘ 0 1l+y 9 lt+2 


k= 


{separate the first and last terms} 
2 (" a ; (| nO ay) (f a ) 
0 0 1 + Yy 0 1 +x 
So a ee 
first term 
= 1 1y,q-1 
—_— es 


last term 


es (°°) (/ naan) (/ wae] 


k= 
{make use of the definition (1.53)} 
= —2(—1)"(q — 1)! In(2)n(q) 


(1 (4) aa = = tal + Dynla = 8) 


q-—2 


= —2(-1)"(q— 1)! In(2)n(q) — (-1)"(a— DED nk + 1)n(q — F). 


Combine the two integrals, 


179 


1 In? (a) In ( 2 
I 7 Coe | 1)*q!¢(q + 1) + (-1)%(q— 1)! In(2)n(q) 


1l-«z 
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The proof completes on writing 


1 In?! (a) In (35) 7 tint! (x) ' Int} (a) In(1 + 2) 
| 1°) de = n(2) [ da | dex 


1-2 —2£ 1l-2z 


1} q-1 
n? “(a)In(1 +2) ae 
1l-—2z 


= —(—1)"(q — 1)! In(2)¢(q) | 


Examples: 


[ al eas a = in(2)¢(2): 
0 


1-2 
1 In?(zx) In(1 af x) _ 19 7 : 
/ mu da = —-C(4) + 5 In(2)C(3); 
[ me) in +9) ag = 12¢(5) —  in(ayc(4) — 2e02)C0@) 
0 


[ In‘ (x) In(1 + 2) 333 93 27 
0 


1-2 


ode = — 5 C(6) + F In(2)C(5) + FC7(3). 


The following integral is related: 


1 In?~* (ax) In(1 + 2) 
) a 


_ i In?~* (a) In(1 + 2) ai. [ In?~* (x) In(1 + 2) ae 
0 0 


x l-«2 
{group the results (3.12) and (3.46) } 


= a- 1)! 2 (1-5) mac + (1-5 - 2) ca) 


Let’s replace q with 2q in (3.46), 


- In??—* (x) In(1 + 2) ae 1 (2q)!¢(2q + 1) 
: 2 


1-2 


2q-—2 


—(2q — 1)! (1 — 274) In(2)n(2g) — 5 (24 — 1! $7 n(k + 1)n(2q— f). 
k=1 
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We simplify this sum the same way as in (3.42). By using 


we have 


S> n(k + 1)n(2¢— k) 

k=1 
y n(2k)n(2q — 2k +1) + 3 n(2k + 1)n(2q — 2k) 
k=1 k=1 


{use the rule (1.2) for the second sum} 


4 
if 


=) (2k)n(2qg —2k +1) + 3 n(2q — 2k + 1)n(2k) 
k=1 


q—-1 
= 25° n(2k)n(2q — 2k + 1). (3.49) 
k=1 


Thus, 


1 y,2q-1 
/ In (x) In(1 + x) de 
) 


l-g 
1 os 
= 5 2a)!6(2¢ + 1) — 2(2q— DI —2 *4) In(2)¢(2q) 
q-1 
—(2¢ — 1)! $5 n(2k)n(2q — 2k + 1). (3.50) 
k=1 
For a short and different method to derive (3.50), divide both sides of (1.101): 


* (1+ 2ay +2?) In *(y)  (2q — 2k) | on 
| (een ceT dy = —2(2¢ a (x) 


by 1+ 2 then integrate using i sD dx = (—1)“a! (a + 1), we have 


—2(2q— 1)! 3 n(2q — 2k)n(2k + 1) 


_ I 1 (14 Qery + 22) In22-2(y) . 
=/ f iteyety) 


{change the order of integration} 
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‘ 1+2 5 
= | In24-1 (y) (/ + 2ry + x ar) ay 
0 0 (lL+ay)(a+y)1+2) 
1 
= i In27-1 (y) (=e +y) | In(l+y)  In(y) ed a 
0 I-y y I-y 1-y 
{integrate the second integral by parts} 


1 yy2a-1 l 1 1 1 1,24 
=2/ nt (y) In( +¥) ay - n ay 
0 


l-y 2q lt+y 
‘n*4(y) Ping) 
dy — 21n(2 | ————d 
[ 1l-y @) 0 l-y : 
al l 2q-1 l 1 
= 2 | i 2 ~ +9) dy — (2q — 1)!n(2q¢ + 1) 
- = 


—(2q)!¢(2q + 1) + 2(2¢ — 1)!In(2)¢(2¢). 


For the sum, separate the first and last terms, 


q 
S/n(2q — 2k)n(2k + 1) 
k=0 


= n(2q)n(1) + n(2q + 1)n(0) + 5 n(2q — 2k)n(2k + 1) 
k=1 


{use the rule (1.2) for the sum} 
q-1 


= In(2)n(2q) + 524 +1)+ 5 (2k)n(2¢q — 2k + 1). 


> 
Il 
ay 


Thus, we have 


[ in) +9) 5, 
0 ae) 
= 5 (24)!6(2q +1) ~ 2(2q ~ 1)!( — 2-4) In(2)¢(24) 


q-1 
—(2q— 1)! S$ °n(2k n(2q — 2k + 1), 
k=1 


which matches (3.50). 
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3.1.25 is In?¢~*(w) In(i+#) 4 


1-2? 


Let g € Zs. Then the following identity holds: 
il 7.2% 
In*?* (x) In(1 + a) 1 
= ! 
i = dz = —(2qg—1)! {1 524 In(2)¢(2q) 
1 


he SS Op de), (3.51) 
k=1 
Proof. 
* n?4~1 (a) In(1 + 2) 
| — dx 
ll [ In??—* (x) In(1 + x) ree 1 [ In?4-* (a) In(1 + x) aie. 
2 0 1 +2 2 0 1- xv 
These two integrals are given in (3.38) and (3.50) respectively. 
Examples: 
‘In(z)In(1+z), — 7 3 
[ae = Fe) — Fence) 

In*(x)n(L +2) | — 279 5) 45 royeray — ce erayer3 
fe = F(a) — Financ) — Fel2)603} 
‘In?(x)In(1+2), 9525 945 465 

[de = Seccry ~ FP in(2yc(6) ~ eC) 
735 
=e $(3)6(4); 
‘In’ (x) In(1 + x) _ 1126755 80325 40005 
[OS de = (a) — SE imences) — Feceaer 
68355 
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3.1.26 ie In?4~?(«) In(1—2) In(i+) 4, 


x 


Let gq € Z*. Then the following identity holds: 


1 n22-2 n — n 
i In24-2() 1 e x) | Ct ar = (3 1) (2q — 2)!¢(2q +1) 


q-1 


+(2q— 2)! 5 (2*-?* — 23° 79)¢(2k)¢(2q-2k+1). (3.52) 


B 


Proof. Write 


1 1 1 
In(l—2#)n(14+ 2) = 5 (1 a) 5 in"(1 x) me + a) 


to have 


ul In?4-? (ar) In(1 _ x) In(1 +4 x) 7 1 1 In?4-? (xr) In?(1 = x”) 
| woh 


= d 
x 2 Hi = 
xa 
1 7 In?4-?(z) In?(1 — x) ae 1 i In?4-? (x) In?(1 + x) ce 
2 0 x 2 0 av 
_ gi-2q_] fe In?¢-? (a) In? (1 — ©) ae 1 7, In?¢~? (x) In?(1 + 2) re 
2 0 ax 2 0 x 


{integrate both integrals by parts} 


_ g1-2q __ 4 [ In24-+ (x) In(1 — x) aia 1 - In?4—1 (x) In(1 + 2) 
2qg-1 Jo 1-2 2q—1 Jo l+a 


dz. 


These two integrals are given in (3.43) and (3.38) respectively. 
A different proof may be found in [31]. 


Examples: 
[ In(1 — x) In(1 + ©) te z 5613); 
0 x ks 
* In? (ax) In(1 — x) In(1 + 2) 3 27 
| : de = 56(2)C(3) — Fel) 
‘In‘(z)In(lL—2)In(l1+2z), 9 45 BOS coc, 
| ; de = C(3)C(4) + C25) — Fe ols 
[ In®°(z) In(1 — x) In(1 +2) 4 7 5 -(3)¢(6) in Fc aye(s 
0 x 
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3.1.27 is 2") 92) ep 


Let gq € Z*. Then the following identity holds: 


[ In?4~" (z) In(1 — 2) 
0 


da = 2(2q — 1)! & - 1) In(2)¢(2q) 


Il 4 ae 
29g 5 
+(29— 1)! (« 41-5 ) ¢(2q +1) 
q-1 
—(2q — 1)! 5 ¢(2k)n(2q — 2k +1). (3.53) 
k=1 


Proof. Force integration by parts, 


[ In?4~1 (ar) In(1 — 2) ae 
0 


1+2 
_ [ In??—* (x) In(1 + 2) de — (29 —1) [ In?4-?(z) In(1 — x) In(1+ 2) da. 
0 l-«z 0 £ 
These two integrals are given in (3.50) and (3.52) respectively. 
Examples: 
’ In(a) In(1 — x) _ 1b 3 
[ RR Pe = Fas) - Fee) 
‘In'(z)In(l1—2), — 273 9 45 
fe = Fo) — Fce18) — Fwy 
‘In°(z)In(l—2) , 7575 295 
fe = Faery — Pearets) — ota (4 
- =F m2)¢(6) 
'In"(x)In(L—2), 803565 19845 
[ae = Selo) — Peay e(7) — a725c(a)c(6) 
~3780¢(3)¢(6) — 223”? mnc2)c(a). 


8 
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The following integral is related: 


* in? (a) In(1 — x) 
| x(1+2) os 


= 1 In?2-! (gz) In(1 — 2) : * n?4-1 (a) In(1 — x) . 
| oy 


x 1l+2 
{group the results (3.9) and (3.53)} 


~(2q1)!] (a— EAP) cant 1) -2 (1 say) im2yc(2a 


— 5° ¢(2k)n(2q — 2k + 1) (3.54) 
1 In?9(a@) In(1+a) 
3.1.28 fy BGs) de 
Let q € Z>o. Then the following identity holds: 
1 In?4(a) In(1 + 2) (2q)! (2q¢+ 1)! 
| see di — 5 In(2)6(2q + 1) — > B(2¢ + 2) 
q 
2q)! S° n(2q — 2k) B(2k + 2). (3.55) 
k=0 


Proof. Divide both sides of (1.100): 


(2 ae k+l 1 (1 — 2?) In*4 
20) ee a ee], irae)” 


by 1 + 2? then integrate from x = 0 — 1 using ie T= (—1)%a! B(a + 1), 
which is given in (1.62), we get 


q 
*) In*#(y) 
q)! (2q — 2k) (2k + 2) dyd. 
(2a)! > nl : = a) 12 nen oe 
{change the order of integration} 
1 1 _ a 
= 4 In” ( | a) d 
Leo, cancers”) 


. n?4(y) (? In(1 + yan - mn) a 
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* In*#(y) In(1 + y) ‘nth (y) * In*#(y) 
= 2 | laa dy | arr dy in(2) f Taye dy 
0 se) 0 ry o ity 


= 2 | In“4(x) In(1 + ) a9 + (2g + 1)! B(2g + 2) — (2q)! In(2)6(2q + 1). 
0 


1+? 
Examples: 
1 In(1 + x) _ T 
1 In? (x) n(1 + 2) _ . 
[ gr dt = GC(2) + In(2)8(8) — 28(4); 
14.4 
me a = 21G¢(4) + 12¢(2)8(4) + 121n(2)A(5) — 486(6); 
0 
1 7,6 
7 In’ (2) no) do = 1°95 (6) + 630c(4) 84) + 360¢(2)8(6) 
0 1+2 2 
+360 In(2)6(7) — 21608(8). 
The integral i. mit?) dz is also calculated in (3.96). 


The following is a related integral: 


/ In74(a) In(1 + 2) de 
0 


1a? 
Z a In?4(a) In(1 + ©) ten i [ In?4(a) In(1 + 2) de 
0 1 + x2 1 1 + x2 
r—1/x 
1 7,24 1 y,2q+1 
a 2 f In“? (x) In(1 +2) 4, / In (2) ae 
0 142? 9 142? 


{recall the results (3.55) and (1.62)} 
q 
= (2q)! In(2)B(2q + 1) + 2(2g)! S n(2q — 2k) B(2k + 2). (3.56) 
k=0 


1 In?4(x) In(1—a) 
3.1.29 0 ages 


Let q € Z5o. Then the following identity holds: 


1 2q oe ! 
il In“? (a) In(1 ©) ser Z (2q)! 
0 1+? 2 


(2q + 1)! 
2 


In(2) (2g + 1) — B(2q + 2) 


(continued) 
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qd 
2q)! S° ¢(2q — 2k) B(2k + 2). (3.57) 
k=0 


Proof. Consider the real parts of (1.111), 


q 
¢(2q — 2k) 2k+1 (yp fs (1 — 2”) 
—2(29)! In 

20)! > kD! mk ae dy 


Divide both sides by 1 + 2? then integrate from x = 0 > 1, 


q 
2q)! N° ¢(2q — 2k) B( B(2k + 2) =x f fa + no dyda 
k=0 


-[ in) nf a oar 7 
7 [ow wy) | eo (Pe = <p) i 


= [ner [x (722 y) iw) In(2) Yay 


2 2 f In4(y) In(1 — y) - 7 In?4**(y) ap [ In(2) In74(y) a 
j 1l+y? 9 1l+y? 0 1 eye 


= 2 f In tn =¥) dy + (2¢ + 1)!6(2q + 2) — (2)! In(2)6(2q¢ + 1). 


Examples: 


| BO) C= 2) 4, = age(2) + In(2)8(8) — 4804); 
6 1l+2 


[ mE LE = 24GC(4) + 24C(2)8(4) + 12 In(2)8(5) — 728(6); 
0 x 


| es = 720GC(6) + 720¢(4)8(4) + 720¢(2)8(6) 
0 xv 
+360 In(2)8(7) — 28808(8). 


The integral ie mi ) dx is also calculated in (3.97). 
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3.1.30 fo BA @in@-#) de 


Let q € Zso. Then the following identity holds: 


| In @) ate #) de = (24)! In(2)8(2¢ + 1) — (24+ 1)! B(24-+ 2) 
0 x 


(2s COG hear 22): (3.58) 


Me 


+2(2q)! 


> 
ll 


0 


Proof. By writing In(1 — x?) = In(1 — x) + In(1 +2), we have 


ul l 2q =e 
i: n°?(2)In(1— 2 ) ae 
(0) 1 + x? 


7 1 1n?4 (x) In(1 — x) 7 1 1n?4 (x) In(1 + 2) ; 
=| —_____——d +f de. 


1+ 2? 1+ <2? 


These two integral are given in (3.57) and (3.55) respectively. 


1 In ?4 (a) In( +> z) 
31.31 [2 2M) de 


Let q € Zso. Then the following identity holds: 


ae = Se : DCC k)B(2k+2). (3.59) 


[ In24(a) In Gal. 
0 


Proof. Set z = x? in (1.111) then consider the real parts, 


= on G(2q — 2k) | onas ’ (1 — a*) n?#(y) 
1022 aaa =" | Gat 


Divide both sides by 1 + x? then integrate from x = 0 > 1, 


(1- n2% 
4(2q)! n> cag — 298 (2k +2) =f fd a *) In"*(y) dydax 


eX co y) 


7 [ nw) If ‘e oe = ne - 
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[ In*4(y) [> ( arctanh ,/y + arccoth v#)) F 
0 


1l+y JY 
1 
" In?4(y) In (G2) in 
— KR + dy 
9 It+y 7 2/9 
pomom (ea), 
= y 
0 (l+y)/y 
2q i-« 
VUE" 0q41 i. In?"(c) In (455) . 
(0) 1+ 2? 


A different proof is by taking the difference of (3.55) and (3.57). 


3.1.32 is In?4 (a) arctan(x) dx 


1-2? 


Let gq € Z*. Then the following identity holds: 


palin t : 


(2q)! : 2k 
= S | 2*n(2q — 2k) B(2k + 2). (3.60) 


Proof. Set z = x? in (1.100), we have 


_ on N(2gq — 2k) 2k+1 (4) — : (1 — a*) In?4(y) 
102012 Op 2 = [ (lt ayer +y) 


Divide both sides by 1 + 2? then integrate from x = 0 > 1, 


12) P24 — 26) (2k + 2) -[[¢ Aaah om Yaya 


~ [ n(y) (| (1+ ye +y) ar) 2 


_ [ n4(y) ene) ag 
DHe o2q41 ie In?4(2) a -_ pent | de 


1— 2x? 
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{use arctan(1/x) = 7/2 — arctan(x) for x > 0} 


1 1,29 1 1,24 
= 2247 | 7 (2) dx — 229+2 | ee a ae (3.61) 
0 1-2 0 1-— x? 
Employ (3.14) for the first integral and the proof is finalized. 
Examples: 
' In? (a) arctan(a as 
fe an = ea) - Fect2) - 84) 
0 —2 16 
' In4(a) arctan(a 937 21 
[PSO ar = Se) — Zeca) - 3602814) - 12806) 
' In® (x) arctan(a) 57151 1395 315 
fae = con) — ap cl) — Petayaca) 
—906(2)8(6) — 3608(8); 
' In (x) arctan(2) 1609657 40005 9765 
= 4 
| ae = C0) ~ Sag (8) — 5 (6)8(4) 
—2205¢(4)8(6) — 5040¢(2)6(8) — 201606(10). 
If we let x = ea then write arctan (54) = 7 — arctan(y), we get 


dy 


1 In? (754) arctan(c) [ In“'(y)(F — arctan(y)) 
dx = 2 5 
0 r 0 1- y 
ft [ In?4(y) re af In?4(y) arctan(y) ay 
2 1-y? 1-y? 
{recall the relation (3.61)} 


q 
7 y: >- 2?*n(2q — 2k) B(2k + 2). (3.62) 


3.1.33 i in Me yin he") 


Let q € Zs. Then the following identity holds: 


[ORs = aye! (E-1) macte 
0 


1— x? 


(continued) 
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q-1 
"(q-1)! 5" B(q— k)B(k + 1). (3.63) 
k=0 


The following proof is due to Sean Stewart and it may be found in [23, p. 92-95]: 
Proof. Using the special case of the Leibniz integral rule (see [48)]): 


d rf 
dx 


where a is a constant, we can write 
d [ In? (ft) ee In?! (2) 
dr Jo 1-B 7 1-2? ° 
Multiply both sides by In(1 + 2) then integrate from « = 0 > 1, 
1 = 2 1 x al 
In? In(1 d In?“ (¢ 
| ee ae = f In(1 + 2?) | * at dx 
0 1—- x 0) dx 0 1- t? 
‘aa ee ” Indl (t 
sy anes a) a - = | ee ag 
0 1 = t? 2=0 0 1 + a2 0 1 = t? 
tou Int x? In?! (cu) 
=" In(2 i d 64 
ne) f — of ff (1+ 27)(1 — au a tune 30) 
write = = : : 
mee ~ (l+u2)(l—a2u2) (14+ u?)\(14+ 2?) 
1 1 1 
In? In?“ (xu) 
= In(2 ®) at > dud 
n(2) [ Hi ve [f (1+ «?)(1 + u?) — 


Frcs (ew 
dud 
-2f [ (1 + u?)(1 — 2?u?) oe 
dodo Utw ee), 


-=—— “aa az and u 


In? '( In?~! (xu) 
= In(2 t+2 odd 
nia) [ Dat + [f (+2 )\(1+ 0) uda 


In?~! (xu) 
dud 
a (1+ a?)(1 — a?u ae 
{add step (3. in to both sides then divide by two} 


1 int! ( In?" (au) 
=In(2) f nO +f [ (+2) cee ela 


In?~ at (xu) 
-ff To gaye dude. 
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First integral: Employ the result (3.14), 


1-# 


Second integral: Use the binomial theorem, 


[fl TH naan cramiran ff eae ae ooo 
=f an 


22) (2s) ([ 80) 


k= 
{make use of the result (1.62)} 


7 cy (1) q— k= 1)16(q— f)) ((-1)*e1 (8 + 1)) 


q-1 
= (-1)7 )*(q-1!S> Ba- B(k +1). 
k=0 
Third integral: Let x = +, 
In?- ' (xu) Uw dya- 1( 
meg tdu 
ae [awe “ff wy 
-[ In?*( Qf ma 
(0) 1-# t U 
' Inf(t 
--f we) ag 
A: 
= 1 


Grouping the three integrals completes the proof. 


Examples: 


* n(x) In(1 + 2?) 7 3 I ey, 
| dar = 1(3) ~ Fin(2)¢(2) - Fa 


1-2? 
1 In? (ax) In(1 + 2?) _7 45 
| 2 dx = 7 In(2)¢(3) — rice + 2G?; 


14,3 2 
[ In ents i 3 e(5) * in(2)¢(4) — 126 8(3) — 3n8(4); 
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1 in (x) n(1 + 2? 93 12285 
| a dae = z In(2)6(5) — 5g 6 (6) + 48GB(4) + 127865). 


3.1.34 [> @”-1 Lig(a)dax 


Let q € Z*. Then the following identity holds 


eae -1Hy 5 (-1)" 
fe *Li,(x)da = (—1)? = Z C(q-—k+1). (3.65) 


Proof. Let’s evaluate the following integrals: 


1 1 
@ 1 
| x”! Lig(x)dax ge Liz(x)|, += | x” In(1 — 2)dx 
0 n nN Jo 
{recall the result (1.124)} 
2 1 Ay 
me ci me (-=) 
n n n 


en (3.66) 


| a”! Lis(a)da 2 — Lis(z) _ ~ | x”! Lio(x)dax 
{substitute the result (3.66) } 
~)_1(<@)_ He) 


n n n n2 


ot ee oe, (3.67) 


nm nr 


6) 1 (60) Hs) 


(3.68) 
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In general, we have 


a grt Li, (z)dx = S(@) — s@- 1) +...+(-1)" $@) + ( age 
0 


n n? nq- nq 
q-1l 
k- a—ee 1) - Hy, 
ee 
= nr nm 


3.1.35 i a») Lio(©) qa 


Let q € Z*. Then the following identity holds: 


iE In"(1 2) Lis(®) a, _ (a9) (1 ACH: ) ¢(2q+3) 
0 


HG D) 


q 
2q)! S\(2k — 1)¢(2q — 2k + 3)¢(2k). (3.69) 
kal 


Proof. With subbing 1 — x = y, we have 
iA In?4(1 — x) Lig(z) |. = [ In?4(y) Lig(1 — y) a 
0 a 0 Ly 
{recall the dilogarithm reflection formula (1.80)} 


7 | a Wo (2) — In(y) In(1 — y) — Lig(y))dy 
0 y 


1 1,24 1 n2gtt n(1 — 1 n24 : 
=< [ Ws, : ed) a | In*(y) Lio) ay, 


1l-y 1l-y l-y 


The first integral is given in (3.8). For the second, let g > q+ 1 in (3.43), 


‘Ine (@) in — 1 
| n (x) In( ©) te = 5 (24 | 
0 


1-2 


2)!C(2q + 3) 
q 
—(2q + 1)! S © ¢(2q — 2k + 3)¢(2k). 
k=1 


Lalu ): 


For the third integral, expand = 


era °° 1 
i: n’“(y) i2(Y) ay on y"-! n24(y)dy 
0 0 


l-y 


in series as shown in (2.3), 
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“E (ora) (2H) 


n=1 


= (2g)! ee —aant ~ (24)!¢(2¢ +3) 
{replace q an q+ 1in (4.21) to get this sum} 


= (2a)}6(2)¢(20-+ 1) ~ (Slat 2)@2a+ 1) +1) Ca)tc2a+3) 


q 
+2(2q)! S> kC(2q — 2k + 2)¢(2k + 1) 
k=1 
{reverse the order of the sum terms using (1.2)} 


= (2a)6(2}¢(2a-+ 1) ~ (5(a+ 2)@2a+ 1) +1) Ca)tc2a+3) 


q 
2q)!S0(q—k +1) ¢(2q — 2k + 3)¢(2k). 
k=1 
Group the three integrals to finalize the proof. 


Examples: 


[ In?(1 — x) Lig(z) 
0 


x 


da = 2¢(2)¢(3) — ¢(5); 


24¢(2)¢(5) + 72¢(3)¢(4) — 96¢(7); 


[ In*(1 — x) Lie(x) dee 
0 


x 


dx = 360¢(3)C(6) + 2160¢(4)¢(5) + 7200¢(2)¢(7) 
—6840¢(9); 


x 


[ In®(1 — x) Lig(z) 
0 


| In’ (= 2) Bin(™) 4, — ogonanc(3)c(8) + 120960¢(4)C(7) + 201600¢(5)¢(6) 
0 x 


+40320¢(2)¢(9) — 685440¢(11). 


3.1.36 [oo He da 


Let q € Z*. Then the following identity holds: 


i So ae = = — 27 a Hq). (3.70) 
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Proof. By writing the integral representation of Liy(—a7), we have 
CO 73 (x? oo _1)4 1 v2 In? af 
[Se [ota (nL a) 
9 1l+2 o lta? \(q- 1! Jo a 
(-1)" [ =| [ a 
=> ——_ ] q d 
id) ™ OVW, Creare) 
1 


-gemt Gyre) 


jee (1)! nt¥(0) 
7 (q—1)! =f l+a te 


This integral is given in (1.53). 
Examples: 


7 ccieua ne = —7In(2); 
0 


ae : 
[ Lig(—a? iF ee 
0 1+ x 90 


3.1.37 fro Meda 


1+a? 


Let q € Z*. Then the following identity holds: 


co Li io i 
ii a aa - a n(q) — ¢B(q +1). (3.71) 


Proof. Following the previous proof, 
ST (- oo q 1 In? a 
| ial Fae = f ate Z pT“ ay) aa 
9 l+a o9 lta? \(q-UlJo L+e2ry 
(-1)" [ = ([- ) 
= In? da }d 
@-md, ™ OU, Tred rey) & 
iy - a-t,,) (7 _y¥ _ Inty) 
“G0 aie ie) 


8 
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ky [ yn? "(y) ay [ In*(y) ay 
0 


~ Xq—1)! i¢yp “%  @-DI Jp 14H 
These two integrals are given in (3.13) and (1.62) respectively. 
Examples: 
Co Li = 
; BS) ie In(2) — G; 
(0) 1 + x? 
°° Lig(—2) n° 
dz = 28(3 
| 7 de = — Fe — 2803) 
Li3(—2) 30 
— 4 
[Beer = - Fe) — 38a 
°° Lig (—2r) T° 
= AB(5 
| 1+2? 23040 A(S) 


3.1.38 f) “2 dae 


Let g € Zs. Then the following identity holds: 


i Lig(=2) |. = (3 + 5 = 1) C(q + 1) — In(2)n(q) 


Il ap ae 
1 
a (k + 1)n(q—k). (3.72) 
k=1 
. 1 _1 1 
Proof. Using => =; Zita) We have 


wtiatoih- fg (EMG fy) 


_4)¢ pt In?-t(y) In 7 
aga (x35) 


(q—1)! =4 


—(1-2°%)¢(q+ 1) 


This integral is calculated in (3.47). 
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Examples: 
* Li(—2) 1 1 
[ Tag at = 7608) — 5 202); 
*Lig(-z) , 5 3 
| Toe OP pe ne 
*Lig(-2) , 17 fi 3 
[Par = Feo) — Finca) - 2e@Vc09) 
Li (=n) _ 49 9 5 15 
| er q 64 (6) 306 (3) i6 | (2)¢(5) 


3.1.39 [) 22d 


Let q € Z*. Then the following identity holds: 
Lig, (x) ) — 2q +1 ; 
i Tag ot = In2)C(24) — (4 — Sager } Sa +1) 


+ yl Bee Oa glk Ne (3.73) 


Proof. 


[altace [la [ Hal 
=tien ob f ts (qa f Sa) ae 
tie + og foo (Lf os)” 
cert + gtag fier iqy (MOT BA=W) ag 


These two integrals are given in (3.11) and (3.57) respectively. 
Examples: 


*Lie(z), es sss 
[eee = meaner) - Zot) 
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‘Lig(z) , 15 OTT iy 
[ae = menc(o) + FEI) + FEO) — FRC 
(x 


128 


1 Lig(2) 3 15 63 2039 
| pass ide = In(2)6(8) + 56(3)C(6) + eC(4)C(5) + G(T) — F569). 


3.1.40 fp et dae 


Let q € Zso. Then the following identity holds: 


ere 
Lo!) 1 
i) meee dt = jaq+3 1(29 + 1) — 5 (29 + 1)B(2q + 2) 


qd 
+" n(2q— 2k) B(2k + 2). (3.74) 


Proof. 


“fcin(f 2) 
= i In?4(y) ( | Sa") oy 


Pp In(l+y) In(2) 1 T Y 
= / In” 
[ " w( i¢y 2 14+¥ Te) 


T 1n?4(y) In(1 In(2) f+ In24 1 yIn74 
= n’“(y) a ay 2 f n Wa a yln OFM 
0 1l+y 2 o l+y 4 Jo Ilt+y 


Collect the results (3.55), (1.62), and (3.13) to finish the proof. 
Examples: 
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Note that i vn aoe dda = fe mite ) dx, which is also calculated in (3.96). 


3.1.41 f) “tt de 


Let q € Zso. Then the following identity holds: 


i 1 
i rt) ay = 5 (20 + 1)B(2q + 2) — agra (29 +) 
q 
— "¢(2q — 2k) B(2k + 2). (3.75) 


k=0 


Proof. 


(29)! . * Lizgt1(2) 4, 
_ [ a (f iy) ce 
=f of ajar) 


: In(2) Ty In(1 — y) 
= In22 d 
[ww Creso +P) ity ) 
_ In) [ n(y) 4 [ yn""(y) | [ In*4(y) In(1 — Wa 
2 ity 4 4 faye ae 1+y? . 


These three integral are given in (1.62), (3.13), and (3.57) respectively. 


Examples: 


{ees 
| Lin() a =G- = In(2); 
0 8 


14 2? 
37 
~ Ta8$ 


| * His(®) ay, — 99(4) — G¢(2) (3); 


(0) 1+ 2? 
157 


" Lis (2) _ 
| Ta g2 dt = 38(8) — B(4)C(2) — GC(4) 


*Liz(x) 630 
| i+@ dx = 48(8) — B(6)¢(2) — B(4)C(4) — GC(6) ag76g 66): 
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3.1.42 fp HaetC* ae 


Let q € Zso. Then the following identity holds: 


1 _ 2 u 
i a ee = 224-1 n(2q 41) 42 SS 27*n(2q — 2k)6(2k + 2). 
0 k=0 


(3.76) 


Proof. 


[i oraarem) * 
2 [ In?4(y) (F u at) ay 


y Vy(l—y) 
_7 [ In?4(y) ay [ In74(y) arctan(,/¥) a 
4 Jo 1l-y 0 Vu(l — y) 
172 17,2 
g=0 7 { In“? (y) a gaat f In“? (x) arctan(x) 4. 
4A Jo 1l-y 0 1 — x? 


These two integrals are given in (3.8) and (3.60). 


Examples: 


’ Li, (—2?) T 
———————_ = = — 2 
[ 1+ 2? ee 2 ay 


1 Tig(—2?) | 3 -¢(3): 
| Far de = 48(4) + GC(2) ~ SC (3) 


a Li (—2?) = 7 15 ‘ 
| gr Ut = 168(6) + 48(4)¢(2) + FEC(4) — F165); 


1 Li7(—2x?) _ 31 63 
i FT page Ft = G48 (8) + 168 (6)C(2) + 7A(A)C(A) + FE GC(8) — S C(7). 
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co In?4 (a) 
3.1.43 [5° 2-@ade 
Let q € Z>o. Then the following identity holds: 
foe) a\2qtl 
n(x) | icy : : 2q |Eog— alin 2j Buia 
1 nue = SS 2; Qj (y). (3.77) 
o ltyr VI i 


Proof. Make the change of variable x = 


[eae Ftv mi 


a 
use the binomial theorem (a + y)* = S- 40 eyes 
j=0 


-= =| = *) w(ya(— n(n) | 


Lepr? 
> j = in 
= — : wy) | = 
7 ja0 x 0 1+t 
2q q q 
use S> f(j )=S > f2Q)4+> 5 fQI+) 
j=0 j=0 j=0 
1 <4 (26 Seek In24--24 (t) 
= — In? | ——,—dt 
Y 50 &) oe 0 1+? 
1S ( 2q ) 2j+1 ter) 
+—S- ln (va | “=a 
V5 N25 +1 ae. iba 
{based on (3.22), ignore the second sum since the power of In(t) is odd} 
i< (77) a © 1n?4-79 (¢) 
= — _} in ‘vn [ sage le 
JV ar 2] 0 1+t 


This integral is found in (3.21). 


203 
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co In?29-1 (x 
3.1.44 i yar da 


Let q € Z*. Then the following identity holds: 


a = nw\2q—-1 q-1 
| ee Ss (or ) et ne) 
| (lt ye? aay = 2j+1 729 ‘ 


(3.78) 


Proof. Applying the previous proof, we have 


[ In?2-1 (xr) ins - —l mc o Qq-1 dt 
o l+ya? VU Jo 


z -1 oo f2q-1 2q— 1 eg = yas dt 
-s/ > ( FT) inl vamos | 


sel (2 ‘ wiv [> more 


2q-1 q-1 q-1 


use S* f(j) = f(27)+ ° fQ7 +1) 


j=0 j=0 j=0 


7%! _ oo 1,.2g—2j—-1 
al ieicga) : eee Sg 


q-1 - ; co 1, 2q—2j-2 
et & i) In2I+1(/y) | Ee ay 
j=0 


0 1+ 


Ignore the first sum and the proof follows on substituting (3.21). 


3.1.45 [5° In?4 (x) Mapen(—2") dy 


Let g,p € Z*. Then the following identity holds: 


yr In?4 (a) Ligp41(—2?) 
fa 142? 


Tw 2q+1 
dx =|Eaq|($) 6(27+1) 


(continued) 
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gryodel ¢ , 
5 2q) (2p +23)! : 
@) ( | OP +2) raya, (22742741 — 1)¢(25 + 2p +1). 


(2p)! om, 25 Wd 
(3.79) 


Proof. 


i In74(a) Lisp +1(—2") 4 
0 1 + x2 


ee) 2q 1 .21,,2p 
_ | In“? (a) 1 | x In*P(y) ay ae 
o L+2? \(2p)! Jo 1+ yz? 
1 =. co —? In?4 (a) ) 
=- — In*? dx } d 
aL (Lapse ey) 
1 1..2p co 1,,2q co 1,29 
_ il | In*?(y) (/ In ay / In <)az) ai 
(2p)! Jo l-y o itz 0 ityz 
{these two integrals are given in (3.21) and (3.77)} 
2qt+1 ft p2P 
(2p)! \2 o l-y 


n\2atl gq pl 1 2j5+2p 
= (5) ¥ & | Exq—2; | 79 pe (y) dy 
(2p)! 2j 0 Vy¥l—y) 


{let \/y = x in the second integral } 


_ | Enq Cua n’?(y) 
(2p)! \2 ~ f=" 


a\2qtl gq 1 7.2j7+2 

m 2 ae In2i+2P 

(3) > ( 1) Bag-ayla tigen f n () ay 
; 0 


(2p)! 23 1— «a? 


j=0 


The proof completes on employing (3.8) and (3.14). 


Examples: 
© In? (x) Li3(—2x?) 93 a4 
fae = Frc) — F203) 
© In* (x) Lis(—x?) 5715 270 2, ca 
fe ee = - Pacey - Prete) - arch 
© In4 (2) Lis(—x?) 53655 BTS yg (oe 
fae = Paco) — alr) — Be PC08) 
© In®(x) Lis(—2?) 9672075 804825 142875 
de 11 i 
fae = SR can) — ate) — Pact) 


206 Chapter 3. Logarithmic Integrals 


915 


aa oe iF 


3.1.46 foo BG) a2) ay 


Let g,p € Z*. Then the following identity holds: 


* 


i nt abe a) 
5 1+2? ~ 2(2p—1)! 
-—1 


2q —1\ (2p +2 
( q ) re Baa oj—2|(279 +P +1 — 1)¢(2j + 2p +1). (3.80) 
4 27+1 m3 


* 


J 


Proof. Applying the previous proof, we have 
a In74~* (x) Lioy(—z?) ay 
0 


142? 
oO] 2q-1 1 2] 2p—1 
=) n (2) (/ «* In way) de 
0 l+a 9 (2p—1)!(1 + ya?) 
1 I oy? In?2- 1 (zr) 
ee A ie | d Ja 
aaah OU arate) & 
1 2p—-1 co 2q-1 foe) 2q—-1 
_ 1 i In (y) i: In (2) ae i: In () ay dg 
(Qp—1)! Jo l-y o Ll+ye? go. ° debe 


{the first integral is given in (3.78) and the second one is zero} 


Gets 21+2P (y) 


: In 
—_5|n 24 ——__—“““dy 
“aaa 2q-2j—2 0 V¥(l—y) 


2q-1 q-1 ; 
ve" ant aaa » | Hog—25-2|" 7422942” [ ae 
(2p — 1)! re aoe 9 1-2? 


and the proof completes on using (3.14). 


Examples: 
“In(z)Lig(-z?), = 7 
fe - -Facea) 
© In? (x) Lig(—2?) 1905 Oo eich m 
| 1+ 2 daz = D) ™¢(7) T ¢(5); 


© In? (x) Lig(—2?) 9525 775 
| eer dx = —536557C(9) 7 m°C(7) a m°C(5); 
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, In? (x) Lig(—x?) dn — _ 1934415 53655 5 ¢ 
0) 


‘ey c= 5 mC(11) (9) 3 m°C(7). 


3.1.47 i; In? MC) siaepeloe lay 


Let g,p € Z*. then the following identity holds: 


a In?4 (a) Liop41(—2 ) 2qt1 
fe ee = Slel(G) © See) 


= 2q+1 
, — » @ ee Eoog24|(22742?*1 — 1)¢(25 + 2p +1) 


p 
2k +2 1)! 
25>! + 2q + 1)! 2x 


2p — 2 2 Dy 2). 81 
2.” @k+ iI)! (2p — 2k) B(2k + 2q + 2) (3.81) 
Proof. 
i In?4 (2) Lisp+1(—2") 4 
0 14+ 2? 
Z [ In*4(«) Lisp") a [ In74(a) Ligp+1(—2") 1, 
0 l+a 1 1+ 2? 
rz—1/ax 
a [ In?4(x) Lisp+1(—2") | i In?4(z) Ligp41(-) a 
0 1 + x? 0 1 + x2 


{add the integral to both sides then divide by 2} 


| _ In?4(a) Ligp41(—2?) 
> 2 0 1 + x2 


1 fh in24(x) /.. — 1 
5 ‘i mt Re ae (Lispsa(-0 ) —_ Ligp41 (-)) dz. 
The first integral is given in (3.79). For the second, set z = a? in (1.95) to get 
14,2 
n24(x) /.. i Ss 1 
i Tac ae (Linpsa(-a ) — Lign+1 ee dx 


1 in?4 (a) “(2p — 2k)» ons1/ 9 
-| 142? ( oe (2k + 1)! mene )) a 


dx 
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P 1 7,.2k+2q+1 
2p — 2k l 
_ 45> 7p dar f n () ae 
— (2k+1)! Jo 142? 


{make use of (1.62) to get this integral} 


= (2k + 2q¢ +1)! ;: 
- D> OR ee eee): 


Combining the two integral completes the proof. 


Examples: 
"In?(a) Li3(—a?) | 93 Br ray. 
[TES ae = 0916) + 86029814) - Fnc(s) - ce 
1 4 if 
. te) et) an = 33605(8) + 1206(2)8(6 = oe aT 7) 
279 15 
9 596(8) — Sen°C(3) 
1 4 : 2 
| ma = 4838410) + 3360¢(2)3(8) + 210¢(4) (6) 
0 xv 
53655 5715 75 
% nc(0) — ee ng(7) — PnP C(5): 


| In?(@) Lis(—#?) 5 _ 53222408(12) + 241920¢(2)8(10) + 8820¢(4)(8) 
0 


142? 
9672075 804825 142875 5 915 _ 
207 (11) — SAE? n¢(9) — EBT 8 (7) — PP n7 C05). 


3.1.48 i. In?47 cones da 


Let q,p € Z*. Then the following identity holds: 


* 


= ; r\ 29-1 
i In°4~*() Liap(—a?) 4 _ — G)* 
0 


1+ 22 ~ A(2p — 1)! 
q-1 
2g \ (2p? ' 
(Br Oe ay aj a 2 — 1)C(2y + 2p-+1) 
g=U q 
Pp 
2k + 2q — 1)! 
a3! oe ) 92k n(2p — 2k) B(2k + 24). (3.82) 
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Proof. We apply the previous proof, 


[ In??~* (x) Liag(—a?) 
0 


1+ 2? 


= i’ In?2~1 (x) Ligp(—2") 4 i In??~1 (x) Ligp(—2") | 
0 1 


dx 


142? 


142? 


oe [ In?4? (a2) Lign(—x?) 
0 


2 1+ x? 
1 fp) in***(a) /.. 7 : 1 
ff ine (Liao( x") + Lig, (-=)) dz. 
The first integral is given in (3.80). For the second, set z = x? in (1.94) 
1 1.2q-1 
In*?“(x) 1 
Li 2) + Lig, | -—— | ] d 
[ 142? izp(—2") + Disp x? ' 


= * n?4-? (x) ‘ n(2p — 2k). » 2 
i laa ( 25° In?* (x )) a 


_ a In??~1 (a) Ligp(—a") 5 ‘i i In?4~" (z) Lig, (—) 
0 0 


dx 


24 (2k)! 
P 1 1,.2k+2q-1 
n(2p — 2k) f In (x) 
ps Gal Je aaa 


= 2 A hp — 24) 902k + 24). 
k=0 : 


Put together the two integral to finish the proof. 


Examples: 


[ ine) BaF ay = 68(4) + =¢(2)8(2) - era); 
0 Te 


2 4 
© in? in(—x? 
| ma = 16806(8) + 120¢(2)6(6) + 7 (4) 8(4) 
1905 


93 
TST) — Pcs); 
| In'() at") a = 1209608(10) + 5040¢(2);(8) + 1056 (4516) 
0 av 


9525 5 775 5 eres 
5769) — ——n8¢(7) — Sn C(5); 
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ie In? (x) Lig(—2?) 
; ee ee ee = 17740808(12) + 120960¢(2)8(10) + 8820¢(4) 6(8) 


465 1934415 53655 9525 
+—2.¢(6)8(6) — xg (11) — = a8¢(9) = Fa C(7), 


3.2 Integral Transformations 


3.2.1 [) m@mC-2) de 


a(1—a) 


The following identity holds: 


[ fee NS gn a se ae ae) (3.83) 
0 0 


x(1— 2) x 


Proof. 
i In?(x) In?(1 — x) 
0 x(1-2) 
1y.4 q(q 1,4 qq 
= In? (x) In?(1 Dac+ | In? (x) In?(1 ©) a 
0 l-@ 0 
1-22 


_ f' in'(1 - 2) In?(z) i " In? (x) In? (1 — x) 
- {tay | ee 


x 
x x 
= if In? (ax) In?(1 — x) 
=2 = 
% In4(a2) In?(1—x) 
3.2.2 fe ——~p(nay a 
The following identity holds: 
3 qd qd a 1 qd qd = 
| In? (a) In?(1 Dae = | In? (a) In?(1 ©) a. (3.84) 
0 a(1— 2) 0 Mb 


Proof. Making the substitution 1 — 7 —> a, 


2 Inf(1—2)In%(z), _f* In*(x) n?(1 — 2) 7 
i x(1— 2) : = (l—-2a)a . 
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1 

? In’(1— x) In! 

add | aE 2 EN) aco pote thed divides 
0 x(1— <2) 


2 In@(1 — q lyyt(1 — q 
| In?(1 — a) In AE) ip | In?(1— 2) In (*) 4. 
0 1 


2 x(1—2) 2/2 x(1— <2) 
_l [ In?(1 — 2) In"(2) oe. 
2 Jo x(1—2) 
This integral is given in (3.83). 
2 In@(2x) In(1—a) 
3.2.3 [2 B*Ge)mG—e) ay 
The following identity holds: 
2 In? (22) n(1 — x) = 
dx = (-1)7""4q! ae 3.85 
eee te) lia O85) 


Proof. Start with subbing « = 5, 


2 In%(2r)In(1—a), ft n%(y)In(1 — ¥) 
fo aeg 8h 
In(1 — y/2) 


expand —-———— in series as given in (2.4) 
1—y/2 


af n’(y) (-3o (3)") _ 


Following the same steps above, we obtain 


I In‘(2z) In(1 7 x) dz = ( 1a! S- Ay-1 
? =1 


1-2 
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= (-1)""¢! (>: — 3 x) 
= (—1)%q! (sie (5) > ste (3.86) 
3.2.4 fp Gren te) dx 
The following identity holds: 
if nil Zk ait ees ( DS ce | a 


Proof. Using the integral form of Het) given in (1.122), we have 


oO (q+1) ro 1 y.4 n 
n 1 In?(x)(1 — 2”) 
—1)%q! = 
Gat) Wiaecr me Der, (/ [og ae 


n=1 n=1 


' In? (a) “1-2” 
-{ 1-2 2d n2” oe 


3.3. Results of Logarithmic Integrals 


3.3.1 fe sin(2n2a) cot(x)dx 


Let n € Zt. Show that 


us 


| sin(2n2) cot(#)dxz = —. (3.88) 
0 


Se 
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Solution. Since cos z = Ke”, which follows from Euler’s formula, we have 


n-1 n-1 
x cos((2k + 1)ar) = RS” eee 
k=0 k=0 
n-1 
— {e S- enh 
k=0 


{use the geometric series formula} 


me ezien 
= afer} 


{make use of e’” = cos x + isin x and simplify} 


aes {oer ae) 


a T E: 
2sin x sin x 


sin(2nx) 
~ Qsing * 
Separate the first term of the sum, 


n—1 


=F eos ((2k + 1) )x) = cosa + 5 > cos((2k + 1)z). 
k=1 


sin(2nz) 
“Qsina~ 


Multiply both sides by 2 cos z, 
n-1 


sin(2nz) cot x = 2cos” x + S- 2cos((2k + 1)x) cos x. 
k=1 


Use 2 cos? x = 1 + cos(2) and 2 cos acos b = cos(a — b) + cos(a + b), 
n-1 
sin(2nx) cot x = 1+ cos(2a) + S- [cos(2ka) + cos((2k + 2)a)]. 
k=1 


Now integrate both sides from 7 = 0 to 3, 


us 


| sin(2nx) cot rdx 
0 


rT n— 


= fo + cos(2z)) Nae + f° 3] [cos(2ka) + cos((2k + 2)x)|da 
0 


{reverse the order of Meas and summation} 
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sin(2x) 
a 


3 4 3 [tcostoka) + cos((2k + 2)x)|\da 
0 fn 70 

_ om sin(r) 1% Jsin(Qkr) — sin((2k + 2)x)]? 
a oe | k k+1 | 


k=1 0 


_t _lysin(kr) | 1 sin(kr +7) 
= hs c td k+1 


{use sin(a + b) = sin(a) cos(b) + cos(a) sin(b) for the second sum} 


n-1 n—1 
0 sin(kz) = 1 sin(k7) cos(7) + cos(k7) sin(7) 


{note that sin(nz) = 0 for integer n} 


TT 
2° 
3.3.2 [? In(sinx)dax 


Show that 
2 
i In(sin.x)da = -> In(2). (3.89) 
0 


Solution (i). By using the Fourier series of In(sin x) given in (2.90), we have 


a In(sin z)da = ia In(2) > cos(2nx) de 
: . n=1 n 
= -| In(2)da — - | cos(2nax)da 
2 n=1 0 
= sin(2nz) 2 
= In(2 ; 
0) 
_ el sin(n7) 
= In(2) d ae 
= a In(2) — 0 
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we get 
In(sin x) = In(sin(2x)) — In(cos x) — In(2). 
Using this identity yields 


| ° In(sin x)dax 
0 


i * tn(sin(22))de — | * tuleswa dae ‘i * in(2)de 
Vec—_-—_— 


0 
—e——— 
22=y 


z= /2—-y 


= aA insinypay ~ f° In (cos (7 = v)) dy= 5 in(2) 


ie In(siny)ay + f In(sin y)dy -f In(sin y)dy — = In(2) 
0 x 0 


ne] 
y=T—U 


(f° In(sin y)dy +f nina) - i In(sin y)dy — 5 In(2) 
0 0 0 


— a In(sin y)dy — I In(sin y)dy — = In(2) 
0 


Solution (iii). 


ia In(sinz)dz = lim ° sin??-1 (x) In(sin x)da 
0 


b> $ 0 
‘ 710. 4 
= a , 20 sin’’*(x)da 
is, 2 


b 

1 d T(3)P() 
= 1 

441 dbT(b+ 3) 


{use I’ (a) = '(x)q)(a) given in (1.144)} 
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“4 T(6+ 2) 
_1MP@)WG)- vA) 
4 T(1) 


{write (1/2) = Wx and (1) = —y} 
T 1 
-7(() +9) 
{recall the result (1.148)} 
= 7(-2nQ)) 


= —F In(2). 
3.3.3 [? @ln(sina)dax 


Show that 


ae 
Be 


3 3 
In(sin z)dz = —¢(3) — — In(2)¢(2). 3.90 
; x In(sin x)da 16¢(3) Z (2)¢ (2) (3.90) 


Solution. Again, by using the Fourier series of In(sin x), we get 


7 


2 ; _ f? \ cos(2na) 
[O niinayae = f “( In(2) d = Jes 


z “1 2 
= -| In(2)a da — y, -| x cos(2nx)dx 
0 m Jo 


n=1 


cos(2nx) a x sin(2nx)]? 
4n? 2n 


0 


1 
T “1 (cos(nt) — msin(n) 1 
aia In(2) S- = ( + ) 


An? 4n 4n2 


n=1 


n 1 /(-1)” 0 il 
~ 8 mat?) 2 n ( 4n2 bs 4n ms 
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= -* m2) 7 Lisl 1) + 7¢(3). 


The solution completes on writing Liz(—1) = —*¢(3) and = = ¢(2). 


Moreover, by using the Fourier series of In(cos z) given in (2.93) and applying the 
same steps above, we get 


[ x In(cos x)dx = - x ( In(2) S- (—1)" core) ae 
7 2 n=1 nm 
= jm }6(2) ~ (GF+2-5) 
= tet teen Cay? 
= —= In(2)¢(2) 12a 53 rem = 
3 7 
3.3.4 |? In?(sinw)da 
Show that : 
ee diem SOS 1? ae 
I gaa a rr (3.92) 


Solution (i). Using 
In?(sin az) = — In?(2) — 21n(2) In(sin x) + In?(2sinz), 


we have 


™ 


| “In? (sin x)dx 
0 


x 


= -[ In? (2)da — 2in(2) | In(sin x)da + ia In? (2 sin x)da. 
0 


0 0 


The first integral is 5 In?(2) and the second integral is — 5 In(2) given in (3.89). 


For the third one, use the Fourier series of In? (2 sin x) given in (2.110), 


[ In?(2sinx)da = [ ((; —2)" aye * cos = ce(an) da 


n=1 
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rf 2). An—1 sin(2nz) 2 


0 n 2n- Io 
3 
1 HAn-1  sin(nm) 
2 : 
~ 24 = * 2n 
3 
T 
=— +0. 
24 7 


Combining the three integrals completes the solution 


Solution (ii). 


oo 
NIA 
5, 
os 
, 
=) 
aw 
Q 
8 
lI 
LE 
[A 


sin??—! (2) In? (sin x) da 
ess ) 


ae 1 2 
= lim a. ae sin??-1(x)da 
b>5 Jo 4 Ob 


1 e 2 2b-1 
tae sin” * (a)da 
1 Odie fl 
l B b 
ook db 2 (5: ) 


at @ 1(35)r 
1m 
8 o+1 db? T(b+ 4) 


Ta@+5) [we — bla +b)? + 4 (b) — dM (at 0) 


- iw (: (3) - ven) +9 (3) -vom 


{recall the results (1.148), (1.157), and (1.155)} 


= - [(-2 In(2))? + 3¢(2) — c(2)| 
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3.3.5 fe In(sin x) In(cos x)dax 


Show that = 
z 3 
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i * In(sin 2) In(cos2)de = = In?(2) — ©. (3.93) 


5 D 48 


Solution (i). Let a = In(sin x) and b = In(cos x) in the algebraic identity: 


we have 
; is Ges Lag lo 
In(sin x) In(cos 7) = a In“(sin x) + 5 In“(cos 7) — 5 In“(tan x). 


Exploiting this identity gives 


7 


| ° In(sin x) In(cos «)da 


0 


1 fz 1 fz 1 2 
= Al In? (sin x)da + Al In*(cose)aae—5 | In? (tan x)da 
2 Jo 2 Jo 2 Jo 
Ee 


=-__™ 
z=7/2-y tan xz=y 
1 f? ee 1 f°? in 
= a In? (sin 2)da + a In?(sin y)dy — >| ae dy 
5 al co ] 2 
=} In?(sin x)da — al le dy 
0 2 Jy. Lory 


These two integrals are given in (3.92) and (3.21). 
Solution (ii). 


r 


| In(sin x) In(cos 7)da 


0 


= lim | cos?! (x) sin??~ (x) In(sin x) In(cos x)dax 


a—1/2 (0) 
b> 1/2 
71 0 
= in, | 13006 cos?¢—1 (a) sin??-1! (x) dx 
b> 1/2 
I... 0? 


3 
ey 2a-1 + 2b—1 
ec sane | cos (x) sin*”“(a)da 
b> 1/2 
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1. Oo 1 
= dain baBb 2 6”? 
b> 1/2 
das 0? T(a)I(b) 
8 Pcie Oadb T'(a + b) 
b> 1/2 
_  L(a)P(b) (1) 
5h Ted [(r(a) — (a +8)) (HO) — Ya +0) —¥M(a +0) 
b> 1/2 


= (+ (3)- ww) - ao) 


{recall the results (1.148) and (1.155)} 


3.3.6 |? x In?(sinx)dx 


Show that 


| : zln*(sinx)da = Liy (5) Bee oe In?(2)¢(2)-+— In4(2). (3.94) 
0 


Solution. Write In? (sin 2) = — In?(2) — 21In(2) In(sina) + In?(2sin 2), 


us 


‘ 2 
| x In*(sin x)da 
0 


= -[ a In? (2)da — 2in(2) f° x In(sin x)da +f an? (2sinx)dz. 
0 


0 0 


The first integral is ~ In? (2) and the second integral is given in (3.90). For the third 
one, again we use the Fourier series of ln (2 sin x) to get 


x 
| az In?(2sina)dax 


0 


z 2 S An z 
=| z(—2) ara | x cos(2nx)dx 
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Hy_-1 [cos(2nz)  xsin(2nz) 1. ]-2 
= “ sy = An? 2n An? | 
15  An-1 (cos(nt) — msin(nz) 1 

= 4) +2 
(4) se n ( 4n? An 4n? 


32 = 
love) Hy ak ir 1 
4)+2 a 
) d n ( An? zz) 
15 tee (—)" T5351. 15 By, 1-2 (1's, 
= 4 
3964) 2 n4 +5 Qu a a as +3 n3 
{the second sum is Li,(—1) = —7/8 ¢(4) and } 


{the last two sums are calculated in (4.4) and (4.86) respectively } 


= Lis (5) — ca) + Zmeycts) — FmP(2}o(2) + J 


The solution finishes on grouping the three integrals 
3 2 
3.3.7 [,? «ln*(cos x)da 


Show that 
: In?(cos x)da = — Li hee (4)+In?(2)¢(2) = =(2).(3195) 
| az \n*(cosx)dxa = ia | 5 396 tIn*(2)¢ ~ 54 2). G. 


Solution. Write In? (cos «) = — In?(2) — 21n(2) In(cos x) + In?(2 cos x), 


7 


= 2 
| x In*(cos x)dx 


0 
: x |n(cos x)da +f a In?(2cosa)dx. 
0 


z 
= -{ a In?(2)da — 21n(2) [ 
0 0 
The first integral is ™ In? (2) and the second integral is given in (3.91). For the third 


one, we use the Fourier series of In? (2 cos x) given in (2.109) to get 


x 
| az In?(2.cosx)da 


0 
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(=1)"An-1 f? 
ay ede +2y OV es f x cos(2nx)dx 
0 


= n 0 
n=1 
mt “ (-1)"(Hn — 4) ((-1)" i 
} 2 n 
64 d n ( An? za) 
_ 45 Id 1S)” 1S En 1G (-1)"Fn 
396(4) 2 +32 n4 15 as pe n3 


The solution finishes on grouping the three integrals. 


1 In(1l+a 
3.3.8 f, BC Pdex 


Show that 
In(1 + 2) T 
d In(2). 3.96 
if life 8 Hn) oo 
Solution. Let 7 > ee 
2 
i. In(1 +2) : In (c) 
——_—“dr = —~— dz 
9 l+2? 9 l+2? 


lod lin( 
=in(2) [ | . F) 
0 x 0 +2 


{add the integral to both sides then divide by 2} 


3.3.9 f) Bode 


Show that 


Min(l 2) 1 
i par de = 7 In(2) -G. (3.97) 
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Solution. Let « > 752, 
22x 
[ In(1 So 5 = [ In (25) ai 
o9 lt+2 9 l+2? 


1 1 
= i In(2z) de 7 In(1 + 2) a5 
0 1 + x2 0 1 + x2 


{add the integral to both sides then divide by 2} 


1 1 In i-z 
= a In(22) i 4: a (452) re 
0 0 


~ 2 1+ a? 2 1+ 2? 


a—(1—2)/(1+2) 


1 1 da ' In(a) 
—-—] y) d a 
5 [ eae i+22° 


The first integral is 7 and the second is —G given in (1.163). 


3.3.10 [, BC) mGre) gy 


Show that 


1 In(1 — z)In(1+ 2) ae. 
| = die = 36(3): (3.98) 


Solution. Using 


In(1 — 2) n(1 +2) = 7 a?) zm? (T=), 


we have 


2 -—« 
ia In(1 — x) In(1 + ©) te 1 [ m2(1 — i 1 [ In (452) . 
0 0 a 4 Jo 


=—_—“- 
inte e=(1—y)/(1+y) 
1 1 1 2 1 ‘ll l 2 
2 | n’(y) dy | n(y) dy 
8 0 1 —yY 2 0 1 a y? 


1 
{write z= 3 in the second integral} 
I-y y 
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3 1 ny? 1 1 ln? 
2 [ Feat fp eey 
o l-y 2 Jo 


This integral is given in (3.8). 
2 In(x) In(1—2) 
3.3.11 iP gee 


Show that 


[ ge) ay (3.99) 
0 ° g 


Solution (i). Using 


a! 2 1 2 x 1 2 
In(xv) n(1 — x) = 5 In (1-2) 5 In (+) + 5 In (x), 
we have 
- In(x) In(1 — x) , 
0 1-2 
a3 PPE ve (52) , pre, 
xz/(1-x)=y IBP 
1 1 f* In?(y) 1 2 In(x) In(1 — 2) 
==m'*(2 In? (2 pane 
g (2) al fap oe : ie 
_ 
Is ~ Jie 
1 y,2 
_ 2) (2) >| In“(y) 
3 2Jo 1ty 
1 _ 1 = 
+/ In(a) In(1 ©) te | In(x) In(1 ©) te 
0 x 1 x 
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2 1 f* In’(y) 1 f* in?(z) ? In(x) In(1 — 2) 
=>mn'(2 dy 4 
go al ity? al rs i io 


{add the integral to both sides then divide by 2} 


1 1 1 ¢ ln? (a) 
= =In9(2)+ = x. 
smtan+5 | ing 


This integral is computed in (3.9). 
Solution (ii). Apply integration by parts twice, 


1 fis 
[ TAS) ee Wee tat x)|2 + [ Tat) a 
0 l-« 0 0 l-@ 
» {1 3 
= —In(2) Lig 5 = Lis(1 — a)? 
_ {1 _ fl 
= —In(2) Lig (5) — Lis (5) + ¢(3). 
2 2 
The values of Lig(4) and Liz(4) are given in (1.81) and (1.92). 
1 In(a) In(1+z2z) 
3.3.12 ih ine da@ 
Show that ; 
In(x) In(1 + 2) 1 
= i l 
i ee da 36(3) (3.100) 
Solution. By writing 
2 _ 1,2 2 Lg fi=2 2 
In"(l+2)=5ln'(l *)+ 5 ln es In“(1— 2), 


we have 


14,277 — 42 1 In? (2 pe Opa. 
-5/ In“(1 ar+s f (4 i : In“ (1 ©) se 
0 2 Jo a 0 


l—-2?@ 32 (1-2)/(14+2)>2 1l-a-ax 


14,2 1,2 14,2 
_ 7a In (") ae | : In“(z) acs | In (*) 4 
4Jyo 1l-a& 9 L-x? 9 l-«& 


226 Chapter 3. Logarithmic Integrals 


1 1 —x 
use = 
l—-27* 1l-2x« 1-2? 


112 ii 92 

_ 7 In () ay | «ln (*) ay 
4Jyo l-a@ 9 l-«2? 

Say a 


1 ' In? (2) il 
-5/ de = 56(8). (3.101) 


The solution completes on applying integration by parts: 


' In(x) In(1 + 2) 7 1 f'in?(1+2) 
a ee a oe 


x 


x. 


l+a 2 


33.13 f, Mende 


Show that In(2) In( 
> in(a) In( ta 


Solution (i). Make the change of variable 1 — x = y, 


' In(x) n(1 — ©) er _ af In(y) n(1 — Ws 
0 


0 v2(l—2) l= 
1-2 4a 
v= TFs of In (32) In (ats) ae 
0 x 
11n = 1 In(a) In = 17.2 
=41m(2) [ CoPary ee eaal Ba 
0 w 0 ag 0 z 
1 — 
af In(1 — x) In(L +2) 4. 
0 av 


All these integrals are given in (3.15), (3.16), (3.101), and (3.98) respectively. 
Solution (ii). Set s = $ in (3.39), 


[Gana —*° (3) (9G) +1) 29 G) 


The values of these terms are given in (1.157) and (1.148). 
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3.3.14 [, B@mCt) qe 


Show that ; 
1 In(1 
jj memes 
0 


1l-« 


= ((3) — = n(2)¢(2). (3.103) 


Solution. By integration by parts, 


' In(1 — #) In(1 4+ 2) _ * Lig(x) 
| . da = — In(2)¢(2) +f laa da (3.104) 


= —1n(2)¢(2) +f rr (/, Tmt) = 


{change the order of integration} 


= —1n(2)¢(2) + [ In(u) ie ata") du 


{evaluate the inner integral by partial fraction decomposition} 


= —In(2)¢(2) + | iid (7 | ts uu) HOSS a 
== m(2jg2) +n) [Pans f BORE a, 


IBP 


IBP 


= —In(2)¢(2) + In(2) | PO) ay 5 ‘| 7 an 


[ In(u) In(1 + uw) ee a In(1 — wu) In(1 4+ w) du 
0 0 


l-—wu U 


{collect the results (3.11) and (3.8)} 
= = 1m(2)6(2) — 5 n(2)6(2) + (3) 
a In(u) In(1 + w) ret [ In(1 — w) In(1 + wu) ae 
0 0 


1l-wu U 


The solution completes on canceling ‘ n@=«) n+) 47 from both sides. 


0 x 
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Moreover, plugging (3.98) in (3.104) gives 


/ Li2(z) J. eee 5 (2)6(2). 
0 


l+a 
3.3.15 f° my eC—*) der 


Show that 


1 
1 a 
/ n(a) In(1 ©) te _ 1 3 

0 Il 4p a8 8 2 


Solution. By integration by parts, 


[ In(x) In(1 — x) ae 
0 


l+z 


(3.105) 


(3.106) 


1-2 x 


_ f* In(x) n(1 +2) .  In(1 — x) In(1 + 2) . 
| d : de. 


These two integrals are calculated in (3.103) and (3.98) respectively. 


3.3.16 fo In(z) arctan? dar 


Show that 


' In(a) arctan x 1 7 
dz= =e ==. 
| ier mgs 


Solution. By integration by parts, 


14+2 


(3.107) 


[ In(a) arctan x Jarctane 5 -[ d(Lig(—x) + In(x) n(1 + x)) arctan x 
0 


—x) + In(x) In(1 + 2) 


= (Lio(—x) + In(z) In(1 + 2)) arctan e|, 7 Lia(—2) 


dx 


142? 


3 lps 1 
__t | Lio( ©) a | In(x) In(1 + 2) : 
48 0 1 + x2 0 1 + x2 


d 


{recall the relation involving these two integrals from (3.127)} 


_ ‘td a In() |. In(2) a In(y) dy 
48 16 Jo l+z2 2 Jo 14+y? 
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These two integrals are evaluated in (3.11) and (1.163). 


3.3.17 [> Ome) Ot) da 


Show that 


1 = 3 
i a eee eee = —In(2)G. (3.108) 
0 


142? 
Solution. By the substitution « — ire: we have 
1 2 1 In? (42) 
l x 
| a) dz = | ee ae 
0 1 + x? 0 1+ x 
*In?(1 — 2) ' In(1 — x) In(1 4+ 2) ’ In? (1 + 2) 
= | dx 2 | dx +4 | dx 
9 1+2? 0 1+2? 9 1+2°? 


or 


1+ 2? 
te ia if? in? (1 1 fin 
= | n( 2) a | za an | “ ce 
2Jo I14+a? 2Jo 142? 2Jo 14+ 2? 


These integrals are given in (3.26), (3.29), and (1.66) respectively. 


[ In(1 — x) In(1 + 2) aig 
0 


3.3.18 [> a) inCt®) dar 


Show that 


* In(x) In(1 + 2) Se Say 
a de = i his(d In*(2) — 2In(2)G. 
[Pr ae = 83{Lig(t +} — FP — FF we) - 2G 
(3.109) 


Solution. 
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© 2 (1 1 [y? l+a 
-| m(i+2) 4. owes 
0 1+ 22 0 14+ 2? 
-[~ In?(1 tO) a A wor Bar +2 f In(x) n(L +2) 5 
0 l+a 9 1+2 0 142? 
1 Jy? 
-{ a 
go l+2 
or 
[ In(az) n(1 + x) a 
0 1+ 2x? 


14,2 00 1,2 1,2 
_ In“(1+ 2) 1 In“ (1+ 2) a In“ (x) 
[ 1g? dx al tae di +5 : ie 


These integrals are given in (3.29), (3.23), and (1.66) respectively. 


3.3.19 fe In? (w) In(l—2) q., 


1-2 


Show that 


ie n?(x)In(—~2) | DW Gye Hcy. (3.110) 
0 : a 


1l-« 


Solution. By integration by parts, 


2 In? (zr) In(1 — x) ee oe 2 In?(1 — x) In(a) 
i dz = int) + f ——__—— dx 


i712 = 
1-22 -; In4(2) +f In“ (a) In(1 — x) de 
1 


1-2 


{add the integral to both sides then divide by 2} 


lad 1 f* In?(x)In(1 — 2) 
=-jmte+5 | fe dx 


and this integral is given in (3.41). 
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3.3.20 fo we) m+) ay 


+a 
Show that 
inc(@)ind ay fl 15 7 
i) peas = ati (5) 2 6(4) + Zim(2)6(3) 
= In“ (2)2)\ = In“(2) (3.111) 


Solution. By making the change of variable y = 7, 


[ In?(e) In(1 + Bs _ [ In? (+4) In(1 — y) sy 
0 0 


l+a l-y 
= : In(y) In?(1 — y) ay [ In?(y) In(1 — y) - [ In3(1 — y) a5 
0 1—y 0 Ly gp “leg 
IBP 
? (2) + a m'(-¥) 4 [ nw) Ind =H) ay 4 Ay *(2) 
=—-7l t n 
3 a45 ae l-y od 
l—-y=az 
elt el 2 f n?(z) 2 In?(y) In(1 — y) 
=-sta+3/ ina @ [ ly dy 
i= 1/2 
0 J 
1 1,3 5 1y3 % |n2 _ 
— — 3 inA(ay + al In (2) oe ah In (*) ay [ In*(y) In(1 Y) ay. 
These integrals are found in (3.8), (3.19), and (3.110) respectively. 
3.3.21 i. In(z) In(1—2z) In(1+2a) dx 
ax 
Show that 
* In(x) In(1 — x) In(1 1\ 2 
| ae) ENE) eat, Tea) + “in2ye(3) 
0 ae 2 16 4 


-5 Ine( 2c es In4(2). (3.112) 
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Solution. By writing 


1 1 1 
In(1— 2) In(14+ 2) = 5 In?(1 — 2?) 5 In?(1 — 2) 5 In?(1 +2), 


we have 


[ In(a) In(1 — x) n(1 4+ 2) a 1 ‘a In(a) In?(1 — w*) ie 
0 0 


x 2 x 
———————————, 
1l-a?=y 
1 [ In(a) In?(1 — 2) 1 [ In(a) n?(1 + «) 
dx dx 
2 0 x 2 0 x 
1—-2=y IBP 
1 f*In(i—y)In*(y), 1 f*? md —y) m*(y) 
“af waif “ 
8 Jo l-y 2 Jo l-y 
1 9 1 1 ft i?(c) n+ 2) 
<q in (x) In G+al+5 ae da 
__3 [ In(1 — y) In") ay : 1 [ In? (a) In(1 + 2) ax 
8 Jo 1l-y 2 Jo 1+ 


The solution finalizes on gathering the results (3.41) and (3.111). 


3.3.22 [3 mieynC-2) dz 


Show that 
1 In? (a) In(1 — 2) , fi 2 ILA 
| cae dx = —4Liy (5) +¢(4) + In (2)¢(2) — & ln (2). 
(3.113) 
Solution. Force integration by parts, 
17,2 
; In“ (x) n(1 — a) aly 
0 1 + 2x 
1,2 1 
=f In“ (a) In(1 a aes | In(x) In(1 — w) n(1 + zx) re 
0 1-2 0 x 


These two integrals are given in (3.46) and (3.112) respectively. 
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3.3.23 [ ma)in Ode 


Show that 


‘In(x)Im?(1—2), mere 11 fle 
| ae r= otis (5) + (8) gimQ).  G.114) 


Solution. Employing 


gives 


* In(x) In?(1 — 2) ' In? (x) n(1 — 2) 
ii ———____——d i dr 


l+z2 1l+zaz 
3 x 
1 pila (+3) 1 f* In®(x) 1 f' m3(1—2) 
d d dz. 
+5 / fee ;/ Ite 2+5/ itz 


These integrals are given in (3.113), (3.31), (3.11), and (3.17) respectively. 


3.3.24 fy BG-=) mt) qy 


Show that 


1 2 
| In(l—2)In*(1+2) 5 _ an (3.115) 
0 8 3 


Solution. By writing 


In(l —z)In7(1+ 2) = 7 In°(1 x”) 4 “n° (=) =m L), 


we get 


[ In(1 — x) In?(1 + ©) ae 
0 


x 
3 —x 
1 fi —2) 1 piln (452) 1 fi n3(1—2) 
= da + d 
6 0 6 0 av 0 av 
_ 
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14,3 che | 14,3 
1 | In ay + - | (32) | | In ay 
0 ) ) 


~ 12 l-y 6 r 3 l-y 


14,3 iin {2-2 
=f In OF if (132) 
0 0 


6 faa A x 


These two integrals are evaluated in (3.8) and (3.15) respectively. 


3.3.25 E nie) BE) ye 


Show that 


ue In?(1 — x) In(1 + ©) 4 


0 


ah (5) — 36(4) + 5 n(2)C(3) 


eee iene, 
5 ln?(2)6(2) + 5 n*2). (3.116) 


Solution. By writing 


nt <a) ind eee Sete x? Pans oe ae seey 
6 


we get 


[ In?(1 — x) n(1 + 2) da 
0 


x 


3 (1-2 
1 f)m3(1 — 2? (ple ae 1 m3 
_ [a ") ae / (33) — 
0 0 3 Jo 


6 x 6 x x is 
~ 
l-x22=y 
1 f' m3(y) iy In® (53) 1 f' m3(14+2) 
a i dy | dx | da. 
12 Jy l-y 6 Jo x 3 Jo x 


These three integrals are given in (3.8), (3.15), and (3.20). 
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1 In(a) In?(1—«) 
3.3.26 fy M2 O—Dde 
Show that 


1 In(x) In?(1 — a) = 7 
{ a ay a? = ~156(4) +281 2)¢(3) 


=12In7(2)¢(2), G11) 
Solution. Make the change of variable 1 — x = y, 


. In(x) In?(1 — 2) 
0 


1 In ( (a 11In 1:2) In(z) 
= Slnn( @ f C8) os sin | 7 
0 


da 
x 
In(x) In(1 — x) In(1 ‘In(a) In?(1 
s | n(x) In( 2h “Dass n(a) In“( +2) 4, 
0 x 
In(1 — x) In(1 ‘(1 
-16in) mK 2 ni tar + 161n(2) f Bes) 4; 
0 x 0 x 
‘In(1 — 2) In? (1 "(1 
+8 / ze aaa aa 8 | = 2) iy 
0 x 0 Wo 
All these integrals, but the fourth, are given in (3.15), (3.16), (3.112), (3.98), (3.20) 
(3.115), and (3.20). Regarding the fourth integral, integrate it by parts 
1 2 14,2 
| In(x) In*(1 +2) 4, = | In*(a#) n(1 + x) ae 
0 x 0 l+a 


which is given in (3.111). 


A different method is by differentiating the beta function in (1.46) 


] In*(1 — 3 T(a)P(b 
/ ee i a 
0 Jz(1—2) a1/2 0adb? T'(a +b) 
b—0 
but lengthy calculations will be involved and we had better let Mathematica do it 
Oo? T(a)T(b) . 
The Mathematica command for lim >—z ————< is 
ari Oadb T(a + b) 


Seas te cadc ncn Ga Came 13, {b,2}] 
,{a,1/2,0},{b,0,0}]]//FullSimplify//Expand 
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3.3.27 [) m@)arctane gy 


a(1+a?) 
Show that 
1 In? (a) arctan x 1 U1 
| Hil Og yee (3.118) 


The following solution may be found in [5]: 
Solution. Let J denote our integral, 


I= i In? (a) arctan x |. [ In? (a) arctan x 
0 1 


(1+?) (1+ 2?) 
az—1/ax 
a [ In? (x) arctan x | [ a In? (x) arctan(1/z) | | 
0 x(1 + 4?) 0 142? 


; T 
{ write arctan(1/a) = a arctan x} 
2 [ In? (a) eet i, 1 rh a, des [ a In? (a) arctan 4 
0 (1+?) 2Jo 1+2 0 1+2? 
{let x* —> a in the second integral } 
1 


1 
and write — in the third one 
l+a% a 2#(14+27) 


_ . In? (a) arctan | T i In? (a) aoc [ In? (a) arctan 4 I 
0 x(1 + x?) 16 0 1 + 2x 0 x 
{add I to both sides and integrate the third integral by parts then divide by 2} 


00 1.2 17,2 14,3 

_ a In“(x) arctan , 1 i In (*) ay al In°(z) de 
2 Jo x(1+ 2?) 32 Jo l+2 6 Jo 14+? 
{recall the results (3.11) and (1.62)} 

1 J In? (x) arctan x 30 
0 


2 x(1+ 2?) o 6a$ 3) PA): 


eee . 1 
For the remaining integral, write arctan x = f ipazye dy, 


lee) 2 ee) 2 1 
; In“ (x) arctan | = In“(z) | x 4 de 
0 x(1+ 2?) 9 «v(l+a27) \Jo 14+ 22y? 


it 1 1 1 y? 
write = 
(l+a7)\(1+a2y?) L-y?\l4+a? 14277? 


{then change the order of integration} 
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1 love) 2 oo 2 2 
1 l 1 
=} 5 | zs ) an | z a) a, dy 
— 


x=t xy=t 


1 00 742 oo y|n2(4 
-| 1 i n*(t) | y ) iv 
o 1-y? \Jo 1+¢#? go Lae 


{write In?(t/y) = In?(t) — 2In(y) In(¢) + In?(y)} 
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14 © In?(2) © In(t) 
=| 1-¥ (a-» f repeat + 2unty) f i+e" 


—y In? ee 
ynty) | a) a 


{recall the result of the first integral from (3.21)} 
and note that the second integral is 0 by using (3.22) 
& y g 


1 3 2 
1 T my In“(y) 

- 1 d 
f =a(o-9§ -4 2) a 
Lay nx [* yln?(y 
8 Jo l-y 2Jo 1l-y 

m’tV__—_“_. 


yr=x 


3 pl 1 in? 
_t 7 dy T | n* (a) an 
8 Jo lt+ty 16/o 1l-«@ 
{the second integral is given in (3.8)} 


1? 


= @ in(2) — 36(3)- 


3.3.28 fe In*(w) n(1—z) qa, 


1-2 


Show that 
2 In? (a) In(1 — 2) ei i 3 
i =e = 6 Lis (5) + 6In(2) Li, (5) ae na 
—3¢(2)¢(3) + = arf 2)G(3) i (2 (2) “ In°(2). 


Solution. Make use of 


In? (a) In(1 — x) = 7 m(e) + ima — 2) 


(3.119) 
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xin ( . ) In() n*(1 ~ 2) + 5 m%(z)n2(1 2), 


1-2 
we have 


[ In?(z) In(1 — 2) de 
0 


Ls 
1 1 1 Jy4 x 
1 f? In*(x) 1 f? In*(1—2) 1 2 (+5) 
=i/ ae +s | 1-2 or a 1-2 oe 
x/(1-x)=y 
- In(a) In?(1 — 2) 3 [ In? (a) In?(1 — x) 
dx 4 dx 
ee eR ——__S 
IBP IBP 


1 f? Int n°(2) 1 ft Int 
_ i m (2) gy 4 CO) [rea 
4J, 1-2 20 4jJy 1l+y 
In? (2) tf Oe In*(1 ~ 2) In(e) , 
0 0 


x 


l-z> a 1-2-2 


244 14,4 
30 5 1 f? In°(z) ([ 2 
= —ln°(2 d d 
mme+; f (=¢ 4J, toy" 


Th In*(«) a+ fo In*(a) In(1 —2) 4, 


eo ae ae 1-2 
ib 55” Roh 
1 
3 1 f? In‘(2) 1 f* In*(2) 
= — In°(2) 4 
19 2) . fe" ai foe 
173 = 5 In = 
+/ In? (x) In(1 ©) an i In’ (#) In(1 ©) a 
0 l-« 0) 1l-2z 


{add the integral to both sides then divide by 2} 


31n°(2) 1? In*(zx) 1 1 In*(z) 1 f! in3(x)In(1 — 2) 
~~ 20 if ae if tw+5/ fogs 


(3.120) 


Gather the results (3.19), (3.14), and (3.41) to finish the solution. 
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In(1+a) 
1 in? (w) In+2) dp 


1 In3(ax) 
3.3.29 )in( 


Show that 


‘In'(z)In(l+2), _ 87 
i, 1+2 ule 165) 3¢(2)¢(3). 


(3.121) 


Solution. Using ee: = 1 aay we have 


[ In°(x) n(1 + 2) 
0 


1l+2 


= - In°(x) In(1 + 2) di [ In°(x) n(1 + 2) 
0 0 


dx 


ax 


a(1+2) 
———<—— 
IBP 


17,4 17,3 
7 In (2) ae / In°(x) In(1 +2) a 
4 0 1 + 2 0 


x(14+ 2) 
Putting g = 2 in (3.37) gives 


dx 


" In? (x) In(1 + 2) 
i a( la) 
oa In? (x) In(1 + 2) 5 
i 


1 In*(x) 
= d 
2 a(1+2) .: :[f ideg 


—t 
in the first integral} 


t 
1 In? (4 ) In(t) 11,4 
/ ( :) dt = | In (2) 4 
0 t 8 0 l+a 
14,3 _ 
Aj a In°(¢) n(Q t) at 
tae 2). esd 
iq, 2 Qry 1 374 17,4 
+f In*(¢) In*(1 t) at a In(t) In°(1 t) at = | In (2) ae 
2 I, ey 2 J, ime 8 J, lta 
———— ————E———— 
IBP IBP 
114 14,3 _ 
_ >| In (2) at a In°(¢) n(@ t) at 
ci) ime Oa, 1—t 


‘In? (1 — t) In(t) 1 ft in*(1—2) 5 [1 In*(x) 


dt 
t 8 
——_5S»s—_“_’ 


1-tt 


l+z 
1-—tt 
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3. f? In*() 1 /* In(t)In(1 — 2) 5 f* In*(z) 
=5/ tt >/ pe a, Td. (3.122) 


Put this integral back, 


14,3 
i In (z) Ind +2) |, 
144 17,4 17,3 _ 
-=/ In (*) ay = | In (8) a6 4 a In°(t) In(1 t) at 
8Jo 1lt+e 8 Jy 1-t 2 Jo 1-t 
3 ft 2aIn*(a) 1 /* n3(t)In(1 — 2) 
=| 1-2 ae+5 | i<3 
c=vt 
Lyy4 17,3 _ 
__ 3 / In Oa+5 | In°’(t) n(Q Oh a 
Pe), f-e BS, Lag 


These two integrals are given in (3.8) and (3.41) respectively. 


3.3.30 fe G2) MO+®) dy 


Show that 


[ In'(1= 2) In(L+2) 1 6 Lis (5) + 6In(2) Lig (5) 2 6) 


— = 6(2)6(8) + = In (2163) =n ice" = n°(2). (3.123) 


The following solution may be found in [21]: 
Solution. Make use of 


1 4 2 5 4 l-2z 1 3 l-2z 
in*(1 1 1 In(1 
tape = ag (=) a hig 


we have 
[ In? (1 — x) n(1 4+ 2) 
dx 
0 x 
Ly 47q 17,4 11474 _ 2 
-if In*(1 ©) te if oe ee al In*(1 ©") ae 

A Jo x 4 Jo x 16 Jo x 
————SS ee’ 
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16 x . 2 x 
a 
(1-a)/(1+«)=y 


17,4 144 1 Int ( 452 
9 | In ay if In (l+2), 5 : =), 
0 0 0 


5 rt In* (452) 1p In® (452) In(1 + 2) 
i rg | us da 


Sof aay 4 zs 16 t 
1 In? (y) In(1 + 2) T In? (y) 
+f dy — In(2 | d 
0) L=g 2) oy l= e 


These integrals are given in (3.8), (3.20), (3.15), (3.51), and (3.14) respectively. 


3.3.31 fj BG-e) Gre) gy 


Show that 
1 in(1 — x) In3(1 + 2) - . fl eal 3 
| - Che = 6 Lis (5) 6 In(2) Lig (5) +360) 
+¢(2)¢(8) — = m?(2)¢(8) + m8(2)¢(2) — (2). B.124) 


Solution. Make use of 


In(1 — x) In? (1 + 2) 


_ 4 2, li 4fl-2z 3 
= —In*(1-2*) gn ae In°(1— 2) In(1+2), 


we get 


[ In(1 — x) n°(14 2) de 
0 


4 =x 
1 [ In*(1 — ©") ae 1 [ In (52) ae [ In?(1 — x) In(1 +2) 4 
0 0 0 


8 x 8 x x 
1—wx2=y 
4 —2x£ 
1 f* In*(y) 1 pila (52) ‘in (1 — x) In(1 + 2) 
= dy daz da. 
16 Jo 1l-y 8 Jo x 0 x 


These integrals are calculated in (3.8), (3.15), and (3.123). 
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3.3.32 fo @Ote) m@ ay 


Show that 
naa In 1\ 99 
[ ( ze ©) an = 12 Lig (5) — 12n(2) Lig (5) + =6(5) 
43¢(2)C(8) — = ine (21603) ain (D2) — 2 n° (2), (3.125) 
Solution. Put 2 = +5, 


t 


1 in3(1 + x) In(x) —_ ‘In? (t) In(+5*) 
i a ; 


x 


[ In°(t) n(1 — t) y 
1 1-t 


In"(2) . 3 f* In*G) 1 In? (¢) In(1 — 2) 
t t 
20 7 iff it? | laa? 


So - fe= a 


5 17,4 5 14 
_ In? (2) nm al In“ (t) a a In () at 
20 4 Jy 1-1 4 Jo 


[ In?(t) In(1 — t) ae 7 In? (¢) In(1 ~ 4) 4, 
0 0 


1-t 1-t 
{recall the relation involving the last integral from (3.120)} 


n°(2) 93 3 f* In*(t) 1 f? In‘(t) 
~~ 10 560) +5 i ai “ 


17,3 = 
sf In’(t) In(1 — £) ae 


These integrals are computed in (3.8), (3.19), and (3.41) respectively. 


A different approach involving the derivative of the beta function may be found in 
[30]. 
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3.3.33 f. BC dex 


1+a? 


Show that 


ON in(— 2) tr 3.5 a 
= In*(2) + =In(2)G — 39 Lis(1 +7). (3.12 
| ice dx oe ae (2) 5 n(2)G — 33 Lis(1 +2). (3.126) 


Solution. Write Lig(—x) = " aint) dy, which follows from (1.75), we have 


[ Haan [ 1 [may as 
9 l+2? 9 L+a? \Jo 1t+ay 


{change the order of integration} 


- [00 (ac) 


{evaluate the inner integral by partial fraction decomposition} 


: In(2) 1 In(1 
=| intw) (§ u + (2) 2 = =P 
0 41+y 2 1l+y 1l+y 


a7 fH gy MOD f WO gy f" WOW) 
4 Jo 1+y? 2 Jay L+o? 0 Lag" 
—_—_—~—_-___——’ 


y=Va 
i 1 1 
T In(z) In(2) | In(y) | In(y) n(1 + y) 
= d dy. 127 
a Mo 0 Lege 0 1-9? i een) 


The solution finalizes on recalling the results (3.11), (1.163), and (3.109). 
1 Liz(—a) 
3.3.34 [> BC) da 


Show that 


| aC) ae = 3 e(ay¢(a) - 


: ; Sa), (3.128) 


Solution. By using (1.78): 


Lig(—a) = = Lig(x”) — Lie(x), 
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we write 


1 1i2(—2) UT ie eh oa oe 
i s da -{ ; (5 Lig (a) — Lis(e)) da 
1 7 La 2”) [ HE ae + f Lis) 
A Jo x 0 x 0 x 


x 


_9 [ Li? (2) ra [ Li, (x?) Lig(a) 


8 x v 


{expand Lig(x) and Lig(x”) in series } 


a yf oe 
= S- =| x” Lie(x)da — Se =/ x"! Lio(x)dzx 
n=1 a 0 a 0 


n=1 


es 
ah i Lin() a) [ He Eee + [ Li (x) a 
8 0 xv 0 0 xv 


dx 


{recall the result (3.66) for both integrals} 


£5 (@-8)-£3(2- 2) 


n? (2n)° 
9 o— 


Ay 1 = Aon, 
= 62608) — g do Ga 26AKA) +4) Os 


n=1 


{make use of (1.5) for the latter sum} 


n4 = nt 2 n4 


5 i. S41) o, 
= gO) + 3 de ted 


(3.129) 


Gather the results (4.4) and (4.93) to finish the solution. 


3.3.35 [2 Ode 


The following integral is proposed by Cornel Valean (see[38]): 


[ BO a aLis (5) 2in(2)Li (5 ) + Z¢(5) ° im(2)¢(4) 


7 Ts 1 i 
+36(2)¢(3) =e ie 2,3 es 5 OO = A In°(2). (3.130) 
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Solution. By applying integration by parts twice, we have 


3 Li2 1 3 i — 
h Lin(2) dx = Li3(x) Lig(x) le + | ae) eit =) da 
0 zt 0) x 


2 Lig(x) - 


“a (m(—) stoma 


Li 
{i ue 5 a @) gn can 


la 
n=1 
1 1 3 
=Tis |= | tig (= 2) Lis a, f aide 
: 2 n= d 
3 1 l 
{vs ie aw” dex = — and H®, = H) = ‘ 
0 n2” n 
4) 1 


-(2)(2) mea) oS 
iG (5) Lig (5) — In(2) Lig (5) Lis (5) : : tr 


{set q = 3 in (3.87) to get the integral representation of the sum} 
sf t\ ee fA . (il _ {1 
= Lis (5) Lig (5) — In(2) Lig (5) — Lis (5) 


1 f* m(1- 
| n°(1—2)In(1 lap 
6 0 av 


This integral is given in (3.123) and the values of Lig (5) and Lig (5) are given in 


(1.81) and (1.92) respectively. 


3.3.36 fy ™ Ge) te) qe 


Show that 


ee 56(6) 6c GB). (3.131) 
0 


x 


Solution. With subbing 1 — x = y, we have 


11374 _ . 17,3 
/ In’(1 — a) Lig(z) |. = In’(y) y dy 
0) 0) l-y 


x 
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{recall the dilogarithm reflection formula (1.80)} 
* In*(y) 
=f Fee) in) ind - y) ~ Lia))ey 


17,3 1 int i 113 ip 
=< [ qeay | I ae Y) ay | I ie ay 


{expand Laty) in series as shown in aa} 
*in?(y) - In*(y) In(1 — y) 7 7(2) [ dia 
=(¢(2 d d H. ima d 
c(2) | Tay iy d nor fy (yay 
_ * In®(y) * In? (y) In(1 — y) > faa) 1\ (3! 
=<) [ fay" I = + (A 2 e 
: ‘ n3(y) ‘in*(y)In(l—y) | aw Hn 
=c(2) | eye | iy dy 4 ps —7 ~ 8¢(6). 


These terms are given in (3.8), (3.41), and (4.56) respectively. 


Chapter 4 


Harmonic Series 


4.1 Generalized Harmonic Series 


Proof. 


q-—2 


(1) > 2, — Sp) FE — WCC ED. 


ee) Hx 1 ee) ii Hn 
n=1 n=1 Pp 


{replace n with n/p in the identity (1.124)} 


oo 1 
= SS : 7 (- f a? 'In(1— ode) 
| eee a 0 


n=1 


nay? a In(1 — y?) Lig-1(¥) 4 
0 y 
{expand In(1 — y”) in series} 


(4.1) 
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aye! 2 fy pr-1 Ti _a(y)dy 


n=1 
{make use of (3.65) for the integral } 
2 


= 2 (( Date x ye) 


n=1 pn) k=1 (pn) 
fore) Hon q-2 _ fore) 1 
= Soup (pn)! = 2 P) kG _ k) (> 7 
= 1)" 2 — Tw) Fela — RFD) 
n=1 (pn) k=1 


and the proof is finalized. 
co Hy 
4.1.2 pee (n+s)4 


Let s ¢ Z~ and q € Zs}. Then the following identity holds: 


foe) HH, _ (-1)? Can : a 7 : 
ery Ga) iC ‘(s)(w(s) +) — sv ) 
(-1)? i Ca eras co 
“G-i zl k \w (sb (s). (4.2) 


Proof. 


- A, = = (-1)** : n+s—1},,q-1 
S- aco = i (eo | x In?" (a)da 
(as : s—17,q-1 = 
= ae. x * In?" (x) S- Hyx” | dx 
{recall the generating function (2.4)} 


= — | ‘21 nt1(2) (- dir 


_ (1)? 1 ys-l In?~* (a) In(1 — x) 
~ (q-D! [ = 


This integral is given in (3.40). 


(4.3) 


4.1. Generalized Harmonic Series 


413 


n=1 n4@ 


Let g € Zs. Then the following identity holds: 
eee sce C(k+1) 
Are = nC eer oe 2 


nu cI 


Proof (i). Set s = 1 in (4.3), 


(-1)? [ In?~1 (x) In(1 — 2) 7 En _ cay: ee 
(¢q—1)! Jo 1l-« ~ Drip na 
~~ En- = OH, 
= =. a Sts) 


n=1 n=1 


The integral on the LHS is given in (3.41). 
The following second proof is by Rob Johnson and may be found in [14]: 
Proof (ii). Start with expanding ¢(q — k) and ¢(k + 1) in series, 


cla metes)= ($2 he) (Sean): 


m=1 n=1 


Next, take the summation for both sides from k = 1 to q — 2, 


Ca-mk+) =>- @ | (>: an) 


k=1 k=1 \m=1 n=1 
{change the order of summations} 


oo 600 q--2 


=> ae 


m=1n=1k=1 
{break up the middle sum} 


lore) m-1 1 
= 3 (Stent 3) Sete 


n=1 n=m+1 


{pull out the terms for n = m} 


co q-2 fore) q-2 1 
Stet (5+ OS ae 


m=1k=1 m=1 \n=1 n=m+1/ k=1 
2 


-F¥(Sda)+e (E+ d )A(ES) 


=1 n=m+1 1 
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(4.4) 
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m=1n=m+1 


By using >> _, ary 1 OmOn = oni Doman OmOn Btver in (1.19), the first 
double sum becomes 


y > (aa m) ere =) 
=> 3 (= 1(n— my) arta) 


n=1m=n4+1 


{swab the variables n and m} 


=> yy (a 1(n —m) eiceryE 


m=1n=m+1 


Therefore, our sum simplifies to 
C(q—k)C(k +1) = (q—2)6a+ 1) 


ny . (=x aaa) miiaany) 


m=1n=m+4+1 


{shift the index n by +m} 


1 
= (q—2)¢(q+1) “33 (am main J 


m(n +m)! 


m=1n=1 
1 
—2 1)4+2 2 
=(q \C(q+1)+ EL, (n+ m)ma!n > ee (n +m)! iF 
First sum: 


Oe ae oe ( 


{recall the definition of H,,, (1.129)} 


San) 


n= 
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Second sum: Multiply the summand by 7" 


Co 


= 1 _ n+m 
SE mesnrs” EE ann 


m(n+m)*"'n 


m=l1n=1 m=l1n=1 
[oo e-<) 
2 aa ae +> Yoon aa 
nea cs m=l1n=1 a 


{swap the variables m and n in the first double sum} 


{and change the order of summations in the second double sum} 


{shift the index m by —n} 


2) 


n=1m=n+1 


co Co 
use s Am = s Am — Gy, for the inner sum 


iA rn 
25 (E ane a) 
~ 2 wu 7 > a 
{i 3 3 mbn = 3 3 Gmbn given in cio} 
a er come rem 
=2 0 eet 
25 (22) ~2¢(q +1) 


=2 FF -2la+ 


Collect the two sums to finish the proof. 
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Let’s replace g with 2q in (4.4), 


fore) 2q—2 


A, 
So SE = (ot 62041) - 5H 62a HCE +1) 
n=1 k=1 
{this sum is simplified in (3.42)} 
q-l 
= (q+ IC2q+1)— )_ C(2q — 2k + 1)¢(2k). (4.5) 
k=1 


Examples: 


An 
yr 


3 


ae 
Dt = (6) — CANES) 
> Be = 4¢(7) — c(2pet5) — cC@)CU4): 


Co 


52 2B = 5¢(9) — C(2)¢(7) — ¢(8)¢(6) — C(4)c(5). 


n=1 
A special case of Euler sum is 


fore) 2q-1 


De ae = ; S> (-1)*¢(2q — b+ 1)E(k +1). (4.6) 


n=1 k=1 


To show that, replace g with = 2q in (3.65), 


Hy, oe wo (=) 
anf. Lig (#)de = —2-¢(2q- k + 1). 


Divide both sides by n then consider the summation over n > 1, 


H, 
een 
n=1 
lr: foe) 2q-1 oo 
Lig, (x si L 1 
=~ f PHO SS Jar aicea- 8+) oe 
0 a n= k=1 net 
2q-1 


Y= (-1)"6(2q-— kk + E(k +1) 


k=1 


4.1. Generalized Harmonic Series 


{expand Lig, (2) in series} 
co 1 1 2q-1 
~s =z | xl n(1 = 2)de — So (-1)8¢(2q¢— b+ Ck +L) 
0 k=1 
{make use of the result (1.124)} 


EAI 9) J (-1)*¢(2q — & + 1)C(k +1) 


n 
k=1 
{add the sum to both sides then divide by 2} 


2q—1 


=-5 >. C1)*e@q— +1) + 2). 
k=1 


Examples: 


=] 4 
= Hn _ 7 es 
Mo ae = a6) PO) 
52 28 = Fe(8) — €(8)¢(6): 
— H, 11 ts 
do SF = FS (10) — ¢(8)¢(7) — 56708) 


4.1.4 Sv, He 


n=1 n@ 


Let g € Zs. Then the following identity holds: 


Proof (i). 
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(4.7) 
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ean f° lat 

@-! i, © (om, : *) as 
{recall the generation function (2.29)} 

_ (-9* ft ln? *(e) (in +2) ; 
ce eee ee 
(1 [ In?~1 (x) In(1 + x) 


d 4.8 
@- i) v-a) ve 
and this integral is found in (3.48). 


Proof (ii). We apply Rob’s approach, but here we begin with expanding 7(q — k) 
and 7(& + 1) in series, 


So n(q— k)n(k +1) = y & wv] (>: | 
k=1 


nkt+t 
k=1 \m=1 n=1 


{change the order of summations} 


oo 600 q--2 


1h ili 
- > So 
m=1n=1k=1 
ae up the middle 


ane kykt+1 
n=1 n=m+1 


{pull out the terms for n = Ss 


-~ Se or Ee zim io 
_ q-2 oo = ( aaa q-2 m* 

ms ee qtl = y (4 4 min Dk 
ae é : Cc ceca) 


nmi-l(n—m)  mni-!(n—m) 


m+ 
co m1 m+n m+n 
=(9-2)¢4+)+ >>) ( — = 
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By using 5 Gat = Se en+1 4mbn given in (1.17), the first 
double sum becomes: 


co m-l1 aye aye 
ey (ae =) 


i ee lnm—m) mni-l(n— 


SS (love 
a = ere (at =m) mnil(n— =) 


{swab the variables n and m} 


SS (ce een 
a oes ( =) 


me ne lin-—m) mn l(n— 


Thus, our sum boils down to 


q-2 


n(q —k)n(k +1) = (¢-2)¢(¢ +1) 


k=1 


ayy ( ciel 


nma— Hi (n—m) mnI-l(n—m) 
m=1n=m+1 


{shift the index n by +m} 


=(q- ¢(q¢+1) EE es or) 


m=l1n=1 


ae In 
m=l1n= a 


First sum: 
Sy a(S ev" 
pape (n+ m)ma-tn 7 » m4 (>: arr | 
1 (o(-l” SG (-1)" 
~ a m4 (>. n 4 
m=1 n=1 n=1 
{recall the result of the second sum from (1.143)} 
7 ~ (—In(2) — (-1)™ [fm — In(2)]) 
m=1 
- = ae 
= = in(2)¢(q) — In(2)n(q) - S> —® 
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n+m 
n+m? 


Second sum: Multiply the summand by 


ce 
LEapenrs “> aaa (n +m)" 
->yro7 inne +> ee ay 
m=1 n= 1 m=l1n=1 


{swap the variables m and n in the first double sum} 


{and change the order of summations in the second double sum} 


Cv" 
Cea, 


{shift the index m by —n} 


— asa Ly? 1)" 
Sy poy ane! 


a ae 7 


nm4 nati 


BS (+ (61 : 
_ > = nm4 » = 
{i 3 5 Ambn = > 3 GQmby given in cio} 


n=1 n m=1n=1 
= ube 1 eT t 1 ie 
= ( a Gq+1) +n(q+ 1) 
nm 
m=1n=1 
Sl (Sa (-1)"" + (- 1)" 
== C) a C(qt+1)+n(q+1) 
m=1 uy n=1 us 
{recall the definition of H,, in (1.133) for the inner sum} 
| eee. ee 
= 0 = (CHD) Aim — Hm) — (a+) +g +) 
m=1 
= (1) Be Ss 
= d. = a a ae), 


The proof finalizes on collecting the two sums then writing n(s) = (1 — 2'~*)¢(s) 
given in (1.56). 
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Replace q with 2q in (4.7), 
=a i 1 
{= 2 
+= pe n(2q — k)n(k +1) 
{this sum is simplified in (3.49)} 
1 1 
q-1 
+ S-n(2q — 2k + 1)n(2k). (4.9) 
k=1 


Examples: 


n=1 - 4 

Hn _ 7 5 

Doe = PIB) ~ FS 
de = Pmenc(a) + 302618) - Teo) 
n=1 


For other proofs, check [19, Theorem 3.5, p. 9] and [11, Theorem 7.1 (i), p. 32] 


4.1.5 So ee 


Let q € Z*. Then the following identity holds: 


nm 


= (Ses i 
. n24 = 9) (2q + 
i 


q-1 
n(2q+1) + )° ¢(2q— 2k + 1)n(2k). (4.10) 
p=) 


Proof (i). 
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CD fH) (Fay 
Ch), = (ee 
{replace x with —« in (2.4) to get this sum} 


_ cyt a a mF) gy 
0 


(q—1)! x 1+2 
7 (-1)? f* n?-*(2) In(1 + x) 7 
_ ae ise) (4.11) 


Replace q with 2q in (4.11), 


(1H, 1 tn’? *(x) In + 2) 5 
ear eo a 


This integral is given in (3.36). 
Proof (ii). Using the integral form of H,, given in (1.140), we have 


2 eee Hie > ae (int | ae) 


n=1 n=1 
“poy CD" SL fa" 
= Cpe n24 2d nq fy 1 a 
{make use of the identity (3.1) for the integral} 
ae! 
= — In(2)n(2q) — > oa (In(2) + H2 — Hp) 
n=1 
= — In(2)n(2q) — In(2)¢(2q) dX, 72a + d, “2 
The first sum can be simplified by setting p = 2 and replacing qg with 2q in (4.1), 
— Hn ~ Aon, SS —k 
_=2 - —2 2q—k)¢(k+1 
Do a On d | )"C(2q— k)¢(k +1) 


{make use of (1.5) for the first sum} 


co fore) n 2q—2 
Ay, —1)H,, _ 
=a s Yo (2) *C(2q— k)C(k +1). (4.12) 
n=1 ny n=1 ie k=1 
Substituting this sum yields 
oo NTF oe) n 2q-—2 
—-l) Hy, —1)"HA, = 
yp Bn gy CU Fle (2) (29 — BNC +N) 
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— In(2)(n(2q) + ¢(2q)). (4.13) 


To establish another relation, let a, = Ep in (1.5): 


(—1)"an + S- fin. = 2 S- A2n, 
n=1 n=1 


[oe} 


n=1 


we obtain 


oo (-1)"F, | co H, oo Aes 
2 mt a aa 2 Gy 


{substitute H2, = Hz, — Hy given in (1.137)} 


= Aan, = Fp, 
ae any? yy (2n)*4 


n=1 n=1 


{employ (1.5) for the first sum} 
Toe 


n24 


Co 


I 
iM 
M 
g 
a 


Rearrange the terms, 


= (-1)"Hn ~. (-1)" Hp 1-2 = Ay, _ A, 

Do pee a ee eee 

n=1 n=1 n=1 n=1 

Take the difference of (4.13) and (4.14) then divide by 2, 

fore) n 2q—2 

(-1)" An 1 1 —k 

—_.— = —= ]n(2 2 2 = —2 2q—k)C(k+1 
d “34 5 In(2)(6(2@) + n(29)) + 5 d | )"¢(2q — k)¢(k + 1) 


1H, 1—-2!-%4 > A, 
+5 Do aa 2 Do 5a" 


The last two sums are given in (4.9) and (4.5). As for the first, we have 


57 (-2)F(2q—h)C(m+L) = So[(—2) 244 8]¢(2q— 2+ 1)C(BK), (4.15) 
k 


k=1 =1 


which follows from using the same technique as in (3.42). 


For other proofs, check [4, II.1, pp. 4-7] and [26]. 
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Examples: 


“a (1)"H, 4 59 

» “a = 96 (2)6(8) — 35 6(5)s 
ay, i > 2039 
De a = GS (2)E(7) + 55 6(8)6(6) + 3C(ANC(5) — 5-19) 


Let q € Z*. Then the following identity holds: 


yo OP = (a Farr) 620+ 2 (1 ae) meaneC20 


—1 


q 
— 5° ¢(2k)n(2q — 2k + 1). (4.16) 
cr 
Proof (i). 
= (—1)"A, a . _4)\"7F (-1)** n—-1 n?} der 
x ie ~ 2! ‘ (25/ on 


(7 ft (2) (Sz n 
= G_D! | ; (Sn Jos 
{replace x with —zx in (2.29) to get this sum} 
_ (1 pint *@) (nd =2)) 4 
-Goar | x ( l+¢2 Ja 
— (-1! f* Int7*(z) n(1 — 2) . 
2 Cant, Sea de. (4.17) 
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Replace q with 2q, 


“(-1)"H,  -1 * In”#* (a) In(1 — a) 
y mq Ea x(1+ 2) = 


and this integral is given in (3.54). 
Proof (ii). Combine (4.13) and (4.14) then divide by 2, 


-1)"H, 1 te ae 
2 Cue = —5In(2)(¢(24) + n(29)) + 5 DY (-2) “Ca — b)C(H + 1) 
n=1 k-1 
1H,  1-2!-4° 4 A, 
2 se n24q = 2 d n24 : 


Combine the results (4.15), (4.9), and (4.5) to end the proof. 


Examples: 
3 (Un = Fe¢9) — 3 nance) 
Yo OF = Fete) — FP imlayeca) — $6020) 
» Ue = Fen) — B incaye(s) - Perayets) - 3e¢ayc(a) 
3 (OH = eG) — 2 ncanc(s) — Becac(n) - 2ccayeco) 
T6466). 


Hn 


aN ye 


Let g € Zs. Then the following identity holds: 


en Qe et 1 
SS aor ~ (1+ Q2q+1 ) C(2q+ 1) 224 


1 


2°*C(2q — 2k + 1)¢(2k). 


(4.18) 


@= 
= 
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Proof (i). 


a, ois) 


(ee) fe n 


n=1 


{recall the generating function (2.34)} 


— (08? fiinth(2) (-2n(2)e— 2In(1 — 2) 
~ (q-2)! I ( 


x 


1-2? 1-2? ) a 
_ 2(-1)"ln(2) fo int *(2), (1)? 
=a i : 


[ 2 In? * (a) In(1 — x) 
x4 dx 
1— «x? (¢—1)! Jo a(1— 2?) 
write 2 me : : 
a(1—2?) 


| in the second integral 
x i1+2 1-2 
_ 2(—1)7 In(2) [ In?~* (a) 
(q—1)! 0 


2(-1)? f* In?7+ (x) n( — 2) 
— det oo f = dx 
(-1)? f* In?-*(z) In(1 — z) (-1)?  f* In?"+(2) In(1 — x) 
eam, l+a a+ tay f = ae 
Replace q with 2q, 


Co 


Hn 1 y,2q-1 1 7,.2q 
s at 2 In(2) / In (x) nck 2 / In“?(a) . 
nt g—I)h tg 12 (2g)! Jo 1l-2 
1 [ In74~" (x) In(1 — ©) se as 1 [ In?4~? (x) In(1 — x) de. 
(2g —1)! Jo 1l+¢2 (2qg—1)! Jo l-« 


These integrals are given in (3.14), (3.8), (3.53), and (3.43) respectively. 


Proof (ii). Substitute the results (4.5) and (4.10) in (4.12). 
Examples: 


An 1 
3 = S40) 
n=1 
— Ha 37 1 
2d <r = 39 $(5) — 7S(2)6(3); 
SS An 35 1 
So SF = Recta) — HelACUS) — FO(B)CU4) 
n=1 
“Hy 521 1 
2 > 5196) 
n=1 
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(-1)"Hn 
n2q 


418 S72, 


Let q € Z*. Then the following identity holds: 


love) (Sie: 2q¢+3 
SS a 2a Sire 1) ¢(2qg4+1) 
q—1 


—S "(21-24 — 278-24) ¢(2q — 2k + 1)¢(2k). (4.19) 


k=1 


Proof (i). 


00 war. co _4)\q-1 1 
Soe (—1)"H2 (aL oir) 


n=1 n=1 


ely [ In?~*(2) ( n 
@- fe (2a) 
{replace x« with —2 in the generating function (2.34)} 


ocala eae (ane = et?) ae 
0 


~ (qg—1)! x 1— a? 1-2? 
— 2(-1)"In(2)_ f* In! (z) a (-1)? =f? 2in?7(2)In(1 +2) . 
= | dn + | d 


(q—1)! 1-2? (q—1)! x(1 — «?) 


, 2x 1 1 de. ‘ 
write =-—+ | in the second integral 
l-a a2 2#(l+az) 1-2 
_ _2(=1)"n2) / 4 [ Int '(c) n(1 +2) 
0 0 


(q—1)! 1-2? (q—1)! x 


tae [ In?~1 (a) In(1 + 2) (-1)? ; In?~* (ax) In(1 + 2) 
0 0 


dx 


da. 
(4.20) 


xa(1+ 2) (q—1)! l-¢z 


Replace q with 2q, 


dx 


_ BQ) fie) 1 * n?4-1 (a) In(1 + 2) 
=e nh 


(2q — 1)! 1-2? eS Gy 


1 * n?4-* (a) In(1 + 2) 1 * n?4-1(¢) In(1 + 2) 
+ at), 2(1 +2) e+ gay f 


x 


dz. 


1-2 
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These integrals are given in (3.14), (3.12), (3.36), and (3.43) respectively. 
Proof (ii). Set a, = Hx /n4 in (1.5): 


(=1)" ay =2 S- a2n — S- an; 
n=1 n=1 n=1. 
we get 
Dr a a 
These two sums are found in (4.5) and (4.18). 
Examples: 
SS (-1)"Hs 3 
d ee) 
ia (—1)"Ha 7 1 25 ; 
x aa = 3S2)6@) — 5560); 
= (-1)"He 1 i 1G 5. 
De = gy SlPI6U6) + 55608604) — RUT) 
(-1)"H2 1 31 ‘6 501 
De ae = Tag S (0) + say) + soQS(AIELS) — GSO) 
és. 7 
419 nt at 
Let gq € Zs. Then the following identity holds: 
cae ee 1 
eal ae CE)cg 59 te i2o = lycl2g 1) 
(= i 
q—-1 
+25 — kC(2q — 2k)¢(2k + 1). (4.21) 
k=1 


Proof. First, let’s find the following integral: 


1 1 
i a”—* In(x) In(1 — x)da = & | zg” In(1 — 2)dzx 
0 dn Jo 


n 
{recall the integral (1.124)} 
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_d Ay, 
dn n 
{use the derivative of the harmonic number (1.132)} 


(2) 
ei | fn ce) (4.22) 


nm nm 


Next, divide both sides by n* then take the summation over n > 1, 


°° He 
oe aoe 3 ~ ar — 6(2)¢(a + 1) 


_ In(x)In(1 — x) f <2” s 
foe Ge): 


n=1 


Z [ In(a) In(1 — x) Lig (x) i 
0 


x 


{expand In(1 — «) in series} 


=— S- ds z”—* In(x) Lig(x)da 


ndn Jo 


{recall the result (3.65)} 


a t pote _ 5% (aye kD 
k=1 


oe (2) 
1 4 rn, GH, n¢(a—k +1) 
= xe n f 1) ( ne ! nett sO) 3 + x k( 1) mkt 


oo (2) oo 
= —(-1)" (>. a +ay> a =e )Ca+ ») 


5k 1)*¢(a—k +1)¢(k + 2) 
k=1 


Replace a with 2g — 2 then reorder the terms, 


2 HY) 1 ny: a 
d, pagar — $(2)¢(2¢ — 1) — 5(2q— 1) d, 24 
= o = 
5 S> k(-1)"¢(2q — k — 1)G(k + 2). (4.23) 


k=1 
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The first sum is given in (4.5). For the second sum, note that the index & can start 
from zero, since the term (k = 0) is zero: 


2q—-3 2q—-3 


Do W(-1)C(2g — B 1e(k +2) = DP R(-1)" (2g — & — 1)¢(k +2) 
k=1 4 - k=0 _ 
{i S> f(k) = d= f(2k— 2) + S> f(Qk- o} 
k=0 k=1 k=1 

q-1 q-1 
= 5" (2k — 2)¢(2q — 2k + 1)¢(2k) — S "(2h — 1)¢(2q — 2k) ¢(2k + 1) 

k=1 k=1 

{reverse the terms order of the second sum} 
q-1 q-1 
(2k — 2)¢(2q — 2k + 1)C(2k) — ) (2g — 2k — 1)¢(2k)¢(2q — 2k + 1) 
k=1 7 k=1 
)¢(2q — 2k + 1)¢(2k). (4.24) 
k=1 


Therefore, our sum simplifies to 


co pr (2) 
a = 6(2)¢(2q — 1) — 5(9 + 1)(2q—1)¢(2¢ + 1) 
+2 ae — k)¢(2q — 2k + 1)¢(2k). 
k=1 


The proof completes on writing 


q-1 q-1 
(q—k)¢(2qg — 2k + 1)¢ k ¢(2q — 2k)¢(2k + 1), 
k=1 k=1 


which follows from reversing the terms order. 


Examples: 
co z7(2) 
“A = 3¢(2)¢(8) — 56(8) 
A = 8C(2)6(5) + 26(8)C(4) — 10617). 
00 77(2) 
AA = TC(2)C(T) + 26(8)C(6) + 4C(4)G(8) — 619) 
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co ry (2) 
ae 9¢(2)¢(9) + 2¢(3)¢(8) + 6¢(4)¢(7) + 4¢(5)¢(6) — 27¢(11) 


co mS 1) 


4.1.10 Soe, Hat 


Let q € Zs. Then the following identity holds: 


es) (2q—1) 
ae = (1 + 5(a + 1)(2q—- 1) See) 


well 
q-1 


~2S~ k¢(2q — 2k)¢(2k +1). 


kal 


Proof. Set p = 2q — 1 and gq = 2 in (2.76): 


ca Ho 
ly ap CO), 
k=1 


we have 


oo (2q-1) oo (2) 
Ay A, 


n2 


n=1 n=t1 


Substituting the result (4.21) finishes the proof. 


Examples: 


267 


(4.25) 
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4040 5°. 22 


n= 1 n2qa- 1 


Let q € Zs. Then the following identity holds: 


foe) H? 1S 3k-1 
ee I Ae De Cg = kh = Wek =) lay 1) 
n=1 k= g=1 
gil 
-3 (2k + 1)¢(2k)C(2q — 2k +1) + ES e+ (4.26) 
iil 
Proof. 


n=1 n=1 


2°. H2+H! S 1 fH?4+HY) 
n2q-1 = > n2n-2 n 


{use the integral (2.62)} 


l 1 
= sa (/ a1 (1 — ode) 
ue 0 


*i(l—2) fs 2 
= 0 L > n2q-2 da 
_ [ In?(1 — 2) Lizg2(2) 4, 
0 


x 
{expand In?(1 — a) in series given in (2.7)} 


=23° Ay- a n— * Liag— 2( x)dx 


n=1 


{recall the result (3.65)} 


00 1 2q—3 
Distributing and rearranging the terms, 
oo 2 oo oo (2) 
9 2423 00 
pa )"¢(2q — k — 1) (« ¢(k +2) - -» | 
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Recall the relation involving Sas 1 ee + from (4.23), 
“ H2  %29+3 Hn 1 
s n2qa-1 = 6 dX, 24 36 (2)¢ (24 = 1) 


{2S 


PG 


n=1 
C(2q —k -9 (Hetcees 2) at) 


pone the Euler sums (4.5) and (4 4} 
1 
*(q + (2g + 3)6(29 + 1) — 36(2)6(2¢ — 1) 


~ 6 
,l = 
7 (—1)"¢(2q — k- 1)e(k- § +169 +1) 
k=1 j=1 
1 2q—3 
=D (Hi) (i +2)6(6 +2)62q— k=1) 
k=1 
24 3a 
(2g — 2k + 1)¢(2k). 
k=1 
The proof completes on writing 
2)C(k + 2)¢(2q — k — 1) 


> 
et 


q-1 
~2¢(2)¢(2q — 1) + S > (4k — 2g — 1)¢(2k)G(2q — 2k + 1) 
k=1 
0) then using the same 


which follows from adding and subtracting the term (k 


idea in (4.24). 


Examples: 
> Hn = Tes) — c(2)¢(3); 
YF = 8e(7)— cl2V8) — Fotaeta 
3 He = Beg) — erayecny — Leraye(e) + 20°(@) — $(0)C8) 
y~ 7a = sc(ar) ~ c(aycto) ~ Seraycea) — Becapern) - Leer 
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+¢7(3)¢(5). 


n (q) 
4112 ye, Cue 


n 


Let q € Zs. Then the following identity holds: 


oo (q) 
sae EE = In(2)n(q) — 2¢(q + 1) + 


ie 


is 
Il 
a 


The following proof is by Cornel Valean and may be found in [29]: 
Proof (i). Using the integral form of H® given in (1.122), we have 


"i od SC” (pt? ft nt (2) - 2") 
ne > n (aL l-« ne 


ie m?*a) (A (-)" _ A 0)”) 
-Saf 1l-«x ( n n Ja 


7 a 7 i — < (—In(2) + n(1 + «))dax 
_1\¢ 1 In?~* (a) iv ae 
7 s Fi [ 1. ( i ) da. (4.28) 


This integral is given in (3.47). 
Proof (ii). We continue what we reached in (4.28), 


co /_4ynqz(4) 1) pl onthe 
>! v -a-mf m—) n(2) — in(1 + 2))dz 


(-1)? * Int! (a) (-1)? f? n?+(x) In(1 + 2) 
= Gay fe Ge 


n=1 


In(1 ——— 
{os os) S~ Hn2” given in aan} 
=e 
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{let the index start from 0 then shift the index by —1 } 


= —m(2)¢(q) + 57 Eat 


n=1 


= == —1)” 
{us Ay-1 = Ant ae. given in c.136)} 
n 


= —m(2jc(a) + > 22 + > KD 
= —In(2)¢(@) + 9) * - n+) 


Collect the result (4.7) and use (a) = ( 
Examples: 


» - m ) 766 (4)3 

oo 7 4yn 4) 

yA = Tincayetay + 2c¢aycray — 2606); 
(-1)"HY?) 15 Gy2—— 
SH pe) + BOB) ~ FEO 


(q) 
4.1.19 53 Se 


n 


Let g € Zs. Then the following identity holds: 


Le(q4 


q-2 
N- Fd Ca-sdeG +1). 4.29) 
G=il 


Proof (i). Employ the integral form of ¢(q) — H® form given in (1.126), 


C@) ~ Hn? St f(t? fiat), 
5 oo St (e | ar) 


(q—1)! l-« 
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(-1)7* ft int (a2) [2 
~~ | 1l-z (3: =) ae 


_ (-1)? 1 in?1(7) In(1 — 2) . 
~ (q- mee 1-2 q 


This integral is given in (3.41). 
Proof (ii). Let by, = ¢(q) — H{” and a, = + in (2.75): 


n n-1 n 
S- aby = Anbn — S- Ap (bpga — by); An = 2S ai, 
k=1 k=0 i=1 


we have 


k 
k=1 
= (6) #) = - (>: *) (He, +H”) 
w=1 k=0 \i=1 
= — A _ ~ ai 


Co 
Ay} 


Collect the result (4.4) to finish the proof. 


Examples: 


n 


oe _— 7 
y Sa Be _ ea) 
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oo — 7) 
>> (4) = Hn 
Le 2¢(5) — ¢(2)¢(3): 
co (5) 
EOE aC) 
4.1.14 So, itn 


n=1 (Q2n+1)4 


Let q € Zs. Then the following identity holds: 


ae m+ 1) =2(5 : pilates ¢(q+1) 


—2 


= Da a Nr IC he Ne (4.30) 
Proof (i). 
. fi 3 . ae * da q-l 
2d Gatiy ~ 2 ( (@-i! I os wae) 
1)! 1 
-ea fe (Xe ~ ) a 
(-1)7* q-1 = In(1 = ) 
=e f Bo (A) aa 
_ DF pt ey = 2") 
“feo 1 | i_z da. (4.31) 


This integral is given in (3.45). 


Proof (ii). Set a, = “2 in (1.4): 


n=1 


oo oo lore) 
S an = S Q2n+1 + S a2n) 
n=0 n=1 


213 
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we obtain 


For the first sum, write agit = Aon+41 — Hy, given in (1.138), 


engi _ Aan 41 = A, 
dX (2n +1)? 2 (2n +1)? py, (2n + 1)? 


{make use of (1.5) for the first sum} 


{and let the index start from 1 in the second sum, since Hp = 0} 


1G Fan (1G (-1)" Fn SE 
= 5 mt : ey (n +1)! 2 Gat iy 


n=0 n=1 


{shift the index n of the first and second sums by —1} 


lai Ian (l)'Hy «=. 2, 
=5> nd aD nd 2 Gari 
n=1 n=1 n=1 
For the second sum, write H2,, = Ho», — Hy, given in (1.137), 
= Hon - = A2n, = Al, 
2d (2n)? d (2n)? d (2n)? 


{make use of (1.5) for the first sum} 


co 


1G En 1G (-1"En gg OO En 

=3 2 nd | 3 nq : et 
1S (-)"An i. DNase 
=32 ng +(5 Ze 


Combining the two sums, we arrive at 
eee 1\Gin Cn 

=(1 
aide aed 


and the proof follows on collecting the results (4.4) and (4.7). 


Examples: 
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oo Hn 
4115 D2, GH 


Let g € Zs. Then the following identity holds: 


y atos a (: =) In(2)¢(q) — 9 (1 = st) ¢(q+1) 


ae 


Galt 
+S B(q—k)B(k +1). (4.32) 


k=0 


The following proof is due to Sean Stewart and it may be found in [23, p. 92 —95]: 


Proof. 
3 ae = om — | ra nt Moy) 
7 — ‘ "int (a) (> 
= — [were ae) dz. 


This integral is given in (3.63). 


Examples: 
3 tpt = gMON2) ~ 768) + 54 
py Sey mg MeKU)— Bow) + G4 

3 ae, = ~ In(2)¢(4) — =6(6) + 2GB(3) + SAC). 
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A116 5 


n=1 (2n41)79t1 


Let q € Zso. Then the following identity holds: 


ee 


EE 


ote : agri = In(2)8(2¢ + 1) — (2¢ + 1)8(2¢ + 2) 


= yu 02) COg — 2B Ok 2): (4.33) 


Proof. 


a 5c EET 7 > (1H ( [= In™(z}dz 


n=1 


This integral is given in (3.58). 
For another proof with a different closed form, see [23, p. 92-95]. 


Examples: 
Sa re 
= SUAS = 32) + n2)818) — 38 
> OEE = FCA) + FC(2)8(8) + 2)915) — 5906) 
py a = G66) | = ¢(4)B(4) v 5¢(2)8(6) + In(2)8(7) — 78(8) 
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4.1.17 Sxoo_, —Han 


n=1 (2n+1)74 


Let q € Z*. Then the following identity holds: 


= | Ban 1 il 
= ~(2¢+1 1 2 1 
y (2n + 1)"4 le Wee Jt ae 
1 dee 1 
+2 (1 _ za) In(2)¢(2q) + (1 — 7) ¢(2k)n(2q — 2k +1). 
k=1 
Proof. Using 
lee) 1 loc) - 
> one ; So (1+ (-1)")an 
n=1 n=1 
we have 
Hon lo me ale 
> ; eo sot Oy) 2q 
n=l (2n + 1) n=1 (n a 1) 


{shift the index by —1} 


1 ~ Hn-1 


=5 0-9-5 


n=1 


1 co min + GF 
= DM ee meer 


Hy, = -1)"H, 1 1 
=) ) 5n(2q + 1) ~ 6(2¢ + 1). 


These two sums are given in (4.9) and (4.16) respectively. 


Examples: 


YS ye = MeN) ~ FCB) 
Peni = a1 (2)¢(4) + 6(26(3) ms (5): 
— ap, 63 45 45 889 
be Gag yh = BRIE) + GSA + GGSILB) — 955 
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(4.34) 
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ea -1 n pat?) 
4.1.18 ae oa 


Let q € Zs. Then the following identity holds: 


co (ier!) q 
ye on ra = —2?P- lr n(2q + 1) +25 2?*n(2q — 2k) B(2k + 2). 
k=0 


no 
(4.35) 


Proof. 


oo (2q+1) 1 
So tee 1)" Ay =e yr Heat) ii oh aus 
0 


2n+1 = 


Team —«? ya 


n=1 


n=1 


{use the generating function (2.2)} 


1 es 
— : Logit (27) a 
(0) 1 + x? 


This integral is given in (3.76). For a different proof, set g = O in (4.38). 


Examples: 
3 ("He — apa) + G6(2) — 2803) 
yr UH” — s69(6) + accayara) + Locca) — 6) 
3 HET — ease) + 16¢(2)0(6) + 701494) + Lacie) - Be¢7 
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4119. 3 ee 


n=0 (2n41)29+1 


Let q € Zso. Then the following identity holds: 


co ED ” 
a ae = (¢ + 1)B(2q + 2) = n(2q + 1) 
ara 
q 
—)° ¢(2k + 1)8(2q — 2k +1). (4.36) 
sil 


Proof. By expanding in Taylor series, we have 


1 
1+m2 


[ st) ar = i Liag+1 (x) & 2") dx 


{make use of the result (3.65)} 


=> u( ee em yr?) ) 


n=0 k=1 (2n + 1) 
SED" Font Ae we ae 
= (Qn+1)*" d| cen >, (2n+1)' 


= SD" Han _ 5 ay kc(2q — b+ 2808). 


2 1 
7(2n+1* & 


n=0 


Substitute the result of the integral given in (3.75), we get 


Homa = 2q+1 Tv 
os aoe = 5 B24 + 2) — saaz3 (2 + 1) 


C(2q — 2k) B(2k + 2) + 3 (—1)*¢(2q — k + 2)B(k). 


=0 k=1 
For the first sum, separate the first term then reverse the order of the terms, 


qd 


1 q 
S > ¢(2q — 2k) B(2k + 2) = — 582g +2) + 2,624 — 2k + 2)B(2k). 


k=0 
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For the second sum, first reverse the order of the terms then use aa apr = 
oka1 G2k—1 + Vihar Gx: 


2q 2q 


S- (=1)*¢(2q — & + 2)8(k) = S~ (-1)"-*¢(& + 1) B(2q - bk + 1) 
k=1. k=1 
= 37 ¢(2k)6(2q — 2k +2) ~S2e2k +B B(2q— 2k +1). 
k=1 k=1 


Plug in these two sums to complete the proof. 


It’s worth to mention that by using (1.13), we have 


» ae - >> -. 
Examples: 
= aes =G- Fm); 
art 200~ apc 
Ete <0 soc Hen 


Let q € Zso. Then the following identity holds: 


= )"#, In(2)|Eaql (=) 24+ 
Son eT Beane Olt DRQE+ ~~ on (5) 


2q+1 | E2q—2k| Qk+1 
-s(¢ ) a By abi 2 1)¢(2k +1). (4.37) 
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Proof. 


n 


= (—1)"Hn = ~ “yt 2 tpn n24(x)dx 
2 Gn De =) (aa f in'@d ) 


n=1 


= ean, In? (zx) (>: ii(-2*)) da 


{use the generating function (2.4)} 


= on fae) (-) diz 


and this integral is given in (3.35). 


Examples: 
— (-1)"Hn _ us 
2d 2n+1 oy 4? 
~. (-1)" An 70 ‘ae 
~. mans = 38(4) — 76°) ~ 16 In(2); 
n=1 
. (-1)" Bn 317 Tr 57° 
= 56(6 5 3 In(2); 
So Gent 7 PO) — Ges) ~ TygS®) — 7eg BO) 
=. (-1)" Hn 1270 317° 357° 61x" 
a — ae ] 2 . 
X (2n +1) B(8) — 56 60) — Sax S) — SaaS) — go7¢65 BO) 
co (=) HG PTY 
4.1.21 Lat Gee 
Let p € Z* and q € Zo. Then the following identity holds: 
lo) Cilla | Eq] aT\ 2q+1 
= 2p+1 
x (2n+1)°%*! — 2(2q)! iS) Cpe) 
m\2atl q : 
3 2q\ (2p + 27)! 
= a) ye ( a J) |Bog=o, (2222? As 1)¢(2j + 2p + 1) 
2(2p)!(2q)! By 
(2g)! << 
2 ~ (2k+2q¢+1)! 
‘Bal DS ( aE! 27* (2p — 2k) B(2k + 2q + 2). (4.38) 
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Proof. 
HP) eo 


co . 1 1 a 
we Din Be Cau . hn" (a)a) 


n=1 n=1 


= eal, In?4 (a) (>: Hig)" da 


= ay fe) (Fa )) da, 


which is found in (3.81). 


Examples: 
3 orn = 1408(8) + 5¢(2)8(6) re?) ar 8¢(5) t¢(3) 
3 ove 3368(8) + 40C(2)8(6) + 7 (4)B(4) _ ae CT) 
a (5); 
y or ae = 73928(12) + 336¢(2)8(10) + 2¢(4)9(s) - AP acca) 
om 
TTS 5 9¢(0) — Be wse(n) — BE C5); 
y or ve = 211206(12) + 2016¢ (2) (10) + 245¢(4)8(8) + ¢(6)8(6) 
= 
214098 49 S5TT .9¢(0 Le pe 
£122, urn” 
Let g, p € Z*. Then the following identity holds: 
co _4)n py 2P) n)24-1 
d Ss ~ 4Qp ae =e 


2p + 2 F ; 
eS iy B= 2| ree at 1)¢(23 ap 20 4 1) 


SY s 


1 
2q-1 
a 


(continued) 
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P 
1 5 (2k + 2q — 1)! 27k n(2p — 2k) B(2k + 2q). (29) 


Proof. Applying the previous proof, we get 


= 1)" HL?) = n 2 = : 2 2q-1 
>= aT = )>(-1) Ae (oo | 2 29 (2)dr) 


n=1 n=1 


= n24- a 2p 
-aamh® @) (Somers . "a 


ia an 7 In24! (a2) Ge da 


and this integral is given in (3.82). 
Examples: 


(-1)"HY 73 31m 1 
(Qn+1)* 32 8 


1)" 1 
ae -% 5 £¢(4)6(2) — 66(2)8(4) — 408(6); 


eee 
> ean = Pe 8(5) + Prec) + Bacco) — Leap) 
—42¢(2)8(8) — 10083(10); 
oo 7_4yn zz (6) 
re ~ rel) + anc 9) — 5 6(6)8(4) — 35¢(4)8(6) 


n=1 


—280¢(2)8(8) — 2688,3(10). 


4.2 Non-—Alternating Harmonic Series 


2. 


n=1 n?2 


Show that 
love) ee 
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Solution. Set s = 0 and q = 2 in (4.3), we get 
In(x) In(1 — «) 
d 
De n2 = {= x(1— 2) ' 


{set ¢g = 1 in (3.83)} 
1 
_ 2 f In(x) n(1 — ©) ae 
0 x 


This integral is given in (3.9). 
For a different approach, set x = 1 in (2.8) 


4.2.2 i, He 


n=1 n? 


Show that 
ps os = C4) (4.41) 
Solution. Put x = 1 in (2.69) 
Li3(1 


An . aH 
W134 425 BP onic 


The first sum is given in (4.4) and remember that Li, (1) = ¢(a) 
Check (2.77) for a different solution 


433 = 7% 


n=1 n2 


Show that 


(4.42) 
Solution (i). 


n=1 


{recall the integral (1.124)} 


4.2. Non—Alternating Harmonic Series 


{recall the generating function (2.6)} 


-f aU *) (iat a 5 m1 - »)) dx 


l-w=y 5 1 /? In3(y) 
evra) 5 [pay 


This integral is given in (3.8) and the solution is complete. 


Solution (ii). 


°H24+H! 1 fw24+ He 


{recall the integral (2.62)} 


= ae. * 1 n2(1 — a)da 
w= | 
-[ ose (x= Jes 


n=1 
17,2 
In*(1 — 
af BS) (Neale 
0 x 
17,3 
-a= ] 
1 fics y -| n (Y) 4 
o l-y 
Group the values (3.8) and (4.41) to finish the solution. 
Solution (iii). Substitute 4, = — uk x”—" In(x)dz to get 
Si oe : 
a (- f a in(x}a) 
n=1 n=1 0 
ab love) 
] 
= -{ mie) pee — Ha” | dx 
v = n=1 


{recall the generating function (2.11)} 
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_ [ In(x) (==) ae 
0 = 
bole a = aes 


Collect the results (3.44) and (4.41) to complete the solution. 
For different methods of evaluating (4.41) and (4.42), check [25]. 


4.2.4 S000, Hntian 


Show that 


SS ae = ALig (5) Ga) + £ im(2)¢(8) = In*(2)¢(2) + ; In4(2). 
i. (4.43) 


Solution. 


H, vn _ 22. _ 3 fl, _ 2a, (=) 


n n 
n=1 n=1 


{replace n with 2n in (1.124)} 


1 
- a ae (-2 a) In(1 — a) 
n=l 0 
In(1— x) . 2Hon — Anon 


n=1 


{recall the generating function (2.40)} 


1 _— — 
=, In(1 — x) (1 € =) ) ae 
0 x 1+2 
2_1 31 3,233 2 
use a(a — b) = gla +9) + la b) +34 2a“b 
{with a = In(1 — x) and b = In(1+2)} 


14374 _ 2 Dn? = 1in3(q — 
=;/ In°(1 Danse f (4 lace? | In°(1 ©) ae 
6 Jo x 6 Jo x 3 Jo 


“ 


1-2? a l-r#> a 


1y,2/4 _ 
oy In“(1— 2) In(1 +2) 4, 
0 


x 
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14,3 1 In? ( 4=2 Lyp2rq 
_ */ In (©) ao 4 | Co 2 f In“ (1 — 2) In(L +2) 
0 0 0 


4 1-2 6 x x 
{collect the results (3.8), (3.15), and (3.116)} 


= jis (5) ee Z In(2)¢(3) + = Im?(2)¢(2) — 3 Im4(2). 


For the remaining sum, make use of (1.5) to have 


i He ise male f bl ~. (-1)"H 
—=4 m= 2 m4 2 
{substitute the results (4.42) and (4.88)} 
1 2 1 
= ALi, 74) i In(2)¢(3) — In?(2)¢(2) + = In*(2). 
2 8 2 6 
4.2.5 3x2, Be 
ae Done ae 
Show that 
co 77 (2) 
fel; 9 
“t= 3¢(2)¢(3) — (5). (4.44) 
ae 

Solution. Setting x = 1 in (2.71) gives 

(2) oo 8) 

x = $(2)C(3) + 106 (5 
n 
n=1 n=1 
{plug in the result (4.4)} 
= 7¢(2)¢(3) — 8¢(5). (4.45) 

Now let’s set p = 2 and q = 3 in (2.76) to have 

oo 77 (2 oo 77(3) 

AY A 
Doe Pe HCO (4.46) 
n=1 n=1 


Take the difference of these two relations to end the solution. 


Also see (4.21) for another method. 
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4.2.6 S0°_, He 


n=1 n2 


Show that 


(3) 
ye = 5 608) - 202). (4.47) 


Solution. Combine (4.45) and (4.46) after multiplying the latter by —3. 


7 


Show that 
=F = 5605) — 6(2)608). (4.48) 
n=1 


Solution (i). Substitute 4, = 4 f) x”~!In?(«)dz to have 


2 (2) °° 1 
Sy A = Sng — Hy (5 fot m%(e)ae) 
nm 0 


n=1 n=1 
1 fi W(c) (S 
= (2) 
5 7 - S 0 (#2 — H®))a” | de 
{recall the generating function (2.11)} 
_ [ In? (zx) Ee —)) de 
2 Jo x 1-2 
{set g = 2 in (3.83)} 


_ [ In?(1 — x) In? (x) 
0 x 


iBp 2 [ In? (a) In(1 — 2) 
3 Jo 


da. 


l-« 


The solution completes on grouping (4.44) and (3.41). 
Solution (ii). 


= Al, A, ~ Ay, Ay, 
d, =: - d, n ( ) 


{recall the integral (3.66)} 
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oe 


(fete 
={" ¢(2) — Lig(z) 5 te 
- x an 


{recall the generating function (2.7)} 


= {= =e 2) (Sata 2) de 


{set 1 — x = y in the first integral } 
1 1 


In?(y) 1 ft n?(1 — 2) Lig(a) 
=36@) [ Pay -5 | 


i 5 . da. 
By writing 
A,-1Hy, = (H,, — +) Ay — He = Ay 
ee a oe 
n=1 n=1 n=1 n=1 
we get 


are 2 fs Tae n?(1 — 2) Lio(x ase 
ear 6) f ay a wa IE 
n=1 


x 


n° 
n=1 
These terms are given in (3.8), (3.69), and (4.4) respectively. 
Also check (4.26) for another solution 


4.2.8 S72, Hale” 


n2 


Show that 


(4.49) 
Solution (i). 


3 H3 + 3H, - oH? = 


H3 + 3H, HY) + 2H) 
= ~ = nm 


n 
n=1 


{recall the integral (2.62)} 


_ Ee (- i (1 — ode) 
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_ ‘In =x) fe” . 

“ee 
1458/4 — a 

7 [- (Led) (int oayad 
0 


x 


loa=y [ In*(y) dy 
q. Ay 


{this integral is given in (3.8)} 


= 24¢(5). 
Now write 4+, = — if x"! In(x)dz to get 
~ He —_ 3H, Ho) + 2H?) 


n=1 


-[ In(w) (> (H a 3H, H?) os 2H) gr 
0 


x 
n=1 


{recall the generating function (2.22)} 


[ ae) ( wo) ap 
-a=y [ In®(y) n(1 = 9) 4, 
0 


y(l—y) 
{this integral is calculated in (3.44)} 


= 18¢(5) — 6¢(2)¢(3). 


Take the difference of (4.50) and (4.51) to finish the solution. 


Solution (ii). Divide both sides of (2.7): 


—. ; a | 
) y” = 5In*(1—y) 
n 2 


n=1 


by y then integrate from y = 0 to x using Os yt dy = =, 


~~ Ani, 1 f? we? O—y) 
ea dy. 


n=1 y 


= > (@ —3H,H° + 2H)) (- a gs in(x)de) 
0 


Jas 


(4.50) 


(4.51) 


(4.52) 
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Next, we consider the following double sum: 


{the second sum is given in (4.52)} 


=~ fine) (=) Ga n= vay) da 


{change the order of integration} 


ah a y) ( ©) ar) dy 


Sf E C9 (una ay!) ay 


= 73 ¢(5). (4.53) 
On the other hand, set a = 2 in (1.131) to get 


¢(2) — H®), 
ame 


ae 


Multiply both sides by #1 then take the summation over n > 1, 
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2) CO 72) 


Hn-1 Ss HnHn rs 
=¢(2)>/ a » ne pe me 


n=1 n=1 n=1 


Combine (4.54) and (4.53) 
= H,H®) — Ay-1 
oe = 
n=1 n=1 


{set x = 1 in (4.52)} 


This integral is calculated in (3.8). 


4.2.9 yr~ 


oe 


Show that 


30 


yy “= 106(5) + 6(2)¢(3). 


Solution. Combining (4.50) and (4.51) then dividing by 2 yields, 


lee) 3 ee) H®) 


D2 SB = 21605) - 3¢(2)¢(8) - 2 


n=1 n=1 


This sum is evaluated in (4.111). 
For a different approach, see [32, pp. 401-402]. 


4.2.10 Sv, He 


n=1 n4 


Show that 


(4.54) 


(4.55) 


(4.56) 
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Solution. Set x = 1 in (2.72), 


(7(3)= 125° 


The first two sums are calculated in (4.4) and (2.77) respectively. 


Hn Wo He gw Hn 
pte oe FO a 
n=1 


n=1 


4.2.11 S72, Ba 


n=1 n? 


Show that & 
SEES 37 2 
= ; 4.57 
ar = as) - 0) (4.57) 


oo He?) oo HY 
S- a + a ¢(2)¢(4) + (6) 
n=1 n=1 


W212 50, Be 


n=1 n4 


Show that 
Ske OF 
we C6) — 20° 3) 4. 
2d at = 8) (4.58) 
Solution. 

°H24+H! 21 (A2+ Hn? 

» a a n\n 

n=1 n=1 


{recall the integral (2.62)} 


Z > 5 ck 2 (1 — ode) 
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- [ In?(1 — x) Lig(x) a 
0 


x 


{expand In?(1 — ) in series given in (2.7)} 
= Ay-1 -ltT: 
=2 — eT d 
d . | x i3(a)da 
{recall the result of the integral from (3.67)} 


5 (4-3) (2-98) 


n=1 


ayo Bee @) DoE 2D. ae +2) 


n=1 n=1 


Rearrange the terms, we arrive at 


co co 


H? H, H,, H, “He 
ye pr = ~26(8) DD a + 26(2) Lae 23 De 
o—dn n=1 n=1 


n=1 n=1 


The first three sums are given in (4.4) and the last is given in (4.56). 
The two series in (4.56) and (4.58) may be found evaluated differently in [25]. 


(2)\? 
4213 ye, UH) 
Show that ; 
co HY) 
x a = =26(6) ¢°(3). (4.59) 
mil 


Solution. Substitute (4.56) in (2.6.3). 


H®) 


4.2.14 Sore, Bnet 


m2 


Show that 


°° HnH®) — 297 5 
De ar a) ee (4.60) 
(ol 
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Solution. 
© H,, HS 


2 . = 
n? n n 
n=1 


n=1 


oo (3) 1 
a (- [ x” in(1 — o)de) 
0 


n=1 
1 in(1 — 2 AO) 
--| In(1 ~ 2) So a) as 
0 x net n 


{recall the generating function (2.17)} 


— [ ma) (isl) — In(1 — x) Li3(x) — 5 LiX(x)) da 
i In(1 — x) Lig (x) ia 
0 


_ [ In?(1 — x) Lig (2) ae 
0 xv xv 
i [ In(1 — x) Lid (a) : 
2 Jo x 
{expand Lig() and Li4(z) in series } 

— 1 grt 2 — L * n—-1 3 1 
->sf: In (.-a)de— 30 f 2 In(1 — z)dx — & Lig(x)|q 
ea use of (2.62) for the first integral } 
= H2 H2\ Sif My\ 1 

oe. | i CO) 
ae n oer n 6 
=H wa ee 35 
as Ts re nt 48 (6) 
n=1 n=1 n=1 
These sums are found in (4.4), (4.58), and (4.56). Note that ¢?(2) = 22¢(6) 
Also check [32, p. 414-419] for an alternative solution. 
0° _ Hann” 
4.2.15 oe 2 
Show that & 
EEE 41 
= — = —¢(6) + 2¢7(3). (4.61) 
n 12 
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Solution. 


ee) 
~e = = 


n=1 


+3H?2H® 42H, HE -y4 2 (# + 3H, HO + un") 


{recall the em (2.62)} 


oo 1 
= a (- [ a he = ode) 
ie 0 


14374 _ oo 
7 In°(1 — x) (> Haan) aie 
0 a = nm 


{recall the generating function (2.6)} 


[ a zr) (Sma x) 4 Lia(v)) Ag 


{let 1 — x = y in the first integral} 


14,5 11? i 
1 | n'(Y) 4, | In'(1 ~ 2) Lia(e) 5 (4.62) 


Next, write as = : 602) Tie() x" da given in (3.66) to have 


—3H2Ho +49n,He © H. 
H? — 3H, H®) 2H) = 
aa gc 
= >> (#3 - 3H, HD +20) (f @ 62 aE etn) var) 
n=1 
9) — Li loc) 
0 a n=1 


{recall the generating function (2.22)} 
—L 51 — 
-{@ ae (ae a 
1-2 


lin? (1 — 2 link (1—2 
= [ P82 aie —cayars [ME cin - caer 
0 0 


x 


ot In3(1 — 2) Lig(a) 1 in3 (1 — 2) 1 ie aw) 
i dx c(2) f 7 da valk 5 da 


oe « In? (1 — x) Lig(a) ' In? (y) 1 f* In’(y) 
-{ da c(2) f Ttay val Tay dy. (4.63) 
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Take the difference of (4.62) and (4.63) 


147.5 
il In?(y) dy 
0 


eo pen) _ Lew [ In") ay 
2 6 9 l-y 24 1l-y 


1 [ In? (1 — ) Lis(e) 5 
3 Jo x 


The first two integrals are found in (3.8) and the last is given in (3.131) 


n=1 


4.2.16 ae ‘ ae 
Show that 
Se oe 
S> + = 5 ¢(6) + 3¢7(3). (4.64) 
rere 24 
Solution. Combine (4.62) and (4.63) then divide by 2 
“HA | 1 1n3(y) 3. ini Hn Hn (3) 
—2=--(2 2 
3 = fey [ BOay 3 fe 3 


The sum on the RHS is given in (4.60) and the solution is finalized 
For different methods of computing (4.64) and (4.61), see [32, pp. 421-427] 


fore) _ ee 
4217. 307. = 
Show that eB 
. A, Hs 101 5 
Se a Ol 56 (3). (4.65) 
n=l 


Solution. 


H3 +3H, HO +2H® 2 1 (2 43H, Ho 2") 
= : 


3 7 7 
n=1 


n=1 
{recall the integral (2.62)} 


= > = (- [ a” * In? (1 — o)de) 
n=1 id 0 
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(4.66) 


i ee 
i 


On the other hand, write ~ 
© 7 — 3H, H® + 2H®) 
2» 3 

n=1 


co 1 1 
= Ge — 3H, Ho) + 2H(°)) € i a in*(a)de) 
n=1 0 


i fp in*(@) [— 3 
= = (2) (3) n 
; | (>> (Un 3H, H®) + 2H ) x” | dx 
{recall the generating function (2.22)} 
1 1 ] 2 3 _ 
2 / n(x) ( In°(1 *}) as 
2 0 av 1-2 
1 [ In?(y) In*(1 — ”) ay 
0 yA-y) 


n=1 


Mm(l-y). 
————— in series given in (2.11) 


(4.67) 


Take the difference of (4.66) and (4.67) then divide by 6, 
17,3 . 

In°(1 — 2) L 
n'(1 = 2) Lia() | 


— 7 24~ nA 24~ nt 6 Jo x 


The solution completes on gathering the results (4.56), (4.58), and (3.131). 


For another approach, check [32, p. 411-414] . 
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4.2.18 1%, Fs 


n=1 n3 


Show that 


Cay (4.68) 


O13 oo 
| 
w~ 
Pct 
‘Sy 
~S* 


<A 


Solution. Combine (4.63) and (4.67) then divide by 2, 


OHS 32H? 32 8”) H®) 
eer ae 2 n4 2 n3 


a In*(1 = 2) Lio(a) 
2 Jo x 


These terms are calculated in (4.56), (4.58), (2.77), and (3.131). 
A different solution may be found in [25]. 


4.2.19 Sr, He” 


n=1 nd 


Show that 


foe) 2) 
ys = = 5¢(2)¢(5) + 2¢(3)¢(4) — 10¢(7). (4.69) 


n 


Solution. Set a = 3 in (1.131), 


Divide both sides by n‘ then consider the summation, 


Se Sd SA 
done 2a (co x wae) 


{distribute then change the order of summation} 
Co Co 1 
— 4 _— Sy ena 
coax) (aaa ] 


1 
{decompose ate by partial fraction | 
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fee 107 1 1 6 4 3 
= con (5 56 (- —) | re nthe k4n3 


1 1 
*Hia+hp t aut) 


ae 1 
{we S- ( - ) = Hy, given in (1.129) for the first term and we} 


= n+k 
{> = = C(a) — Hw) given in (1.127) for the third and fifth coms} 
n=1 
(10m, , 6¢(2 2)- HE — 3¢(3 
= payee »( eg AO) (Be) 
k=1 
((8)— Hy | (4) 
+ iA sh 73 


; H®) : 
Upon rearranging the terms, the sum )>7~_, zz cancels out from both sides, 


lee) (2) ee) 
Ay,” 5 1 A 
AE = 56(2)¢(5) — 5¢(38)6(4) — OE. 
k=1 k=1 
The remaining sum is given in (4.4). 
For an alternative solution, see (4.26). 
coo 6H. 
4.2.20 > 7°, Ha 
Show that 
a 5 
ye aE = 86(7) — C(2)¢(5) — 56(8)C(4). (4.70) 
i= 
Solution. 
24H! 21 fA2+H? 
Dp — we! yy n\n | 
n=1 n=1 


{recall the integral (2.62)} 
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x 


{expand BAG — x) in series given in (2.7)} 


Se Ay, Bod |g n- 1Lig(x 


n=1 


{recall the result (3.68) for the integral } 


n2$ (3) (2-002), 


Reorder the terms, we reach 


DD pp oe Folge TO 
n=1 me n=1 ay n=1 ut n=1 ae 
= fT, fl, 
—2¢(3) D) =z + 2¢(2) DF — 2¢(2)¢(5). 

n=1 n=1 

Gather the results (4.69) and (4.4) to end the solution. 

Also check [32, p. 396-398] for a different method. 

4.2.21 Hn” 

pes 1 nt 
Show that 
ye = 18¢(7) — 10¢(2)¢(5). (4.71) 
Solution. Divide both sides of (2.72): 
i, oo Hn” oo H®) 
Li2(x) = -2y 3 a" + DS es —3 2" — 20Lig(x) 


1 


; ‘ 1 
by x then integrate using rf ode = 


foe) (3) 17:2 
A L 
20¢(7) = 7. 1 a, 
0 x 


ioe) H,, oo H®) 
ee ee = +25 > = 


> 


n=1 
{expand Li3(x) in series} 
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-Safe "-1Ti9g(x)dax 


{recall the result (3.67)} 
oye th (6) 2). Be 
> Ds ns ( n n? si ns ) 


n=) 
or 
Hn? 3)¢(4 : 2)C(5) + 10C(7 Ll Ss Fs 350 ae 
Dae = BEA — 3626) + ¢(7) 2 D4 78 Lae 
These two series are given in (4.4) and (4.69) respectively . 
He 
4.2.22 pene ioe 
Show that 
co HY) 
do ar = $(8)G(A) + 10¢(2)¢(5) — 17¢(7). (4.72) 
n=1 


Solution. Setting p = 3 and g = 4 in (2.76), 
oo x7(4) oo 7y7(3) 
Ah, Ay, 
de = 008) +0) ©. 


n=1 n=1 


This sum is computed in (4.71). 


2 py (2) 
4203. 


n? 


Show that 
H2HR’ _ 19 
a ng $(3)6(4) — 26(2)6(5) — 7¢(7). (4.73) 
n=1 
Solution. 
so Hn + 6H2H® + 8H, HY +2(H®)? + 6H 
n3 


n=1 
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n 


nr 


7 3 1 (2 + 6H2H® + 8H, He +2(H®)? + | 
-Y5 
n=1 


{recall the integral (2.62)} 


co 


x. (4.74) 
x 


To establish another relation, multiply both sides of (2.27): 


co 4 

~ (x: ~ 6H? H®) + 8H, H® +3 (#2) = oH" fa 
n non TUT n n 1-2 

n=1 


by se) then integrate using af. gnr-l In?(x) da 


=a we obtain 


> H4 — 6H? He) + 8H, He) + 2(He)? — 6H” 

n=1 ns 

id [ In? (a) In4(1 — a) 

a 0 a(1 = x) 

hard pHa ay 
2 Jo y(1—y) 


in (t= 
{espana A) 
l-y 


in series given in (2.1 v} 


n=1 
love) H?2 oe) (2) 
=e = iy a (4.75) 
n=1 n=1 


Take the difference of (4.74) and (4.75) then divide by 12, 


Co 


3 HH? 1 a In*(1 — x) Lig(x) 
0 


= d 
3 12 x 7 


n=1 
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“HY & Hn 
yay eye 


n=1 


These terms are given in (3.69), (4.72), (4.70), and (4.69) respectively. 
Check [32, p. 456] for another solution. 


4294 S3@ Be 


n=1 nt 


Show that 
ear 35 
doar = T(2)C(7) + 2¢(3)C(6) + 40(4)6(5) - 69). 4.76) 
nl 


Solution. Set a = 2 in (1.131), 


= 1 


k=1 


Divide both sides by n” then consider the summation, 


= 62) = (>: aie) 


k=1 \n=1 


SLA 7 1 1 6 1 5 
= ¢(2)¢(7) — x (> 78 (+ n+ <) kin? k(n +k)? 3 k6n3 


4 es 3 2 4. 1 
kent  k4n® —k8n® kn 


= 62)6(7) (EE S60) _ © (¢@) a) + BO) 
k=l 


4c(4)__ 36(5) _ 2¢(6) | 6(7) 
i Ke 3 + i) 


1) ~ + 6¢(2 )6(7) — DSi — 8¢(8)6(6) + ¢(4)C(6). 


4.3. Alternating Harmonic Series 


Therefore, 


°° (2 2 
22 AE = 76(2)¢(7) — 36(8)C(6) + 6(4)C(5) - 72 


n=] k=1 


) 


The latter sum is given in (4.4). Another approach may be found in (4.26). 


Remark: For integers p and qg, where q > 1, gq 4 p, and p+ q is even > 6, there 


CO HY) 


does not exist a closed form for the series }°, —*-. 


4.3 Alternating Harmonic Series 


434. > i ee 


n=1 n 


Show that 


(-1)"Hn 1, 9 1 
SE —— = 5 ln'(2) — 5¢(2).- (4.77) 


The value Lig (5) = $¢(2) — 1 In?(2) is given in (1.81). 


For a different approach, set x = —1 in (2.6) then write Lig(—1) = —5¢(2). 


432. > es 


n=1 n 


Show that 


= oe 5 ile 
se 36(2) + 7 n*(2). (4.78) 


n=1 
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Solution (i). Let a, = 4 in (1.10): 


ee) lee) 
> (-1)"aen = RS- tan, 
n=1 n=1 


we get 


eo egy 1 =an >> Hs 


n=1 n=1 n=1 


{set z = i in the generating function (2.6)} 
1 
sa 29% {Lis ie l= i ; 


The values of these two terms are given in (1.72) and (1.29). 
Solution (ii). Set z = 1 in (2.41): 


— nlhen, = aes 
yi 2 x” = —2arctan?(z), 
n=1 
we get 
(=1y"He. .. La (1), ‘ 
d 7 = 2 5 arctan‘ (1) 


{recall the result (4.77)} 


= ays 
=6(2) + 5 n°) 
fore) (—1)” Han 
163: 52 
Show that 
= Mi 2 
eS = 796) TG. 


Solution. Applying the previous approach, 


(-1 ss = _ 7 _ — Ay 
yo Fi = ay en an 


n=1 


(4.79) 


(4.80) 
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{set z = i in the generating function (2.8)} 


= 1m {Lia = Mil =) nt 4) ig 9) 4 5 inte) m1 = yc c(a)} 


By using the values (1.82), (1.29), and (1.30), we find: 


2 3 
In(i) In?(1 — 2) = “ In(2) (= = in*(2)) i; (4.81) 
2 3 
In(1 — i) Lig(1 — i) = “G - In(2) (Smae+ 5 + Zur) i 
(4.82) 


Collect these two values along with (1.73) to finish the solution. 


434. y= oes 


n=1 n2 


Show that 
(1) He 5 
» ieee =-—+¢(3). (4.83) 


(-1)" Ap, ' In(x) In(1 + 2) 
ys | a(1+2) — 


n=1 


_ ' In(x) In(1 + 2) - ' In(x) In(1 + 2) - 
| de i de. 


~ 7 1+2 


These two integrals are calculated in (3.12) and (3.100). 
Solution (ii). Setting « = —1 in (2.8), 


pS a = Lis ( 1) Lis(2) + In(2) Lig(2) + 5 n(-1) In?(2) c ¢(3). 


The values of Li3(2), and Lig(2) are given in (1.113) and (1.112). 


An alternative solution may be found in [32, pp. 508-509]. 
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4.3.5 Si (=1)" Hn” 


n=1 n 


Show that 
ye = Sincaye(a) - (8). (4.84) 


=I 


Solution (i). Put g = 2 in (4.28), 


yl DEHa [ In() In (45°) 4 
0 1-—2z 


n=1 


_ In(a) n(1 + «) T In(a) 
- [ =— da + in(2) f dz. 


These two integrals are given in (3.103) and (3.8). 
Solution (ii). Setting z = —1 in (2.68) produces 


— In(2) Lig(—1) = 2p 


The first sum is found in (4.83). 
Also check (4.27) for a different solution. 


"HL 


ee pe 3 Li3(—1). 


n zy (3) 
4.3.6 ye 


n 


Show that ss 
— Wee 3 19 
Sy See hee (4.85) 


ae 


Solution. Setting x = —1 in (2.17), 


CO 7 _4\n z7(3) 
Es nei a eC, 


n=1 


For another solution, see (4.27). 
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17 yo 


n=1 n3 


309 


Show that 
ta) eee fl vel a ae ‘eee 
2d — 2 Lig (5) -soe+ 7 nee0)~3 In (2)62) +75 In*(2). 
(4.86) 
Solution (i). Put g = 3 in (4.11), 
s (-1)"Hn 1 [ In? (a) In(1 +2) 4 
oP ~ Os x(1+2) * 


2 Jo x 2 l+z2 
These two integrals are given in (3.12) and (3.111). 


Solution (ii). Expand In(1 — x) In(1 4+ 2) in series as given in (2.46), 


i In(1 — x) In(1 +2) In(x) 5 
0 


x 
1 Co 
In(x) Aan — Ay, i 2 
| x ( d ( n = One)” * 
= = Aan, _ Ay, 1 : 2n—-1 
= > = + =) | x In(a)dax 


5 (1), 3 5 [| 
— 4 . 
n=1 n® ¥ 4 n=1 ne " - 


Collect the results (3.112) and (4.4) to finish the solution. 


A different method is by putting « = —1 in (2.15). Also check [33]. 


1 [ In? (x) In(1 we) ya. 1 [ In? (a) In(1 +2) a 
0 
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n py(2) 
43.8 De, Fe 


Show that 


lo) (2) 
ee ee = ats (5) +5600) © im(2)¢(3)-+In?(2)¢(2)—— n*(2), 


ae 


Solution. Put x = —1 in (2.69), 


oe (2) n 
ee 1... (—1)" An 
ae = 3 Lig( 1) + 5 Lig( 1)-250 


Substituting the results (4.86) completes the solution. 
Also see [32, pp. 505-506] for a different method. 


43.9 Soe, (=1)" Hn 


n2 


Show that 


se eee = 2Liy (5) eagle In(2)¢(3)—5 n?(2)¢(2)+-=5 In*(2). 


=k 


Solution. 


eat 


= (1) 2 
a : 
 (-1)"A, 
a5 ts ; 
_ [ ma x) ( = om “) dx 
0 n= 


{recall the generating function (2.6)} 


- a x) (5 In?(1 +2) + Lis(-1) da 
1 [ Ind —2)m?°(1+2) [ In(l ~ #) Lig(-a) | 


2 7 x 


a 


1 
a” *In(1 — rae) 


—, 
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The first integral is found in (3.115). For the second, expand Li2(—~) in series: 


; In(—2)Lig(—2) 9 Ss aol (/ 2”! In(1 — od) 


x nm 


This sum is calculated in (4.86) and the solution is finalized. 


Also check [32, pp. 506 —508] for a different solution. 


n (2) 
4.3.10 Sooo, CU An Hn” 


Show that 
Co ¢_awe (2) 
yy IE = aia (5) + (4) — Fimtaye(s) + 5 m?@c0e) 


a 
ec 


Solution. Using the identity (2.62), we have 


3 cay H3 + 3H, H® + 2H) 
nr 


= = (—1)” (- [ a" In (1 — o)de) 


0 


{make use of (3.17)} 


= -—6 Li, (5) (4.90) 
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. 1 
On the other hand, write 4 = de a”—!dz, 


Ss cay" H3 — 3H, H® +2H®) 


mr 
n=1 


=> (#2 - 3H,H® + 2H) Gs tar) 
0 
1 1 oe 1 
2 (> (Hi, — 3Hin? +2419") ca) 7 
0 


n=1 


{recall the generating function (2.22)} 
1 3 
1 In°(1 
_ | 1 (-A*) 3 
0 « l+ezx 


17,3 17,3 
=i In (l+2) 4. i. In (1+2) 1. 
0 0 


1l+z2 x 


Harmonic Series 


{the first integral is In*(2)/4 and the second one is given in (3.20)} 


= 6Li4 (5) — 6¢(4) + * In(2)¢(3) — 5 m?(2)¢(2) - * inf(2 


2 


). (4.91) 


Take the difference of (4.90) and (4.91) then divide by 6 to finalize the solution. 


4.3.11 Soc, CU"He 


n 


Show that 
1) 9 3 4 
ey gS) + g m(2)C(3) — 7 mn (2)C(2) + 7 m2). (4.92) 


Solution. Adding (4.90) and (4.91), 


= —6¢(4) + 2 In(2)¢(3) — 5 m?(2)6(2) of 5n'(2). 


The second sum on the LHS is calculated in (4.85). 
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12. 5, 


n4 


Show that 


> ae = 56(2)6(8) =) (4.93) 


Solution. Putting g = 4 in (4.11) gives 
s (-1)"H, 1 [ In? (a) n(1 +2) 4 
pe te a(1+2) . 


n=1 


{recall the result (3.122)} 


17,4 17,3 - 17,4 
= al In (2) ot > / In” (¢) n(Q t) at | In (*) 4 
Ide f=1 J, 1? 48 J, l+2 


These integrals are calculated in (3.8), (3.41), and (3.11) respectively. 


For another method, see [33]. 


n pyz(2) 
4313 5", 


n> 


Show that 


oo (2) 
we ee — > ¢(2)¢(3). (4.94) 


Solution. Replace x with —z in (2.69), 


HY) 


i jane Hn prey 2” — 6Li4(—z). 


n=1 n=1 


Divide both sides by x then integrate using is i, 


Liga Sa, oe ol a ae 
— dan =ay>$ J >> ) + 605). 


Substitute the relation involving this integral from (3.129), 


= a 45 5 7 Hn OS (-1)"Hn 
So = 796(5) + 7g 6(2)6(3) + 16 2 a > 7 495) 


n=1 
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These two series are computed in (4.4) and (4.93). 


43.14 ye, SOs 


n> 


Show that 
» Ce = aris ($) —4mey un (5) + B06) + Fececes) 
Sin ets r = m°(2)6(2) = = In? (2) (4.96) 


‘ 1 
Solution. Substitute 4, = 4 f) x”! In?(a)dz, 


co n-1 

y = (1 [1 ease ) 
1 
~ 2n,: 2 i: 

_ _4yn-1 2 (2) n n—1 7,2 
y (-1) (x Ay a =) Gi vIn («)a) 
1 fie (3 2H, 2 = 

as (2) n n-1 
al ; y (x: HY ak) =) (—2) dx 


n=1 


{recall the generating function (2.12)} 


a4 [ In? (x) /1n?(1 + 2) 

— 2 Jy x l+z 

ip 1 [ In(a) In3(1 +2) ae 
3 0 x 


Distribute then rearrange the terms, 


oo n T72 oo mn zy7(2) co n 


ns n3 n4 
n=1 n=1 n=1 
aa [ In(a) m(1+2) 4, 
3 0 xv 

{recall the relation involving these two sums from (4.95)} 

45 5 7 An ,  (-1)"An 
= —-2L 1)4 2 = ee 

is(—1) + 7g6(5) + 7_6(2)¢(8) + 16 2 aE oe os 


1 3 
+f In(x) In (l+2) 4. 
0 


x 
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These terms are calculated in (4.4), (4.93), and (3.125) respectively. 
Check [32, pp. 517-519] for an alternative approach. 


isis ye, 
Show that 
a = 7265) + g in(2)C(4) + 36 (2)¢(8). (4.97) 
n=1 
Solution. 
SS (-1)" Hn ayo (/ * gn} 
= 1)"H, d 
> - 2 HR | fede 
Ly f= 
=) = (>: H(-2)") dx 
oo n=1 
{set a = 4 in (2.2) to get this sum} 
[2 
9 « 1l+zaz 
_ [ Lis(=2) 5. 7 Lis(=2) 4, 
0 x 9 il+2 
ee —_“ 
IBP 
1 a 
eh eaO en che | mt Dn 
0) 
17:2 
= Lig(—1) In) Lay Ay — ig (1) Lig +f Hal) ay 
0 
_ 4b 7 3 * Li3(—2) 
=~ FRU) + Flmeacla) — 5c02)¢(8) + f° “ae 
{recall the relation involving this integral from (3.129)} 
1 7 15 7S An ~~ (-D" Fp, 
= 76(2)6(3) + 5 n(2)¢(4) — F,¢(5) 4 oe = +2)° a 4.98) 


n=1 n=1 


The solution finalizes on substituting the results (4.4) and (4.93). 
For different approaches, see [32, p. 516] and (4.97). 
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n p73) 
4.3.16 Sv, CU Bn” 
Show that ia) 
(-1)"Hx? — 21 3 
2d =a) — es) (4.99) 
Solution. 


tN Ge | 
S- 72 =)" 7 fe dx 


1 oo r7(3) 
= [ (Saco) 


n=1 


{recall the generating function} 


no oe : Re 
= | - (tis(-2) —In(1 + 2) Lis(—a) — 5 Li3(—a) ) dx 


lpts 1 ae 17 32/_ 
-/ Liy( ©) te | In(1 + 2) Lis( ©) a a Lis(—2) aa 
0 0 0 


x 


This integral is given in (3.128). 
Check [32, pp. 513-515] for different methods for both series (4.99) and (4.94). 


(-1)"HnH® 
n2 


a3i7 52. 


Show that 
S(T Re) il ee ae ia 
x ae eee (5) + 41n(2) Lig (5) +7 m2) 


= 6(5) = 5 W8(2)C2) — F2C(2)6(3) + Gz m2). 4.100) 
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Solution. 


Co 


,H2 43H, HO 49HO S17? (m3 430,82 +2n© 
oy) 3 
n=1 


n? n 


n=1 


{recall the integral (2.62)} 


=F (_ f' eta ai) 


n=1 
in? (1 — 2) f — Cx)” 
= 7 ; 2 7 dx 
eee (4.101) 
; 7 : 


On the other hand, 


n2 


Ss cay" H3 — 3H, H® +2H®) 
n=1 


co 1 
=S-(-1)" Ge — 3H, H®) + 2H) (- i gn} in(a)d) 


n=1 


*In(a) (= 3 
ae : 2) 4 opf()) (—)" 
= | SS) (D> (#3 = 3H He + 2H0)) (-2)" } de 


n=1 


{recall the generating function (2.22)} 


[ ue) ( wt) ae 
_ [ lah r) n(x) 5. i In?(1 +2) In(®) 4, 


x 1l+z2 
IBP 
Mins (1 l i fPma 
af ah Cs LC ee | Die) ae (4.102) 
0 x 4 Jo x 


Take the difference of the two relations in (4.101) and (4.102) then divide by 6, 


°. (-1)"H,HY 1 fink Qa—2)n(1 +2) 
>» 2 = dx 
nm 6 0 


x 

n=1 

Fs 1 ‘ mi(+2) 54 1 [ n(1+2) Ine) 5 
24 Jo x 6 Jo x 


These three integrals are given in (3.123), (3.20), and (3.125) respectively. 
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4.3.18 ccc, CUoHe 


n2 


Show that 
oo n 73 
ae Jott = ois (5) — sintaytia (5) + 2600) + Zeemees) 
— n?2)¢(8) +n OGG = Sin (4.103) 


Solution. Combine (4.101) and (4.102) then divide by 2, 


yet In?(1—=a)n(L +2) aa In'(1+-) 4, 
n=1 uM 0 0 


2 x 8 x 


1 ft ne +2) n(x as 
2 
yf BGtemel a, ay & 


n=1 


These terms are given in (3.123), (3.20), (3.125), and (4.99) respectively. 


The two series (4.94) and (4.103) can be found computed differently in [32, pp. 
520-523]. 


4.4 Harmonic Series with Powers of 2 in the 
Denominator 


4.4.1 ye, an 


Show that - 
y= 5¢(2): (4.104) 


Solution (i). Set x = 4 in (2.6), 


He ote WY keg 
>, non = Lig (5) + 3 in (2), 


n=1 


where Liz(3) = $¢(2) — § In?(2) given in (1.81). 


4.4. Harmonic Series with Powers of 2 in the Denominator 


Solution (ii). Set ¢ = 0 in (3.86), 


Show that 


n2 Qn 


yo ae = 68) — 5 n2)e(2). 


Solution (i). Set x = $ in (2.8), 


1 1 1 

2 In(1 — 2 In(1 — 2 
= in(2) [” ae ar + in) f° aC Dans f 
0 l—-«& 0 a 0 

{make use of (3.84) for the third integral } 


= ~51n*(2) ~ In@) Lie (5 ) ‘ff NE) ag 


x 


This integral is given in (3.9). 
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(4.105) 
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A different approach may be found in [32, p. 500] 


4.4.3 Soe, He 


n=1 n2” 


Show that @) 
~ An 5 
a : 4.1 
DL aoe = 360) (4.106) 
Solution (i). Put « = 5 in (2.68) then reorganize the terms, 
oo 77 (2) 
Ay 1 
> ae ee (5 ) + In(2) Lig (5 )- Ie oe 
Collect the values (4.105), (1.81), and (1.92) 
Solution (ii). Set gq = 1 in (3.87) 
ee) (2) 1 
Ay / In(1 — x) In(1 4+ 2) 
—_ = dz. 
= n2 0 x 
This integral is given in (3.98) 
H2 
4.4.4 ame, aan 
Show that 
“ H2 7 
SO = 8) (4.107) 
ee em 3 
Solution. 


Co 


4.4. Harmonic Series with Powers of 2 in the Denominator 


{use the geometric series formula} 


= { =O-4( 2) ae 
0 x 1-35 


Substituting the results (3.11) and (4.106) completes the solution. 
An alternative solution is by setting x = 5 in the generating function (2.14). 


Show that 


lo) 
oi 


El AIDS ol 1 1 
“gon = hia (5) Fe) PICS) a In*(2). (4.108) 


Solution. Set a = 2 in (3.86), 


3 : ae Li 1 1 ‘i In? (2x) In(1 — &) 4 
nar 49) Of, l—« . 
n=1 
es fal 1.» 2 In(1 — x) 2 In(a) n(1 — x) 
2 In? = 
1 i In*(z) In(1 — x) Aes 
2 Jo 1-2 


The last two integrals are computed in (3.99) and (3.110) respectively. 
A different way is by setting x = 4 in (2.15). Also check [32, pp. 500-501]. 


4.4.6 S0°_, He 


n=1 n22n 


Show that 


(2) 
Sy ee = bia (F) + FG E(4) + Fm(2)6(8) — Fm2(2)6(2) + 3a n). 


(4.109) 
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Solution. let « = $ in (2.69), 


ee) (2) love) 
Ay 1 1_.4f1 Ay 
te 3 Lig (5) 5 Lia (5) ie 


n=1 n=1 


The sum on the RHS is computed in (4.108). 


4.4.7 % 


n=1 ee 


Show that 
x, magn 1M 6 ie em ey 
(4.110) 
Solution. 


5 ae > 1 (H2+H? 
n22n n2” n 
{recall the ae (2.62)} 


7 3 = (f oP (1 — ode) 


_ [ In? (1 —2x)In(1 — 2) ae 
0 


l-y 
{set q = 3 in (3.47) to get this integral } 


19 3 
= 6(4) — 5 1n(2)608), 


The second sum on the LHS is given in (4.109). 
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44.8 Sx, Be 


n=1 n2” 


Show that 


(3) 
S- es Lig (5) ?-¢(4)  1m(2)¢(8) = 5 7(2)¢(2) + 5 m2). 
(4.111) 


Solution (i). Take x = 4 in the generating function (2.17), 


gy! 3. ari . Fi fo 27 1 
S- a Lig (5) + In(2) Lis (5) - 5 Lia (5) ; 


n=1 


where the values of Lis (3) and Lig(5) are given in (1.81) and (1.92). 
Solution (ii). Put ¢ = 2 in (3.87), 


3 HE) 1 a In’(1~2)In(1 +2) | 
— av. 
ot n2” 2 Jo x 


This integral is given in (3.116). 


44.9 > ~*~, en 


n42n 


Show that 


Se — = 2Lis (5) + In(2) Lig (5) = = m°(2)6(2) a 5 ?(2)¢(8) 


Solution. Set a = 3 in (3.86), 
H, . {1 1 In? (2a) In(1 — 2) 
Ye a = tis (5) +3 f ica 


re (5) ft 5 m°(2) | * In(l = 2) Dae ai 5m? (2) | * In(x)In(l = 2) 4, 


l-« 


1 2 In? (x) In(1 — x) a In?(x) In(1 — 2) 
+9 n(2) f e dx + i; dz. 


1-2 


dik 
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The last three integrals are given in (3.99), (3.110), and (3.119) respectively. 
For a different approach, see [32, pp. 501-502]. 


4.4.10 S03, Be 


n=1 n2” 


The following sum is proposed by Cornel Valean (see[37]): 


oo ry (4) 
ae tle (5) + 6In(2) Lig (5) 568) — (2608) 
uw 

+ In7(2)C(3) — In? (2)C(2) + = In°(2) (4.113) 


Solution. Put g = 3 in (3.87), we obtain 


% HO 1 ii n°(1—2)n(1 +2) , 
a non = f ax. 


6 x 


This integral is calculated in (3.123). 


4.4.11 57, He 


n=1 n32nr 


The following sum is proposed by Cornel Valean (see [38]): 


oo (2) 
Yo Ae = ~2is (5) -3in@ytia (F) + Bots) - Zmeyera 


ce n32n = 
23 20 Pact Igoe 
+55 $(2)6(8) — Fe mn? (2)C(3) + sy lm*(2)C(2) — F552). 4.114) 
Solution (i). Let « = 4 in (2.73), 
lee) H® ee) H®) 
Day ae n2Qn 


i a ae a 
= tis (5) +1n(2)tis (5) 2 air are (4.115) 
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Now put x = $ in (2.71), 


: oo HY) co Fe Aca, 
2 n32n n22n 


n=1 
ofl\c. Ft . #4 An 
= Tis (5) Lis (5) 4s (5) ~ 6) ae (4.116) 


Take the difference of (4.115) and (4.116), 


co 77(2) 
HY Sa. 71) 4 WD be, PL eel 
=e fj mia | =) ie = ae = 
ae is (5) 3 In?) (5) +5 » (5) (5) 


n=1 
oe) H,, 1 oo HY 
22 nsQn - d n2 


The two sums on the RHS are given in (4.112) and (4.113) respectively. 
Solution (ii). Divide both sides of (2.69) by x then integrate from x = 0 to 4, using 


4, 
2 »n—-1 ree | 
i adr = aan 


Co 


So ae =if’ Lix(2) , 25° Be dane (| 
22" 2 Jy A gn oy 


These two terms are calculated in (3.130) and (4.112). 


4.4.12 Sx, He 


n=1 n22nr 


The following sum is also proposed by Cornel Valean (see [38]): 


oo (3) 
y on aa: (5) ee (5) si) : . nee 
—F¢(2)¢(8) + Lin?(2)¢(3) — 2 m9(2)¢(2) + m*(2). 4.117) 


Solution. Combine (4.115) and (4.116), 


SHY 3H 5 i\..3 1 
= Li In(2) Lig ( = 
Doe aes is (5) + 5mm) is (5) 


n=1 n=1 


1,, f/1\.. fl 
“9 Lig (5) Lig (5) i 
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Collect the value (4.113) to finalize the solution. 


4.4.13 Sr, in 


n=1 n32” 


Show that 


CO 


2 
aE — = —2Lis (5) In(2) Lig (5) + ae) = In(2)¢(4) 


aoe 1 i 
—7§6(2)6(3) Te ea a gO) = a In°(2). (4.118) 


Solution. Multiply both sides of (2.11): 


(Hu? H®)a" - In?(1 — 2) 


n=1 


In? <2) 


by then integrate from x = 0 to }, 


I = = >> (#2 - #®) a a" In? (a) da 


n=1 


IBP = (#? - H®) Ee n 2 1n(2) 4 2 ) 


n2nr n22Qr n32Qr 


is In(2) 2 °°. HH? — He) 
= In(2) 50 (Hy - HY?) ( eoeot x) a) er 
n=1 


wate D2) a = mynd n n(x))dx 
t = + | (1 2+ 21a} 

2 (2) 
~*(n(2) + 2In(x pas) +2) 


0 
2 In n(x) (— (2) 
=In(2) f me) 42) en jn aay Rea 


n=1 


{recall the generation function (2.11)} 


=m) [ In(2) zen) ( tee ) an a5 MiaHe (2) 
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Reorganizing the terms, we have 
SH? SHO 1 ot in? (1-2) In? 
~ Zon = ee 39n a - a - Pag 
n=1 m n=1 ue 0 x( = ©) 
03 of In(x)In*(1—2) , i “@ | mn? —=) , aio 
n + ~In —_——dr. . 
0 x(1— 2) oT 9 9 «(1-2) * 


First integral: Set g = 2 in (3.84), 


2 In?(1 — x) In?(x) a In?(1 — x) In?(xr) 
roo ee 
IBP 2 ' In? (x) In(1 — 2) 
3 | 1-2 te 
{this integral is given in (3.41)} 
= 8¢(5) — 4¢(2)¢(3). 


Second integral: Let 1 — x = y, 


dx 


2 In(a) In?(1 — 2) _ 1 In(1 — y)In?(y) 1 In(1 — y) In?(y) 
Ley I 


dy dy 
H y u Ly 
SS 
IBP 
Lote pt yf I) , oe 
= = In"(2)4 d 
ge = l-y : 1 1l-y wy 
-_—o_-_—_—SCT- een” 
{r= fie j= 2 


14,3 5 3 1 _ 2 
= 1 4(2) + a In"(y) iy sf In ) ay / In(1 — y) In*(y) 
3 3 0 1- Yy 3 0 = 0 


d 
l-y ¥ 


{these integrals are given in (3.8), (3.19), (3.41), and (3.110)} 


1\ 9 7 i 1 
= 2Li, ( = ) — —¢(4) + —In(2 — = In?(2)¢(2) + — In4(2). 
is (5) ~ $6 + FimeyCC3) ~ 5 m*(2)C(2) + nt) 
Third integral: Let 1 — x = y, 
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1 * In? (y) 3 In*(y) 
= —In°(2 +f dy if d 
3 ( ) o l-y o l-y # 


{collect the results (3.8) and (3.19)} 
1 
= 703) 


Plug the three integrals along with (4.114) in (4.119) to complete the solution. 


For a different method, check [22]. 


4.4.14 Sco, HaHa” 


n22r 


The following sum is proposed by Cornel Valean (see [39]): 


Solution. Divide both sides of (2.62): 


(2) 
ae = 2Lis (5) +1(2) Lis (5) a0) : 


In(2)¢(4) 


(4.120) 


H3 +. 3H, HO +2H® 


1 
-| a”! in? (1 — 2)da = — 
0 n 


by n2” then consider the summation over n > 1, 


= HyHn o> HY) 
ae: aor z DS n2Qn re n2Qn 
= [ In? (1 — 2) 2 (a /2)" de 
0 oe n=1 e 
[ In?(1 — x) In(1 — #/2) | 
0 zt 7 
3 2 
loa=y [ In (y) In (35) a 
0 Tay 


{set g = 4 in (3.47) to get this integral } 
21 9 
= 12¢(5) — “ n(aye(a) ~ 3¢(2)¢°8), 


(4.121) 
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Next, divide both sides of (2.22): 


3 = co 
_In'G.—2) — s_ 2" (Ge = 3H, H®) +2H(°)) 
n=1 


1-2 


a 
by z, then integrate using i le she 


S He —3H,H? 19n® 2 n3(1— 
= 2 a [ tS) ae (4.122) 
0 


= n2r ~ x(1—2) 
On the other hand, multiply both sides of (2.22) by — a) then integrate, 


2 In?(1 — x) In(x) 
ar a 


co 1 
= (i —3H,,HO + 2H)) (- | © gnol intr) 


0) 


n2 n22nr 


BS? (H3 - 3H, HO + 2H) (=o Qf 1 d 


n=1 


Distribute then rearrange the terms, 


co HB oo H,,H® oo HY) 
s n22n 30 n2Qn +2) or 


n=1 n=1 n= 
1187, _ CO 773 (2) (3) 
= In°(1 x) \n(z) j n(2) > Ay? — 3H, Ay’ + 2H; 
0 x(1— 2) = n2” 
1 
? In?(1— 
the latter sum is equal to — | . alae given in (4.122) 
9 «z(1-2) 
1 1 
? In°(1—2)1 ? n®(1— 
=f aa a in(2) |” al 2) ag 
0 a(1— 2) o 21-2) 
14,3 -_ 1 4,3 
vase f In? (a) In(1 Dar +in(2) | In” (a) an 
1 x(1— 2) 1 (1-2) 


First integral: 
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_ ‘i In°(ax) In(1 — 2) ais [ In? (x) In(1 — ©) ae 


x al 1-2 
eS 
IBP 
1. f* ine "In? (x) In(1 — 
= —1n?(2) + i: ae | ae cure 
4 H 1-2 1 l-« 
—~_--___ 
1_ fi/2 {r= 1/2 
0 0 (0) (0) 
1.5 1 ft In*(x) 1 ? In*(a) 
=7m@+; f re a ioe 
[ In?(a) In(1 — 2) dat [ In°(x) In(1 — 2) dx 


{these integrals are given in (3.8), (3.19), (3.41), and (3.119)} 
. {1 . [il 285 
= —12Lis (5) — 121In(2) Lig (5) + 76 6) — 3¢(2)¢(3) 


me In?(2)¢(3) + 21n?(2)¢(2) — 2 In? (2). 


Second integral: 


[ #2 e-f Oy | [ ni gy 


2 


1/2 
ie= a 


ee oe ' In? (x) i In? (2) 
=—jinta+ f da : i-2 
{collect the results (3.8) and (3.19)} 


= 6Liy (5) — 6¢(4) + - In(2)¢(3) — 5 n?(2)¢(2) + 7 in"). 


Combine the results of the two integrals, 

HB 2 AnH? oS He 1 1 
2 _3 ~~" +2 “— = —12Lis ( = ) — 6In(2) Lis ( = 

De page 8D, tap +220 Gage = 22Lis (3) ~omati (5) 

3 


+ (5) — 6 In(2)¢(4) — 3¢(2)¢(3) + 5 n*(2)¢(2) — sin°(2). (4.123) 


Take the difference of (4.121) and (4.123) to finishes the solution. 
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4.4.15 Yr, in 


n=1 n22n 


The following sum is proposed by Cornel Valean (see [39]): 


Se Dey Aa 279 25 
d Sonn = —14Lis (5) — 91n(2) Li, (5) ar 16 ¢(5) i In(2)¢(4) 
i t..5) 13, 3 31.5 
—56(2)6(3) — 7 m*(2)C(3) + FAC) — en). .124) 
Solution. Combining (4.121) and (4.123) yields 

oH ee a a _f1\. 477 

224 729M pa on —12 Lis (5) — 6In(2) Lig (5) + 76 $65) 
45 21 1. 3 30 5 
=F in(2)¢(4) = 6(2)6(8) + 5 Im?(2)C(2) — = 1n5(2). 


The sum on the LHS is calculated in (4.117). 


4.5 Harmonic Series with Powers of 2n + 1 in the 
Denominator 


45.1 9 Sa 


Show that 
fae (-1)" Hon41 TT 
=G¢ In(2). 4.125 
dX ntl ante a) 


Solution (i). Set a,, = “+in (1.13), we have 


_ (-1)" Hon41 An = a Ay, 
dX 2n+1 a ee 


et x = 72 in the generating function (2. 
| in the generating function (2.6) 
1 


Gather the values (1.72) and (1.29) to finish the solution. 
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Solution (ii). 


yo pte ya (- fain ayer) 
7 - fm =a Ds 2") da 
= - fc a 


0 
i+ =) dx 
This integral is calculated in (3.97). 


co )§=6(-1)"” Han 
4.5.2 yoo G@nEb? 


Show that 
a (=1)" Hons at es 1 
££ —— = 7 Li3(1 + 7) — — In*(2) — = In(2)G. 4.126 


Solution. Let a,, = 4 in (1.13), 


S (=-1)" Hon we iH, 
So 
n=0 (2n + 1) n=1 ” 


{set x = i in the generating function (2.8)} 
1 
a | {Lia( — Lig(1 — 7) + In(1 — #) Lig(1 — 7) + 5 In(a) In?(1 — i) + <a)} . 


Gather the values (1.73), (4.82), (1.30), and (1.29) to finish the solution. 


co - n py) 
ASS) a ee 


Show that 


3 
Sai = “1n?(2) 4+2In(2)G. (4.127) 
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Solution. 
S(-)" He n p7(2) 
=) (-l) A, 
2a gat, Os ; 
1 lore) 
=f (Soa -29)" | ae 
0 n=0 
[ Lia(—2*) 
(0) 1+ 2? 
IBpP Ot? 


BP vf arctan x In(1 + x?) 
0 


x 


dx 


{employ the generating function (2.45)} 


7? ie (-1)" He 1 
= 4 nm was 
48 dX In+1 | oe 
nr nas (-1)" Hon 
= gg (Qn +1)? 
n=0 
m SS (=1)" Hons SS (=1)" 
~~ 48 4) 24 4) 3° 
cae (2n + 1) mvert (2n + 1) 


These two sums are given in (4.126) and (1.66) respectively. 


2n+1 


coo | (-1)" AY? 
4.5.4 ee 2n4+1 


Show that 


ove) n 2 
Glin se 


173 
= 23 Lis(1-i)4 
n=0 2n+1 io : 


Solution. Set a, = 2 in (1.13), 


Co 


> (-°H?), SH?) 
ner In+1 


nN 
n=1 


{employ the generating function (2.10)} 


: In(2)G. (4.128) 


= 3 {Li(é) + 2Lis(1 — é) — In(1 — 4) Lig(1 — #) — ¢(2) n(1 — i) — 2¢(3)}. 


These terms are given in (1.73), (4.82), and (1.29). 
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45.5 > .°°, Ha 


1 (2n+1)? 


Show that 


Dee a eo) (4.129) 


Solution. Set g = 2 in (4.31), we obtain 


oS " In(x) In(1 — x?) 
aera 5 =| —______—_dz. 


1-2? 
This integral is calculated in (3.102). 
A different way to calculate this sum may be found in (3.45). 


+1? 


4.5.6 Si, Hn 


n=0 (2n4+1)? 


Show that 
5 SL oe eS 
Se = IL i) 4 + — In*(2) — In(2)G. (4.130) 
SS Gr pay 7 PoE =i) + B+ Bm) — In) 
Solution. Write H2, = Hon+41 — a in (3.1), 


1 1 ym 
In(2) + Hp — Hont14 = de. 
are ener Oy el i: lta 


Multiply both sides by Onn? then take the summation over n > 0, 


( 


m2) 0 at (<1)" Hn > (-1)" Hans is a" 


4 (Qn+1)? <4 (2n+1)? < (Qn+1)  (2n +1) 
= = (aya 
= so! iB: x | dx 
0 1+2 n=0 (2n + 1) 
ae *_ In(y) 
= d 
Jt a (f ea y) ax 
Fes (1+2) aa piter 


{change the order of integration} 
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i ae (f aac) Y 
7 [ — (iat t) + 5 In?(t) + In(2) In(t) + 5) dt 


! Lis(—2) 1 f* In?(t) ' In(t) a ft dt 
= f t+In(2 f 
| Pitts | repel + in) [ rept ts | 1+? 


1 
{expand TP in series in the second and third integrals} 


Lig(— 2n 7.2 
=f mee Dat 4 sa yn fie In? (t)dt 


Co 


tin) Yo c-ay" f Prin(tyat + = (7) 
= PED one I. eee I 
=| 1+? sap Dire ne) Gnaae 


Reorganize the terms, 


so (—1) 7 3 (1) an 2In(2) (1) ; 


nao eee 1) sao (2n+1) =p (eh 1) 
ly: 3 
Lig(—t) TW 
t dt : 4.131 
| ite 'B Gist) 


Put together the results (4.126), (1.162), and (3.126) to end the solution. 


157 ye aa 


(2n+1)° 
Show that 
x he = 28(4) — ce) (4.132) 
Solution. Using the series expansion of a given in (2.43), we get 
, pela a! Bivaiasceta Sa = - a In? (a) (3 3 (—1)" (Hn - 2a) 2) dx 
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i 2 

2 = —— 

=o) : ata | 
co )"H, ioe) —1 ” FT. 7 
ea en 
nap (2+ i)" nao ene 

1 
iw Aon = Han+1 — are in the last series 


2 Fy $8 "Hans 9S CI 


n= 0 ( (2n oh 1)° n=0 (2n + 1) n=0 (2n + 1) 
Rearrange the terms, 
 (=1)" Hon “ (=1)" Hn — (=1)" 
oso! ) at lk ) a ym ) 
jap eee say ened) “m9 (2n +1) 
1 2 
] t 
he x\ln*(x) = ane 4. 
0 l+2 
17,2 
] 
sides ae -/ n*(x) SECban i 
n= 0 ( aoa 0 + 


ee follows from expanding arctan x in series then integrating} 


ee nh" In? (a) arctan , [ x In?(a) arctan x 
= f v 
0 0 


arin! rea, = 1+ 2? 


_ Se ef In? (a) arctan 4 
me + 1 0 


2 
erg u(1+ 27) 


dx 


Collect the results (4.37) and (3.118) to finish the solution. 


For a different method, check the generalization (4.36). 


_4)nr zy?) 
4.5.8 Sy, CY Bans 


n=0 (2n+1)? 


Show that 


es) = n py (2) 35 2 
ss Sole eee ae) = ake (4.133) 
n=0 
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Solution. Set x = 7 in (2.69) then take the imaginary parts of both sides, 
lo) oe) (2) 
S A, ops 
ILig(i) woe +23) 3 (i) 
use J) t"Gn = > (—1)" @an41 given in (1.13), 
oo nm z7(2) 
So Vanes 
a Coe ae — a 
Using the value (1.72), we have 
5 1 
Li3(i) = 4 . i. 
BO = Gat) -@- (Fa): 
Collect this result along with (1.74) and (4.132), the solution is finished. 
(2) 
Ay, 

459 aap 

Show that 

a: Ae iN 181 3 oes 
S° —, = 8 Lia ( 5 — Fg 6 (4) +7 n(2)¢(3)—2 In? (2)¢(2)-+3 In" (2). 
= (2n +1)? 2 3 
(4.134) 


Solution (i). 


oo He) co 1. 
S- —“", =- S- He) | x?” In(x)dz 
n=1 (2n 1) n=1 0 


- — f rnte) ( 3 yn) da 
0 1 


_ [see Dg 
0) 


1— 2? 


{write Lig(x?) = 2 Lig(x) + 2 Lig(—z) given in (1.78)} 
_ 2 In(a) nay) ae af In(a) Lig(—2) ce 
0 0 


1-2 1— 2? 


7 a (a) Pata) fie i inte) Bate) - ie eS 
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[ In(z) Lig(—2) 
0 


l+z 


First integral: Expand hia(@) using (2.3), 


Second integral: Expand is in series, 


In(x) Lig(x) | | ai 7 . 
[ l+2z oo A 1) | x” In(x) Lig(x)da 


n=1 
iad n{ H® 2H,  2¢(2) 
~ 2 ) (= "3 n2 
SCA Sis, 5 
_ ye - 23 J. °¢(4) 


Third integral: Expand Lig(—2) in series, 


1 oo yr op 
In(a) Lig(— +f x” In(a) 
gua i ea d 
i: 1-2 oe er . tee 
{set a = 2 in (1.126) to get the integral} 


=> PY (am - a) 


n2 


In(z) Lig(-z), n zy(2) [ veel 
fi a dx = S>( 1)" AY, ; xv” * In(x)da 
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CoO 7 _4yn z7(2) 
-~ Or! (4). 


n=1 


Gathering the four integrals, 
eS 


These sums are found in (4.86), (4.87), and (4.41) respectively. 
Solution (ii). Set p = q = 2 in the third application of Abel’s summation (2.79), 


HY) 


00 ¢_yympz(2) 2 p72) 
He COU Se 3c. 


2 
nr 
n+ 1)° k=1 n=1 


oo (2) oo x7 (2) (2) 
AT; 5 1 Ay i: 

y a 4 y ES 

n=1 (2n + iy BP 4 n=1 n? 2 n=1 


and these two sums are found in (4.87) and (4.41). 


4.5.10 Sr, Hs 


n=1 (2n+1)? 


Show that 


= ee el 61 2 La 
So —5 ae 7p = 8Liy (5) — 7g (4) + 1n?(2)¢(2) + 3 Inh(2). (4.135) 


ak 


Solution. Write — f° 22" In(x)da to have 


1 = 
(2n+1)? ~~ 0 


oo He = He co 1 
S- naar = Ve — H®)) (- [ a in(x)d) 
n=1 


yea (eee 


= [ In(x) (dou - Hig). da 
0 


n=1 


replace x with x? in (2.11) 
p 


_—_ [ In(a) eS da 


a=y 1 * In(y) In*(1 — y) 
7 , Via-») 


Collect the results (4.134) and (3.117) to complete the solution. 
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4.5.11 S70, He 


n=1 (2n+1)? 


Show that 


ea: = Becayc(ay - Be. (4.136) 


Solution. Set g = 2 and p = 3 in (2.79), 


2 y) @) 2 ¢_4)ny@) 
Dewey, SO) Be) Pee 


baa 8 


These two sums are given in (4.47) and (4.99). 


H®) 
n=1 (n-+i)? 


4.5.12 S7% 


Show that 


ee ee! 
Gee oO) Ose (4.137) 


Solution. Set g = 3 and p = 2 in (2.79), 


SA 3 Ge ee (Tn 
Se 


n+1) ars 


These two sums are given in (4.44) and (4.94). 


n zy (3) 
45.13 D2 fe tare, ee 


n=0 (2n+1)? 


Show that 


a ja) ss ra 17 Bl 
Al 2(3 6). 4.138 
iS ee y= ¢?(3) - =¢(6). (4.138) 


com 
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Solution. Set ¢ = p = 3 in (2.79), 


oo Ho) oo 77(3) oo n 77(3) 
7 9 31 Ay (—1)" A, 

) 3 ) 4 y . 

o=7 (2n+1)° = 3S (3) 8 nat te ay n3 


The first sum on the RHS is given in (2.77). 


4.6 Skew Harmonic Series 


164. oo Es 


n=1 n 


Show that 


d ee Oa (4.139) 


Solution. Set ¢ = 1 in (4.17), 


can eh _  In(1 — x) . 
= n =| aie" 


1 1 _ 
=4 In(y) a 7: In(1 ©) tee 
9 l-y 9 i+2 


Put together the results (3.8) and (3.17) to complete the solution. 
For an alternative solution, set = —1 in the generating function (2.30). 


162 os 


n=1 n 


Show that 


Se eves = = In°(2) Inn 2642) — 76(8)- (4.140) 


ae 
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Solution (i). Using the integral form of H,,, given in (1.140), we have 


3 ae - 3 _ (int - | ce Ar) 


n=1 n=1 I+a 
(1) a i, 1 Sy Hs 
= In(2) x” | dx 
2d n 9 l+a d n 


hee the generating function (2.6)} 


CO 


=m S 1)"Hn faG In2(1 1) + Lin(e)) ae 


“yey UH if as eo) a [ Pee 


meet 2 l+z l+z2 
IBP 
_ = (=1y 8. “1 f In?(1 — 2) 
mace n 2 Jo 1+2 i 
1 — 
~1n(2)¢(2) / In(1 + x) In(1 — x) ae 
0 x 


The solution finalizes on combining the results (4.77), (3.17), and (3.98). 


Solution (ii). 


{replace x with —2 in (2.29)} 
[ In(1 — zx) Ge - 7) de 
0 x 1 + 2 


Lyn2/q Lyn2rq 
-/ In“(1 ©) te | In“(1 ©) te 
0 1l+2 0 x 
2 


17.2 147.2 
=i. In“(1 — x) de | In“(y) Aly 
0 1l+2 0 


These two integrals are calculated in (3.17) and (3.8). 
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4.6.3 >, HnHn 


Show that 


De a me = —3Liy (5) = 6(4) + 5m? (2)¢(2) - =n(2), (4.141) 


The following solution is due to Sean Stewart and it may be found in [24]: 


Solution. 


° nl A 
= | 2 n n n 
n( 2 n2 ‘ l+e2 (>: 72 x) Jae 


{recall the ae function (2.8)} 


eee 
(2) 52 Fe ‘ A Lis (— ar+ | Lis(1 +2) 4. 
apt 7 0 1l+2 
1 = 2 1 
7 In(1 + x) Lig(1 + 2) aa In(—2) In (l+2) 4. ¢(3) em 
0 0 


d 
l+2 —_ I+2 > l+a 


First integral: Integrate by parts, 


‘Lig(—a) 1 'In(1 + x) Lig(—zx) 
| = . dz = In(1 + 2) Lis(—2)|, | da 


Second integral: 


* Lis(1 + ; 
| HE +) ay = Lig(t + 2)Ip = Lisl) — (4). 


Third integral: Integrate by parts, 


i In(1 + x) Lig(1 + ©) te 
0 


l+za 
l+a 


=Lig(1 +2) in( +a)fp ~ f da 
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= In(2) Lis(2) — Lia(1 + «)|, 
= In(2) Lig(2) — Lig(2) + ¢(4). 


Fourth integral: Integrate by parts twice, 


7 In(—zx) In?(1 + 2) ay 
) 


l+zaz 


1 : 
Lip (1 In(1 

=-Li(i +2) n+ a0)[ +2 / ig(1 + x) In( +2) 4 

0 1l+¢2 


= — In?(2) Lig (2) + 2In(2) Lig(2) — 2 Lig(2) + 2¢(4). 


Fifth integral: 


1 
9 l+2 


¢(3) In( + «)|5 = In(2)¢(3). 


Group all five integrals along with the result (4.4), we have 


2d a = Fm(2yc(a) 7 ~6(4) +3 Lig(2) — 2In(2) Lig (2) + : n?(2) Lig(2). 


The values of Li, (2), Li3(2), and Lig(2) are given in (1.114), (1.113), and (1.112). 


4.6.4 Soe, CU" Haln 


n2 


Show that 


SS ie 1 29 3 1 
S- ( 7 = 3 Lig G) Toe In?(2)¢(2) + 5 In (2), 
(4.142) 


Solution. 


= (1), . 7 Ay 
=n(2) > 2. LR a «') a 


n=1 


- Sc es Lis (a Lis(1 — x) 
=n?) 2 [ B@a ‘ff l+z Ss 
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[ In(1 ~ ) Lig(1 — 2) | ai In(a) In?(1 — x) 
0 itz oo. lta 


0 
oo . o 1 . . 
First integral: Expand ;-- in series, 


: Lig (a) < n : n—-1ly7: 
| ioe be 1) [e Lis (a)dax 
n=1 
{recall the result (3.67)} 


3, yr (SO - 4 ) 


n n? n3 


Second integral: Let 1 — x = y, 


[ Lig(L= 2) 5. [ Lis(Y) a, 
0 1l+2 0 


Third integral: Let 1 — x = y, 


1 n(1—a)Lig(d—2), — f* In(y) Lig(y) 
| ee ae= | dy 


(3) 


1+2 
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= 3 1d (¢(2)_ An 
7 <— 2rdn\ n n? 
{use the derivative of the harmonic number given in (1.132)} 
7 3 1 (2H, Ha’ . 200) 
_ ar \ n3 x? n? 
n=1 
oo H co (2) 1 
=2 “ “. — 2¢(2) Lig { = }. 4.14 
2d Qn 3 72 9nn2 ¢( ) 12 (5) ( 3) 
Fourth integral: Let 1 — x = y, 
[ In(a) In? (1 — ©) te _ [ In(1 — y) In?(y) 4G 
0 0 _ 


1+2z 2-—y 
1p 
-Yaf y”' In(1 — y) In*(y)d 
0 
“1 @? 


_ 3 1 ee rn 5 2H, 2H2) 2H 
2 Qn n n2 n3 n2 n 
20 oo p7(2) oo 77(3) 
1 H,, Ay AT; 
= 21n(2)¢(3) + 2¢(2) Li 2 2 2 
n(2)C(3) + 2¢(2) » (5) ee aoa 


(4.144) 


Combine all integrals then rearrange the terms, 


LS oe 2In(2)¢(3) 
n=1 
+In(2 Cp ae S47 = soe ae 


n=1 


These three sums are calculated in (4.83), (4.86), and (4.111) respectively. 
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4.6.5 S000, Manian 


n=1 n2 


Show that 
TF bile 
y aes = rea ” (4.145) 


n=1 


Solution. Put a, = “4 in (1.5): 


S- a2n = ; S- An + : x. (—1)"an, 


n=1 n=1 n=1 


we have 


Hon Hon — 1 Ann . 1 (-1)"HnAn 
d (2n)? => n2 ys n2 , 


These two sums are given in (4.141) and (4.142). 
4.7 Harmonic Series with Rational Argument 


wa 5 


Show that 


N35 


ee (ya 
Se lee = In?(2) — ace) (4.146) 
(= 


Solution (i). Replace n with 5 in (3.2), 


1 
| gl In(1 + 2)de = ———. (4.147) 
0 


Making use of this integral, we obtain 


_ ia a)" \ de 
lpm - onl, A 
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1 
a7 In” (2). 
The first sum of the LHS is given in (4.77). 


Solution (ii). Let y = x? in the integral (1.124), we get 


1 
-{ y"—*In(1 — y)dy = —2 
0 


=: n 
Replace n with oe 


1 
sh ol In(1 — 2?)dz. 
0 


(4.148) 


a 
In(l — 
setae f In(1 ~ 2) 
1l+a 0 


da. 
1l+2 
The first integral is In? (2) and the second is given in (3.17). 


For a different approach, set x = —1 in the generating function (2.35). 
An 
2. 


Show that 


(4.149) 


1 1 

7 = y — (- f x”) In(1 — a”)da 
n 0 

n=1 n=1 


7 He) (>: =| 


4.7. Harmonic Series with Rational Argument 


a [ In(1 — x?) In(1 — z) ae 
0 


x 


_ [ In?(1 — 2) Pee 7 In(1 +z) In(1 — 2) 
0 v 0 


x 


da. 


These two integrals are given in (3.8) and (3.98). 
For a different approach, see (4.18). 


Show that 


ns 
ow 


eS) (Sal 
ae == =¢(3)! (4.150) 
a 


Solution. Applying the previous solution, 


2 i In ies. (> =) ee 


n=1 


= [ In(1 — x7) In(1 +2) 
0 


dx 
x 
_ a mor Dans fi In(1 + x) In(1 i) aie 
) z 0 z 
These two integrals are given in (3.20) and (3.98). 
Check (4.19) for a different method. 
coo «Cn 
471A 
Show that 
oe Ele 1 11 7 1 il 
2 ii A in? Sn (212) in (2) 
Se m2 (5) + SUH) — FICC) +5 mI) — gy IMO) 


(4.151) 
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Solution. 


{recall the integral (4.147)} 


Co 


_ 5 ([ 2tna.+2)a2") 
-f' aes x) (>: =| - 


n=1 


2 ig In(1 + a) Li2(z) 
0 


x 


= . (-1)""* et io(a)dx 
eee | Lig(x)d 


n=1 


{recall the result (3.66) } 


soo (@ = 


n=1 


= ¢(2)n(2) + > Bn 


n=1 


is 
5 
a 
o 
8 
x 
3 
II 
lon 


¢(4) given in (4.4) and ¢(2)7(2) = $¢(4), we have 


This sum is calculated in (4.86). 


(-1)"Hx 


n3 


A155 


Show that 


1)"H» 
3 


(4.152) 


S- aoe = 2Li, (5) Feast ini 2a(3)—= In?(2)¢(2)-++— In4(2) 


12 
(4.153) 


4.7. Harmonic Series with Rational Argument 


Solution. Applying the previous solution, 


n=1 n=1 


2. =s ( | * ®in(1 + vac) 


oo]|6CnHn 
4.7.6 S33 
Show that 


oS Ela lila 


io=IL 


Solution. 


pee © H, (Hn — Hs 
“ate 


n=1 n=1 


7 ae 
= — ney g—" In(1 + ode) 
7 0 


_ 'in(1+ 2) +> An on “ 
- fa) 


n=1 


{recall the generating function (2.6)} 


-[ ae) (Sma 2) + Lin(e)) da 


x 
1 274 _ 1 . 
_ a In(1 + 2) In*(1 Dae | In(1 + 2) Lig(z) | 
2, 0 0 x 


xz 


=a aL (5) +560) = In(2)6(3)+ 5 In?(2)¢(2)— 


= nt(2) 


(4.154) 
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{the second integral is simplified in (4.152)} 


te In(1 + x) n?(1 — 2) 5  (=1)"An 
=5/ - eG ae 


The solution finalizes on collecting the results (4.42), (4.86), and (3.116). 


coo | ((-1)"HnHy 
47.7 eat 
Show that 
=. (-1)" HH Se ee 5 
Se) -*G(4) + im(2)¢(8) — 3 ?(2)C(2) 
5 ant 
+57 In*(2). (4.155) 
Solution. 


I 
ae: 
4 

Pi 
= 
ooOo™s 


1 
| z”—) In(1 + ode) 
0 


7 'in(l +a) [QO An 2)" | de 
-| : (> Ba a 


n=1 


{replace x with —« in (2.6)} 


= [ mGts) (Gua +2) +Lia(—0)) dx 
. sf In? (1 ‘Dar [ In(l + 2) Lis(=2) 5 


ax 


x 
1 fi n'(1+2) 1, 
= 5/ 7 dx 5 Lia( r)\o 
1 fin? (1+2) 5 
— d. 4 . 
a ae 


Collect the values (4.88) and (3.20) to finish the solution. 


4.8. Harmonic Series with ee in the Numerator 


-1)"Hn 
as So 
Show that 
> (Sl) ele = 1 2)¢e(3 
a aS NEG = 
Solution. 


H,—Hs 


oo = 2 oo ¢_4yn 
Da y) n4 -~o ( n 


(f a1 In(1 + vac) 


3 


 —Scayc(a) + f 


ax 


1 32(_ 
Lip(-2) 1. 


Recall the relation involving the latter integral from (3.129), 


(-1)"Ha 


) 


yt = Fences) 


Collecting the results (4.4) and (4.93) completes the solution. 


For a different solution, see (4.19). 


So (=1)" Hn 
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(4.156) 


4.8 Harmonic Series with ee in the Numerator 


48.1 Se, Ga 


Show that 


(4.157) 
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Solution (i). By Taylor series, we have 


or 


- C a" = (4.158) 


Using this identity, we obtain 


= ealG => G) (- f 2*-tna -2)az) 


rJ/l—2x x 
—_—_—__-~:2272- eon” 
V1l-a=y l-—z=y 
1 1 
In(y) ‘l In(y) 
= af dy 4 dy 
o 1-¥ 9 1-y 
; 1 1 y, ‘ 
write = in the first integral 
l-y? 1l-y 1-7 
1 1 
1 ] 
=1f ym) ay 3 | n(¥) ay 
o l-y o l-y 
— — 
yyy 
1 
] 
1% | n(y) 4 
g Lv 
= 2¢(2) 


we have 
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2n 
fore) ne —1)"Hn 
saan Ce) ca 


4.8.2 


Show that 
(4.159) 


n 
He n 


G) ne Sn, (2v2-3). 


lo) 
ow 


Solution. Set 2 = —1 in (2.38), 


5 4a) CO"Hn or, (4) ee (2v2-3). 
co (?7") a, 


Show that f 
ev) Hire 9 
Z = Aln(2 : 
So Pee = 3608) ~ AINE) 
Solution (i). 
foe) ew gn foe) ie 
n —_ n n-1 
ie. ae qn (fe ar) 
n=1 n=1 
1 co =(2n 
n=1 
{recall the generating function (4.158)} 
_ fil (- —vl- *) qd 
if Vl-« 
Pay _9 dy 
1l+y 
= —2In(1+ y) 
= -2ln(1+VJV1—2z)+¢, 
where c = 21n(2) if we set z = 0. Then, we have 


= —-2In(1+ V1— 2) + 21n(2). 


(4.160) 


(4.161) 
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Using this identity, we get 


Cn) Hn _ yo Ge) (Hn 
qn n2 » Ann ( n ) 


5 Ot 
-~2 (- [na - ajar) 


n=1 


= [ eee 2In(1+ VI—a) + 2In(2)) dar 
0 x 


7 1 In(1++/1 —) In(1 — 2) * In(1 — a) 
=2 - da 2in(2) f —_ 7 da 


V1l-«w=y l-xw=y 
1 1 
-s/ yIn(1 + y) AW) ay 21n(2) In(y) ay 
0 0 


1-y? 


_, f mdty) ny) * In(1 + y) In(y) na) [| Bw) 
=a =F dy | ear dy — 21 @ f _ dy 


These integrals are calculated in (3.103), (3.100), and (3.8) respectively. 
Solution (ii). Set x = 1 in (2.39), 


fore) 2n 1 
An In(1 + ¢) n(1 — 
S- Cn) Fn = —4In(2)¢(2) + 2¢(3) if nt +o) md 8) op 
=. 47 on 0 t 
This integral is computed in (3.98). 
2n 
co (7) H®) 
434° UA oe 
Show that ) (2) 
(4) An 3 
Sous ~ = 568). (4.162) 


Solution. Multiply both sides of (4.22): 


Hn HY ¢(2) 


n2 n n 


1 
= | z+ In(x) In(1 — x)dzx 
0 
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Ce ) 


“/ then take the summation over n > 1, 


eas H, oo Ce 


oo HY) oo ae 1 
SS 


{recall the generating function (4.158)} 


_ 1 In(x) In(1— 2) (1-Jl—a@ = 
/ T=) 


x V1l—« 
1 1 
= i: In(x) In(1 — x) aus / In(x) In(1 — x) a, 
0 rV1l—2 Jo x 
1-2-2 IBP 


1 17,2 

-/ In(x) In(1 ©) te a In (2) aa 
» ved—a) 2), 1-2 
{substitute the results (3.102) and (3.8)} 


= 6¢(3) — 6 In(2)¢(2). 


The solution completes on collecting the result (4.160) and writing 


oe 2) } _ ain, 


which follows from (4.161) on setting 7 = 1. 


43.5 yoo, Go ae 


n=1 4” n 


Show that 


= 31 
nr —2n — 2 —¢(3). 41 
De ere mG + =C(3) (4.163) 
Solution. By writing + = of x?"—1dz, we get 


oo -) (2 -) 1 77(2) oo /2n ; 
Hy, qAn 
ae a » (a) (xS = jae) (2 / oar) 


n=1 n 
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{recall the identity (2.58)} 
1 2 
1 

= | 1 (== 2) ay 

0 « V1 — 2? 

=sinu 2 

—_ | u? esc udu 
0 


= u2 In (tan (5)) : -2 [um (tan ($)) du 
(0) 0 


——— 
0 


{use the Fourier series of In(tan x) given in (2.95)} 


z cos((2n + 1)u) 
=-2 f° “( 23 ar Jaw 


Co 


1 z 
= ps cl | ucos((2n + 1)u)du 
— ot ™ cos(n7) sin(n7) 1 
(3 2(2n+1)  (2n+1)? ar) 


{i > Ay, cos(nm) = ba (—1)"an given in a} 


n=1 n=1 
a a Se 
» (2n + 1)* d (2n +1)° 


{the first sum is the definition of the Catalan’s constant ( 1.162)} 
{and the second sum can be obtained from (1.65)} 


=27G+ 73), 


The second sum on the LHS is given in (4.162) and the solution is complete. 


4.8.6 sre, Ge) Ha 


n=1 4" n 


Show that ee : 
SS (a) Fn 21 (3), (4.164) 


es 4-7 1 2 


4.8. Harmonic Series with ee in the Numerator 


Solution (i). By using the identity (2.62), we get 


SG eee 5G) Pe 
> re = =, es (/ x ‘in? 2)ar) 


n=1 n=1 
1 2 oo /2n 
_ In (1 = x) (Cr) n 
- | as (> Anta” | da 
{recall the generating function (4.158)} 


-[ 2 (=) se 


Lge lyn2q 
= In“(1 ©) ae [> (1 ©) te 
09 «wtVl-2“ 0 x 

a” 


eee 
V1l-a=y 1l—-x=y 
17.2 17.2 
] l 
-3/ = W) ay | as W) ay, 
o t=9 o l-y 


Gathering the results (3.14), (3.8), and (4.162) completes the solution. 


Solution (ii). 


= = G) Hy, (-[ og” in(l — o)de) 
=- f= (5 Baar) a 


n=1 


{recall the generating function (2.37)} 
[ In(1 — 2) ( 2 (t= *)) 4 
= n x 
0 x Vl-«2 2/1—2 
1 
vig fn (EY) ay 
0 


l= 2y 
_1-a# 1 2 _ 1 _ 
v= TFs af In*(1 ©) te af In(1 x)In(1 + 2) 5. 
0 zt 0 zt 
l-aw=y 
17.2 1 
_ af In (Y) ay af In(1 — x) In(l+2) 4. 
9 l-y 1) zt 


These two integrals are given in (3.8) and (3.98). 
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48.7 yoo, Ge) 


n=1 4” 7n2 


Show that 


i ge el (G) = 14¢(4) +7 n(2)¢(3) —81n?(2)¢(2) + 5 n4(2). 


(4.165) 


Solution. 


{recall the generating function (2.38)} 
1 
In(1 — -vVl- 
-{ a) (2tis € : =) ) ae 
0 x 1l+vl-2@ 


ip (254 
viet s | a“ (=) dy 
0 


ae 1 In(1 — 2) Lig(x) ; ‘ In(1 + a) Lig(x) : 
= | an ir d +4 f dd 


x 


s[ In(1 + 2) Lig(ax) ioe s | In(1 — x) Lig(a) ae 
0 1+2 0 1 + x 


First integral: 


[ In(1 — x) Lig(z) |. = 1 Lid (x)|9 = 12/9) = —7C(4). 
0 ] : : 


Second integral: We showed in (4.152) 


[ In(1 + 2) Lig(z) dx = ¢(2)n(2) + 2 ewes 
0 xv 


4.8. Harmonic Series with ee in the Numerator 


{collect the result (4.86)} 


= 2bis (5) — Feta) + Fim(a)c(a) ~ 5 n*(2)C(2) + 5 Int). 


Third integral: Perform integration by parts, 


1 : 1,2 _ 
: In(1+<2) Lia(x) |. 1 - a In*(1+ 2) In(1 ©) ae 
0 0 


1l+2 2 2 x 
{this integral is given in (3.115)} 


Le 3 
= 5m?Q)¢(2) - Fea). 


Fourth integral: Make use of the dilogarithm reflection formula (1.80), 


i: In(1 — x) Lio(2) 4. 
0 


l+a 
_ * In(1 — x)[¢(2) — In(x) In(1 — x) — Lig (1 — wy 
- [ 1+2 . 
1 1 2 
_ c(2) | In(1 — x) ay / In(x) In*(1 —*) 4, 
o l+z2 0 1+2 
ii In(l ~ 2) Lig(L— 2) 5 
0 1l+2 
{these three integrals are given in (3.17), (4.144), and (4. vila 
5 Uns 2 HY? 
= —76(4) — 21n(2)¢(3) a 5 in )+2 ee Sasa 


{collect the results (4.111) and ee 


=s1is (5) 6(4) 7 In?(2)¢(2) + = In*(2). 


The solution completes on grouping the four integrals. 
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4.9 Harmonic Series with ee in the Denominator 


491 yo? ) oe 


Show that 


ye = iin = 61n(2)¢(2) + 7 (3). (4.166) 


we have 
[ Qenr-! T?(n) 2 
— = 
0 (tz) Tn) (Zt) 
or 


ae | tee ee eg) a aie 
nr") Jo (L4+a)" Jo @\ (142)? 


ae Me nay «i Ax: 
= (% n (eo7 ) 


n=1 


{make use of (2.6) for the sum} 


= [2 (tse = 2) +5 ( = 2) 
o « Ctr) 2 (1+<2) 
1-2 
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_ ’ In(x) In(1 — x) 7 ’ In(a) In(1 — x) ; 
a7 f nadia) gy 4 f* el —2), 


1-2 
1-22 
1 1 
2 f In(x) In(1 + x) da if In(x) In(1 + x) ae 
0 x 0 1-2 
1 1 1 
7 6 | In(x) In(1 — x) da 2 | In(x) In(1 + x) ae af In(x) In(1 + x) ie 
0 x 0 x 0 l-az 


These integrals are given in (3.9), (3.12), and (3.103) respectively. 
Solution (ii). Set c = 1 in (2.39), 
'In(1 — t) In(1 +t) 


ae ge Ha... 
Dy ne = HINA) +2618) —4 ‘i peas 


This integral is given in (3.98). 


Solution (iii). 


{replace z with \/z in (2.48)} 


[ mn x) aaa an 


a -3 f° uln(cos u)du. 
0 


This integral is evaluated in (3.91). 
4” Hon 
A902. ys ®@) Ss 


Show that a 
Scan = = 8n(2)¢(2) + =C(3). (4.168) 
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Solution. 


n 1 (a )n 2n 


= A™ Figs An Hon, 
aya Lee (ae) 


1 ea 4r v2n-1 
= =f In(1 — x) (>: in) dx 


{recall the identity (2.48)} 


-2 f' wa» (2282) a 


vein -4 uln(1 — sin u)du 
0 
= -4 f° uln (2sin? (+ - =)) du 
0 4 2 


| (16t — 47) In(2 sin? t)dt 


0 


= In(2) | “ (16t — 4m)dt +2 
0 0 


{use the Fourier series of In(sint) given in (2.90)} 


In(2) [06 — 4n)dt + 2 [a6 4n) ( In(2) ‘s cnt 4 


= | " (16t — 4m) In(sin t)dt 


n 
n=1 
t 
-1n(2) f (16t — 4m)dt 2s> ak 16t — 4m) cos(2nt)dt 
0 n=1 
nr 1 [4cos(2nt) 2rsin(2nt)  8tsin(2nt)] * 
= in(2 | | el = °F iar ; 
n=1 


= 3In(2 rey 1 (ee ) =) 
n=1 
{se use ro3 An COS (>) = 


5} (—1)"aen given in cia} 
n=1 n=1 
= 3ln(2)¢(2) —8 8 
n(2)¢(2) 2d Gn)? + Luis 


4.9. Harmonic Series with ee in the Denominator 


49.3 Sor Gey oF 


n=1 (ee) n> 


Show that 


CO n 


An, ] 1 i | = 1 n 
2.) 7 =o hig (5) + ¢(4) + 8In?(2)¢(2) aL (2). (4.169) 


Solution. 
4" Hy a 4" (Ey 
Lae Lee (F) 


= y cae (- i x”) In(1 — o)de) 
-- [> (Saye) 


n=1\n 


{set z = \/x in (2.49) to get this} 
In(1 — 
= -| mas) (2aresin?(/x)) dx 
0 
“@=sin 0 2 2 
= -8 x* cot x In(cos x)da. 
0 


Let’s recall the Fourier series of cot x In(cos x) given in (2.107): 


co 


cot x In(cos x) = (fi = at) sin(2nz), O<a<n. 


On multiplying both sides by x? then integrating from x = 0 to 5, we have 


[ x” cot # In(cos x)da 


= a i} = at) ( te *ssn(ann)ar) 


= Sp ea" c Lt po at) (ae 3¢(2) cos(n7) 


a 1+t - 4n3 4n 


ie, sy 


4n3 An? 
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{somber that BS a, (cosnm) = S- <a"! 


n=1 n=1 


“Zeon (fies) (GPS 


4n 4n3 


{change the order of integration and summation} 


if 4-6 fo 8c ei 
=i} t(1 +2) (5 n3 )a 


n 


=i €E a) (Lig(t) + 3¢(2) In(1 — t) — Lig(—t)) dt 


1 f° Lig(t) — Lig(—¢) 1 f* Lig(t) — Lig(—t) 
7 a t “ 7 1+t a 
3 * In(1 — 2) 3 * In(1 —t) 
+36@ [ at — 56) f eat 


First integral: 


Li Li3(—t : , 7 15 
[ORO a = tua) - tay = cH + eo = Foe. 
0 
Second integral: Apply integration by parts, 


[ Lia(t) = Lis(—6) 4) 
0 


1+¢ 
Fin(2yg(s) — f° MAF D ERD gy, f° MONEY ay 


0 


0 
= (-1)” . n-1 

a j t Lig(t)at — 5 1Lii(- t)|, 
n=1 


i the result (3.66)} 


= Tinga @+yG ar (se =) ° (4) 


n? 16 
= Fim(ayc(a) - yA ~ Fw 


{recall the result (4.86)} 
eye FLY Bien Dace lia 
= —2Liy (5) 16 ¢(4) 5 In (2)¢(2) i In*(2). 


4.9. Harmonic Series with ee in the Denominator 


Third integral: 


t 


a In(l~ 4) 4, = — Lig(1) = —¢(2). 
0 


Fourth integral: Let 1 — x = y, 


* In(1 — 1) * In(y) =e ei 
| iad a= f ere aa In(y)dy 


1 
1 fp a 1 1 
=->- Sag ee (5) = 5 in*(2) 56(2). 


n=1 


Combining all four integrals reveals 


a az? cot #In(cos #)da = Lig (5) = -¢(4) —In?(2)C(2) + = In4(2). 
0 


2 


Plug this integral back to finish the solution. 


494 OE, Gy 


n=1 (2) on? 


Show that 


367 


Se ye i 
ps Pm eos (5) — (4) + 4In?(2)¢(2) + 5 In*(2). (4.170) 


Solution (i). Set 2 = 1 in (2.54): 


co (2) 2n 
2 Ht 4” AY @ 
sarcsin v= ) a 
3 n=1 G) n? 


n=1\n n 
we obtain 
<4” Ap 15 Ae 3 
s Pry 72 ao ) Ly My 74 
=| 1G, ) 
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{recall the series expansion of arcsint in (2.49)} 
3 [ In(t)aresin“t | 
0 t 
IBP ' In? (t) arcsin t 


7 0 V1—t? 
t=sin x 3 a 
= 8 | xln* (sin x)da 
0 


{this integral is given in (3.94)} 


1 


— 8Liz (5) - (a) + am*(ayc(2) + 2 


=~ |n*(2). 


2 3 


Solution (ii). Multiply both sides of (4.22): 


(2) 1 
a + = 62) =| z”—* In(x) In(1 — x) dx 
0 


nm nm 


n 


by wey then consider the summation, 


a a ; A  : BG co gn 4 

hos oy A a OO) Ds ae 

reer 4 a) ee ( )n 
= *In(x)In(1—a2) f 4” 2? As 
- [OP (Saas) 


{replace z with \/x in (2.48) to get the sum} 
_ [ In(x) In(1 — x) (4 arcsin =) a 
0 


x J1l—«£ 
x=sin 0 


Se ae , * gIn(sin 8) In(cos )d0. 
0 


The first sum is given in (4.169). For the third, set z = 1 in (2.49), 


6) 0 tay ga = 62) (F) = 3S. 


TT 


(4.171) 


For the integral, let 9 + 5 — 0 using cos(5 — 0) = sin@ and sin(5 — @) = cos6, 


2 


| * 9 1n(sin 8) In(cos 6)d6 = i ; (< — 6) In(cos 6) In(sin 8)d9 
0 


0 
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z z 
= a In(cos 0) In(sin 6)d@ — 6 In(cos 6) In(sin #)dé. 
0 0 
{add the main integral to both sides then divide by 2} 
T 2 
= al In(sin @) In(cos 6)dd 
4 Jo 
{this integral is calculated in (3.93)} 
3 15 
= ~In?(2)¢(2) — —¢(4 4.172 
7 1n?(2)¢(2) ~ 53.6(4), (4.172) 


A different solution may be found in [32, p. 334] 


495 So, fe 


ae 

Show that 

Se ell 81 

ye Py ne = — 24 y (5) Halse M2 Tin 2 )( 2) — Im (2), (4173) 


i7—1 


Solution. By using the identity (2.62), we get 


as 4r Ff? te He oe 4n (2 Ae a) 
n=1 (7) n? 7 n=1 yn o 
ie 4n 1 
= S- - (/ ame | ee ode) 
n=1 ie )n 0 
1 in?(1 — 2) ( 1. Ae “) 
= —|dz 
Ls (Xe 


{replace z with \/z in (2.48) to get the sum} 
12/4 _ . 
_ | In*(1 — 2) oe) Se 
0 


x V1l-2 
z 
16 [ uln?(cos.u)du. 
0 


e=sin u 


This integral and the second sum on the LHS are evaluated in (3.95) and (4.170). 
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49.6 Sop am oe 


n=1 GP) nd 
Show that 


py 


il ie ne 


as EE oy Lig @ + 2¢(4)+81n?(2)¢(2) — 2 n4(2). (4.174) 


Solution. Differentiate both sides of (4.167): 


with respect to n, 


a 4 ae a 
Iny ~ 2 dz 
a Cbd Bie) 


{use differentiation under the integral sign theorem (2.64)} 


Pail x " 
=i, rom (ae) ° 
= f tm = 2) ( 2 : da. 
0 & (1+2) (1+ 2) 


- ) . By the definition of the binomial coefficient: 


a\ T(a+1) 
(5) ~ T(Yb+)l(a—b+1)’ 


1 1 [mtl1)_ 1 (nP(n))*? — Pn) 


n(2") on “T(2n +1) 


Differentiate both sides, 


Let’s find the derivative of 


we have 


n 2nT(2n) 20 (2n)’ 


Oo 2. eT) 
dnn(?") — dn 20(2n) 
{use I’(n) = ['(n)w(n) given in (1.144)} 
_ 20 (2n)P?(n)a(n) — 20(2n)T?(n)p(2n) 
21 2(2n) 
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= ((n) — ven) 
{use (n+ 1) = H,, — ¥ given in (1.146)} 
= (Boa Bae + Demy 


2Hy, 2Hon, 1 


mm) ) PR) 


Therefore, we have 


2H,  2Hon 1 Ly x 2 \" 
= In dz. 
n(2") mi) n2(2") | x ( =) ( =) 


n n 


Now multiply both sides by as then consider the summation, 


n=1 \n 
il ei Hy = (ay) 
al ah (=) d a dx 


ae af (gate + 2th ») (2 ee ii 52) 


4 2 
5 1 f+ in?(x)n(1 — 2) 1 In? (x) In(1 + 2) 
= 75 (4) + s/f . da sf ; da 

1 = op. 1 oa 

+2 f In(1 — x) Lig(—2) 4a 2 f In(1 + 2) Lig( ©) te 
0 x 0 x 

17,2 _ 17,2 
| In“ (a) In(1 Dae + | In“ (x) In(1 +2) 4, 
1 : 1 : 
af In(1 — x) Lig(—2) ie if In(1 + 2) Lig(—2) - 

0 1l+2 0 1+2 


The first and third sums on the LHS are computed in (4.169) and (4.171). 
First integral: Expand In(1 — ) in series, 


"In? (x) n(1 — oil. ge 
| n° (x) In( ©) ar _ S- i 2”! In? (x) da 
0 a 0 


x 
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1 
=e Pe Neelam Ge 
Second integral: Expand In(1 + ~) in series 


- ee ie ~ 3 =e [ eoeae 


n=1 0 


n 


ys —) = F(a), 


Third integral: Expand Li2(—2) in series, 


* In(1 — x) Lip(—z) SD apt —ax)dx 
[ ) ae = = In(1 — x)d 


n=1 


--) 


{this sum is given in (4.86)} 
2 fell 11 7 2 14 
= —2Li4 (5) + 7 ¢(4) Z In(2)¢(3) + 5m (2)¢(2) — — In*(2). 


Fourth integral: 


‘In(lt+2)Lig(-z), 11. _ 5 
i 7 da = 5 Lia 1) 16° (4): 


The fifth and sixth integrals are given in (3.113) and (3.111) respectively. 


Seventh integral: Expand He(— 2) j 


in series given in (2.3), 


In(1—a)Lig(—az) Am apa) a aca 
| 1+2 ae a es a : 
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Eighth integral: Apply integration by parts, 


’ In(1 + 2) Lig(—a) = . (1 1. » re ’ in3(1 +2) 
| ie dx = —3Liy (5) ,2 (2)¢(2) 4 al ; da 


{substitute the result (3.20)} 


1 1 
= 3¢(4) — F In(2)¢(3) + 5 In*(2)¢(2) — 5 In*(2). 
Put all together to finalize the solution. 


Remark: Usually the two Mathematica commands for approximating 7, f(n): 
NSum[f(n),{n,1,Infinity}] and 

NSum[f(n) , {n,1, Infinity} ,WorkingPrecision->10] 

don’t give the right approximation for series involving the binomial coefficient due to 
the slow convergence. The following replacement works fine and with high accuracy: 
major=Normal@Series[f(n) , {n, Infinity, 12}]; 
majorsum=Sum[major,{n,Infinity}]; 

majorsum+NSum[f(n)-major, {n,1, Infinity} ,NSumTerms->20, 
WorkingPrecision->20,Method->"WynnEpsilon"] 


On reaching the end of the book, I would like to say that there are still a wide range 
of results about the harmonic series left to be discovered by the reader by employing 
and manipulating the identities provided in the second chapter. Even though the book 
has presented different solutions for several problems, there are still more paths to 
take to reach the same results, since the realm of harmonic series is full of hidden 
secrets and magic. 


Table of Mathematica 


Commands 
{expression } ComplexExpand[Re[expression] ] 
{expression} ComplexExpand[Im[expression] ] 
sin(a) Sin[x] 
sin(2) Cos[x] 
tan(z) Tan[x] 
sec(x) Sec[x] 
csc(x) Csc[x] 
cot(a) Cot [x] 
arcsin(2) ArcSin[x] 
arccos(x) ArcCos[x] 
arctan(z) ArcTan[x] 
(*) Binomial [a,b] 
T(x) Gamma [x] 
C(x) Zeta[x] 
B(a) DirichletBeta[x] 
n(x) DirichletEta[x] 
In(x Log[x] 
Li, (x) PolyLog[a,x] 
HarmonicNumber [x] 
H®) HarmonicNumber[x, a] 
H, Log[2]-(-1)*x LerchPhi[-1,1,x+1] 
wv(a) PolyGamma[0,x] 
Wy) (x) PolyGamma[a, x] 
limy+sa f (2) Limit [£(x) , {x->a}] 
line =¢ f(x,y) Limit (f(x,y), {x,y}->fa,b}] 
4” f(z) D[£(x), {x,a}] 
aatays f(y) D[f(x,y), {x, 2}, fy, 3}] 


lime-e ata l(a.) Normal [Series[D[f(x,y),{x,2},{y,3}],{x,a,0} 
,{y,b,0}]]//FullSimplify//Expand 
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Integrate[f£(x) ,{x,a,b}] 
NIntegrate[f(x),{x,a,b}] (or) 
NIntegrate[f(x) , {x,a,b},WorkingPrecision 
->12] 

Sum[f(n) , {n,1, Infinity}] 
NSum[f£(n),{n,1,Infinity}] (or) 

NSum[£(n) , {n,1, Infinity} ,WorkingPrecision 
->12] (or) 
major=Normal@Series[f(n) , {n, Infinity, 12}]; 
majorsum=Sum[major,{n,Infinity}]; 
majorsum+NSum[f(n)-major, {n,1,Infinity}, 
NSumTerms->20,WorkingPrecision->20, Method 
->"WynnEpsilon"] 

EulerGamma 

Catalan 

E 

Pi 

I 

BernoulliB[n] 

EulerE[n] 
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